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PREFACE TO THE SECOND EDITION. 



It was with a feeliDg of great discouragement that I began 
the preparation of another Edition of this work, deprived, 
as I was^ of the valuable assistance of my friend Mr. 
Wolstenholme, in working with whom I had had so much 
pleasure while writing the First Edition. Mr. Wolstenholme, 
who is now Professor of Mathematics in the Royal Engineering 
College at Cooper's Hill, thought that there would be great 
difficulty in carrying on this work satisfactorily by corre- 
spondence, even , if the important duties in which he is 
engaged did not fully occupy his time; I was, therefore, 
reluctantly obliged to undertake the whole labour of re- 
modelling our original work. 

As we contemplated making additions, and many alterations 
both in form and substance, my friend desired that his name 
might not appear in the Second Edition, and I have been 
compelled to alter the title of the work, and to take the 
responsibility of the changes which have been introduced. 

The problems which appeared in the former Edition were 

for the most part original, and a large proportion of them 

were due to Mr. Wolstenholme ; in this department, therefore, 

a most important one in my opinion, I have not lost the 

advantage of his valuable assistance. 

« 4& « « « « 

I feel bound to say a few words with respect to my 
persistence in retaining the word * Conicoid ' to represent the 
locus for the equation of the second degree. It was natural 
that the distinguished analyst, who has done so much towards 
the investigation of the properties of surfaces of higher degrees 
than the second, should seek a term for that of the second 
degree, which would connect it with those of higher degrees. 
But 1 cannot help thinking it unfortunate that the term 
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VI PREFACE. 

^quadric' should have been selected, which had already a 
different meaning. I quote the words of the author of the 
well-known treatise on Higher Algebra: "It is convenient 
"to have a word to denote the function itself without being 
" obliged to speak of the equation got by putting the function 
" = 0. The term *quantic' denotes, after Mr. Cayley, a 
"homogeneous function in general, using the words 'quadric,' 
"cubic,' ^quartic,' ^w-ic,' to denote quantics of the 2^, 3^, 
ii^th^ n*^, degrees." Now, ^quadric,' as used in the other 
sense, Is not even the equation found, but it takes two steps 
and becomes the locus of the equation. 

I consider that the surface of the second degree at present, 
whatever may be the case in some future development, stands 
on a platform of its own, on account of the services which it 
has rendered to all departments of Mathematical Science, and 
well deserves a distinctive name instead of being recognised 
only by its number, a mode of designation which, I am 
informed, a convict feels so acutely. Man might be always 
called a biped, because besides himself there exists a quadruped, 
an octopus, and a centipede, but, on account of his superiority, 
it is more complimentary to call him by some special name. 

The useful word * conic' being well-established, the term 
^conicoid' seems to suggest all that can be required, when 
it is employed to designate the locus of the equation of the 
second degree in three dimensions, at least so long as the 
analogous words spheroid, ellipsoid, and hyperboloid are in 
use, at all events it is not open to the great objection of 
being equally applicable to plane curves, as is the term 
' quadric ;' cubics and quartics being actually so employed in 
Salmon's Higher Plane Curves^ Chapters V. and VI. 

To the many excellent mathematicians, whose talent is 

shewn in the composition of the yearly College papers and 

the papers set for the Mathematical Tripos examination, I 

am indebted in the highest degree both for the problems 

which I have added to the collection, and also for the hints 

derived from them in the treatment of the subject itself. 
• ««««« 

Cambridgb, 

Octo/ztr, 1875. 
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I HAVE reprinted the principal part of the Preface to the 
Second Edition because it contains the expression of my 
feelings of regret when I was deprived of the co-operation 
of Dr. Wolstenholme in the preparation of that Edition. 

I have especially retained my plea for the nse of the 
term ^conicoid,' and the statement of my objections to the 
term 'quadric,' which weigh so much with me, that they 
have overbalanced my desire to do honour to the distinguished 
sponsor, to whom I owe so much, by accepting the name 
which he selected as most suitable. 

In the present Edition the problems placed at the end of ^ 
each chapter have been selected and arranged with great 
care in groups, each of which illustrates most of the points 
of the chapter to which they are attached. 

In an Appendix, now nearly ready for the Press, I shall 
give hints sufficient for the solution of the problems. 

The use of the * solidus,' described by Prof. Stokes in the 
Preface to his Physical Papers^ has enabled me to introduce 
a great deal of matter not contained in the last Edition 
without increasing the bulk of the volume. It certainly will 
not have been employed in vain if it induce any student to 
go through the work himself, in order to use another notation, 
instead of only reading the book. 

I have in the body of the work given references for many 
of the mathematical papers which I have had occasion to use ; 
but I find that I have omitted to attach the names of the 
authors to so many theorems that I think it best to supply 
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the omission by giving here a list of articles which contain 
theorems due to authors not mentioned in the text. 

Cayley, Art. 790. 

Chasles, Arts. 513, 771 and Cor:, 773, 776. 

Hart, Arts. 783, 784. 

Joachimsthal, Art. 692. 

Legendre, Art. 945. 

MacCuUagh, Arts. 301, 326. 

Monge, Arts. 608, 698 &c., 736, 850 &c., 868. 

M. Roberts, Arts. 767-770, 774 Cor. 2, 782, 788 and Cors., 791. 

W. Thomson, Art. 706. 

The arrangement of lines of a cubic surface, called a double 
sixer. Art. 541, was found out by Schlafli. 

I am afraid that there still remain many omissions, but 
I should like especially to acknowledge how much I owe to 
Dr. Salmon for whatever knowledge I possess of many depart- 
ments of the subject on which I have been engaged. 

This is the proper place to express my thanks for the 
great assistance which I have received from Mr. Chree, 
Mr. Berry, and Mr. Richmond, of King's College, who have 
kindly not only corrected the proof sheets, which is a very 
tedious business, but helped me materially by testing the 
correctness of a great many of the problems. I wish also to 
thank Mr. Steam, of King's College, for his help in the 
earlier portions of the work, and for his kind superintendence 
of the printing during my absence from Cambridge. 

Cambridge, 

Marchy 1886. ' * 



Page 149, line 28, for f and tj, rtad p and tj*. 
„ 351, line 2, for h^ rt/od kX radius of AB. 
Index, conoidal surface misplaced. 
„ Pendlebury, for 288, read 280. 

PROBLEMS. 

Errata majora, 

PAGB 
113, XX. (8), insert +a*<T = after cxy, 

128, XXni. (9), line 6, insert - before x. 

179, XXIX. (1), line 12, for J|, read JS. 

line 13, ybr 1, 0, 1, read 1, 0, —1. 

180, XXIX. (9), lines, irhsert +a"^a/{a + b) ajler yJ6. 

225, XXXYL (9), add for the same height of the luminous point. 
XXXVIL (7), line 2, dele double. 

226, XXXVIII. (8), add a is the intersection of tangent planes at Bj C, D, 
236, XL. (3), dele of revolution. 

(7), insert +a' ajler — C'z), 
301, XLIX. (6), /or 4^ {1 - tf/ JCa* + <?«)}, read 4xa/J(a« + <J*). 
803, LL (7), line 3, for the portion, read any portion, 
line 4, for ir, read 2ir. 

line 5, add ^timated symmetrically with respect to the portion. 
(9), line ^<,for ; also &c., read along circular parts of their intersection. 
328, LY. (3), add and the central circular sections. 

(5), for conoidal surface, read light conoid. 
829, LVI. (2), line 6,ybr tangent... at P, read generator of the scroll through P. 

854, LVU. (7), /or g , read (^)'. 

LYin. (3), add if j?, ^ be measured along fixed generating' lines. 
(4), line 6, for conicoid, read helicoidal surface. 
iSil^y LX. (2), line 5, insert — before prOpTq, 

(6), /or epicycloid, read hypocydoid. 

(7), line 6, inseH + 1 {<^ {p+iu) - <>(p — iu)) after f{p — it*). 
372, LXII. (1), line 6, for m\ read m. 
S89, LXYI. (5), /or «-2, read 2 (»-2). 

Errata minora, 

89, XY. (4), /or 5C, read PC. 
101, XYin. (14), linel,/or (11), read (14). 
126, XXI. (10), /or 6«-m», reoci (^^-m^)'. 

181, XXXI. (7), Ime 4, for a'^b'^e'^, read 27a'^b'^e^. 
224, XXXY. (6), for ax, read az, 

248, XLII. (8), line 5, add and abc after a'Vc, 

249, XLIII. (10), for pair, read pairs. 
276, XLYI. (7), /or ^, rc^irf y. 

802, L. (4), for p/z, read p/x. 

829, LYL (4), /or >^, rca^:? i/r. 

354, LYIII. (l),/or square, read rectangular. 

866, LX. (7), line 2, /or a, rearf a. 

lines 9, 10, 11, /or index », rowi *, 

line 10, omit — before sin^. 

line II, /or sin^^, read smsp. 
389, LXYI. (3), line 6, for 0*2, read a«. 
402, LXYIL (6), for (5a-» + *-»), rcarf (5a4-i). 
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ON OOORDINATB SYSTEMa. 



1. Before entering npan the application of Algebra to the 
investigation of Theorems, and to the solution of rroblems, in 
Solid Geometry, we shall premise on the part of the student a 
complete knowledge of all the ordinary processes adopted in the 
case of Plane Geometry. 

By this means we shall avoid the necessity of entering upon the 
subject of the interpretation of the affection denoted by the sign 
(— ) prefixed to a symbol ; since it is known that, if + a denote a 
Une of length a measured in any direction from a point in a line 
straight or curved, —a may be interpreted to denote a line of 
length a measured in the opposite direction from any other point 
in the line, without this hypothesis involving any infringement of 
the laws of combination of these signs, assumed as the fundamental 
laws of Symbolical Algebra. 

2. Our first object will be to explain how the position of a point 
in space can be represented by algebraical symbols, and with this 
view we shall describe three of the different coordinate systems 
which it has been found convenient to adopt ; reserving the con- 
sideration of other systems for future chapters, when the student 
shall have acquired some familiarity with the subject. And it will 
be found that each of the systems has its peculiar advantage, 
according to the nature of the theorem or problem which is the 
subject of examination. 

Coordinate System of Three Planes. 

3. In the coQrdinate system of three planes, three planes xO^j 
gOzj zOx are fixed upon as planes of reference, which may be 
either perpendicular to one another, or inclined at angles which 
are known. 

The three lines in which they intersect are called coordinate 
axes, and the point in which they meet the origin of coordinates. 

The position of a point in space is then completely determined, 
when its distance from each of the planes, estimated parallel to the 

B 



2 ON COORDINATE SYSTEMS. 

coordinate axes, and the direction in which those distances are 
measured, are given. 

The absolute distance and the direction of measurement are in- 
cluded in the term algebraical distance. 

Thus + a and - a are the algebraical distances of two points 
whose absolute distances from the plane yOz are each a, and 
which are measured, the first in the direction Oxj the second in 
the direction xO from that plane. 

These algebraical distances are called the coordinates of a point 
in this system, and are usually denoted by the letters Xy y, and z. 

The point, of which these are coordmates, is described as the 
point (x, y, z). 

Produce xOj yOj zO backwards to a?', y', z' ; then, if a, i, c 



^M 




are absolute lengths, (a, bj c) denotes a point in the compartment 
xyzOy (—a, J, c) in xyzO^ (a, - J, c) in xyzO^ (a, i, - c) m ocyz'O^ 
(a, — J, — c) in xy'z'Oy (— a, J, — c) in x'yz'O^ (-a, — J, c) in 
xy*zOy (—a, — J, — c) in x*y'z'0. 

4. If a parallelepiped be constructed, whose faces are parallel 
to the coordinate planes, the point P{ay &, c) being the otner ex- 
tremity of the diagonal drawn from the origin, the edges iP, i/P, 
NP will be the coordinates of the point P supposed in the com- 
partment icy^O. 

Also, it is obvious that a; = a for every point in the plane face 

PNlMy or that a: = a is the equation of that plane, as y « £ and 

z^c are the equations of the planes PLmN and PMnL indefinitely 

extended in every direction. 

Thus, the point P may be considered as the intersection of the three planes, 
whose equations are re » a, y = 6, s » c. The points /, O may be denoted by 
(a, 0, 0) and (0, 0, 0) and the points L and ilf by (0, h, e) and (a, 0, c). 



PROBLEMS. 



Polar Coordinate System. 

5. In the Bjstem of Polar Coordinates, a plane zOx is chosen, 
and in this plane a straight line Oz is drawn from a fixed point 0. 




The position of a point P in space is completely determined 
iBvhen its distance from the fixed point is given, the angle through 
which OF has revolved from Oz in a plane z OP passing through 
Ozj and the angle through which this plane has revolved into its 
position from the fixed plane of reference zOx, These coordinates 
are nsaally denoted by the symbols r, 0^ and 4>} And the point P by 

(r, e, <l>). 

Thus, if the longitude of a place be /, the latitude X, and the radius of the 
earth <!, we may take 
for the line Oz, and tl 
The petition of Greenwich, 

Cylindrical Coordinates* 

6. In some cases it is convenient to define the position of the 
foot of the ordinate z by the polar coordinates r, $ instead of (r, y ; 
r, 0j z are then called cylindrical coordinates. 




I. 

(1) Construct the positions of points which are represented by the equations 

(2) aKy' = 2««, «^y = 2«, «y = a". " ^ >' 

(3) Shew that, for every point in OP, P being (a, ft, c), x/a » y/6 = z/c, 

(4) Shew that, for every point in the plane LMlm in the preceding 
figure, a/a + y/6 = l. v : i •- u - y . «w 

(6} Draw a figure, for every point of which ^^y^^^a and s s 0. 



CHAPTER 11. 

GENERAL DESCRIPTION OF LOCI OF EQUATIONS. SURFACES. CURVES. 

Locus of an Equation, 

7. If an equation ^ («, y, z) — be given, in which the vari- 
ables are the coordinates of any point, the nnrober of solutions of 
this equation is generally infinite, i.e, the number of points whose 
coordinates satisfy the equation is infinite; we shall proceed to 
shew what is the general nature of the distribution of these points. 

We shall prove, in the first place, that no algebraical equation 
can be satisfied by every point of any solid figure, but, in the most 
general case, only by every point in some surface or surfaces. 

8. If an equation involve only one of the coordinates as a;, 
we know that such an equation, <f> [x) — 0, has a finite or an infinite 
number of roots a, £, c,... separated by definite intervals, and is 
equivalent to the equations x^a^x^bj ... each of which, as j? = a, 
is satisfied by every point in a plane parallel to the plane yOz at an 
algebraical distance a from that plane. Hence, all the points, 
whose coordinates satisfy the equation ^ {x) = 0, lie in a series of 
planes parallel to yOz at algebraical distances a, i, c, ... from it. 

If the given equation involve two only of the variables, as 
if) (y, z) = 0, on the plane yz let the curve be constructed, every 
point of which satisfies this equation, and let a straight line be 
drawn parallel to Ox through any point in this curve, then every 
point in this line is such that it» coordinates, as well as those of the 
point through which it is drawn, satisfy the given equation, and 
the same is true of all points in the curve, but of no other points. 
Hence, all the points which satisfy the proposed equation lie in a 
surface generated by a straight line parallel to Oxy which passes 
successively through eveiy point of the curve traced on the plane 
yz ; such a surface is called a cylindrical surface, and the curve is 
called the trace on the plane yz^ being one of an infinite number of 
curves called guiding curves to the cylindrical surface ; in this case 
the trace on the plane yz is the projection by lines parallel to Ox^ 
of any one of the guiding curves. The number of guiding curves 
18 infinite, since, if any curve be traced upon the cylindrical surface 
BO as to cross every generating line, a line, moving parallel to Ox 
80 as to traverse evary portion of such a curve traced in space, 
would generate the entire cylindrical surface, that curve serving to 
guide the direction of motion of the generating line. 
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9. We may notice here that if the equation (f) (y, «) = be 
equivalent to a series of equations of such forms as 

(y-6)' + (a-c)'' = 0, (w«y - wa)* + (« - c)' = 0, 

the trace on yz is reduced to a series of points, and the locus of the 
equation 4> (y, z)^0 becomes a series of straight lines parallel to 
Ox and passing through those points. 

In such cases the locus appears to be different in character from 
that of the general case, since it is a series of lines instead of being 
a surface. But it may be seen that this is only in appearance, 
since each of the equations, whose locus is called a point, represents 
a closed curve of infinitely small dimensions, and the lines are 
cylinders whose breadths are infinitely small, and the locus of the 
equation ^ (y, is) = is, as in the general case, a series of surfaces. 
A similar interpretation may be given in every case. 

10. We shall now proceed to the general case, in which all the 
coordinates are involved, 4> (x^ y, z) = 0, and examine the position 
of all tbe points which satisfy the equation. 

We shall first find the position of those points which are at an 
algebraical distance /from the plane of y^;, which is the same thing 
as finding those points of the locus which lie in a plane whose 
equation is x =/. 

Such points are contained in the cylindrical surface whose 
equation is 4> (/, y, z) = 0. The trace of this surface on the plane 
x^/i9 the line which contains all the points of the locus which 
lie on t:hat plane ; and, if the series of lines be supposed traced cor- 
responding to different positions of the plane x =/, for values of/ 
varying from — oo to -f oo , we shall evidently obtain a surface which 
will contain all the points which satisfy the equation <j> {xj y, z) = 0. 

11. As an illustration of tracing surfaces, we will take the case of the 
lurface whose equation is (x + y)* e az. 
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If d; s 0, j^' ~ az, therefore the trace upon the plane of lys is a parabola whose 
axis is Oz and vertex O. 

Similarly the trace on sx is an equal parabola having the same axis 
and vertex. 

If z^hf {x-^yY^ ah, the latter is the equation of two planes parallel to 
Oz, equally inclined to the planes t/z, zx, therefore the trace on the plane s « A 
is two straight lines equally inclined to the planes of ^z, zx. 

Hence, the surface may be generated by straight lines such as PQ, which 
move parallel to the line x + y = in the plane xy, constantly passing through 
the traces OF, OQ on the planes zx, yz, and inclined to these planes at equal 
angles. 

The surface is therefore cylindrical. 

Locus of the Polar Equation. 

12. We shall examine ia order the loci of equations in polar 
coordinates'which involve one or more of these coordinates. 

i. If the equation be F[r) = 0, this is equivalent to a series of 
equations r^a^ r = i, ... any one of which being satisfied the 
original equation is satisfied; rs=a is satisfied by all points at a 
distance a from the origin, measured in any direction; therefore 
the locus of F{r) = is a series of concentric spheres, whose centre 
is the origin. 

ii. If the equation be F{0)=Oj it is equivalent to ^=a, 
^ = /8, ..., any one 5 = a is satisfied by every point of lines through 
inclined to Oz at angles equal to a ; therefore the locus F{0) = 
is a series of conical surfaces, whose common axis is Oz^ common 
vertex 0, and vertical angles 2a, 2)3, .... 

iii. If the equation be ^(^)=:0, it is equivalent to ^ = 0, 
(^ = )3, ..., any one ^=:ais satisfied by every point in a plane 
through Oz inclined at an angle a to the fixed plane zOx] tnere- 
fore the locus of ^(^) =^0 is a series of planes through Oz inclined 
to zOx at angles a, /8, .... 

iv. If the equation involve only r and 5, as F{r^ 0) = 0, since 
for all values of if>. the same relation exists between r and 0, the 
locus of the equation is the surface generated by the revolution of a 
curve traced on a plane passing through Oz^ as this plane revolves 
about Oz as an axis. 

V. If the equation involve only and ^, as F{0^ ^) = 0, for 
every value of ^, there is a series of values of .^, corresponding to 
which if straight lines be drawn through 0, every point in these 
lines will be such that its coordinates will satisfy the equation; 
as <!> changes, or the plane through Oz revolves, these lines assume 
new positions relative to Oz^ and generate, during the revolution 
of the plane, conical surfaces, a conical surface being defined to be 
a surface generated by a straight line moving in any manner with 
the restriction that it passes through a fixed point. 
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▼L If the only coordinates involved be r, (^, as in F{r^ ^) = 0, 
for each position of the plane through Oz inclined at any angle 4> 
to the plane zOx^ there is a series of values of r which are constant 
for all values of 6^ i.e. there is a series of concentric circles in the 
plane, the coordinates of each point in which satisfy the equation. 

The locus of the equation is therefore a surface generated bv 
circles having their centres in 0, and varying in magnitude as theu* 
planes revolve about the line Oz through which they pass. 

viL If the equations involve all the coordinates, as F(rj 0^ ^) s 0, 
let any value, as /3, be given to ^, then corresponding to this 
value there is a plane through Oz^ and if the locus of jP(r, d, /8) = 
be traced on this plane, and such curves be drawn upon all planes 
corresponding to values of 4> from — oo to -f oo , the surface which 
contains all uese curves will be the locus of the equation. 

Curves. 

13. Curves in space may be considered as the limits of polygons 
whose sides are indefinitely small, and the peculiarity of such curves 
18, that the plane which contains two consecutive sides of the 
polygon of which the curve is the limit, does not generally contain 
the next side ; so that the plane in which the curvature is taking 
place at any point changes as the point changes. 

This property is sufficiently represented by calling such curves 
tortuous curves^ the old name of curves of double curvature was 
misleading, since there are not two curvatures.* 

Equations of Curves. 

14. Through every curve there can be drawn an infinite 
number of surfaces, the intersections of any two of which will 
include every point of the curve. At the same time we must 
observe that two surfaces, each of which contains a given curve, 
may not be sufficient to determine the position of the curve de- 
finitely, because they may intersect in other points which are not 
connected with the given curve. 

Thus, if we take the case of a circle, it is true that it lies 
entirely in the intersection of a certain sphere and cylinder, but the 
sphere and cylinder are not sufficient to determine the circle 
without ambiguity, because they also intersect in another circle. 
It is possible, however, in this case to find two surfaces which do 
define the circle completely, as, for example, a plane and either a 
sphere or cylinder. 

15. If ^ (a?, y? «) = and ijr (a;, y, «) = be equations of two 
surfaces, these surfaces, by their intersection, determine a certain 

* Thomaon and Tait*8 Natural Philoeophy, YoL I. Part I. Art. 7. 



8 PROBLEMS. 

curve, and if another eqaation x [^i 9) ^) = ^ ^ derived from these 
equations by any algeoraical process, this third equation will be 
satisfied by every point in the curve determined by the intersection 
of the first two surfaces, and we may employ this equation and 
either of the first two to obtain properties of the curve, although 
the new equations which we employ may, and generally would, 
represent surfaces which intersect in other points than those of the 
curve originally proposed. 

For example, the equationi 

a^/a« + yV6' + «Vc'=l and a:» + y« + 8" = y 

represent two surfaces, the first of which is called an ellipsoid, the second 
is a sphere, now, dividing the second equation by 6^ and, subtracting the first 
from it, we obtain the equation 

which, if a > 5 > c, represents two planes and shews that the cunre of intersection 
is composed of two circles, which are the intersection of the sphere and the 
two planes. 

When we eliminate x from the two general equations of the 
curve, the result being of the form /fy, z) = 0, the curve on the 
plane yZj whose coormnates satisfy this equation, is the projection 
of the given curve by lines parallel to Oxy the given curve being 
one of the guiding curves mentioned in Art. 8. 

16. It is often convenient in practice to consider a curve as the 
intersection of two cylindrical surfaces, whose generating lines are 
parallel to two of the coordinate axes. In this way of considering 
curves, the equations of the surfaces are of the mrm if> {xj z) = 0, 

Vr(y,j)=0. 

As a simple example of this method the straight line joining the points 
n, N in the figure on page 2 is determined by the two plane surfaces whose 
equations are 

ap/a + a/c=l and y/6 + z/c = l. 



n. 

(1) Trace the surfaces represented by the equations 

(i) «" + y«3aar. (ii) s'sox + fty. (iii) «" + / + »■ = 2im? + 2 Jy + 2c«. 

(iv) «* + / = «. '^ (v) arz'ssc'y. (vi) xy = CM, 

- (vii) cy = «• (a« - «•) (viii) (X + y)' = c (« - x). 

(2) Describe the three surfaces 

(i) r = a sin^, (ii) r^Q cos0, and (iii) 49 >= 2x f 9r sin 40. 



CHAPTER III. 

PROJECTIONS OP LINES AND AREAS. DIRECTION-COSINES AND 

DlREOTION-RATIOS. 

17. Def. The- geometrical projection of a straight line of 
limited length upon any other straight line given in position is 
the diatance intercepted between the feet of the perpendiculars 
let fall from the extremities of the limited line upon the straigbt 
line on which it is to be projected. 

18. The geometrical projection of a straight line of limited 
length an a given straight line is equal to the given length multiplied 
hy the cosine of the acute angle contained between the lines. 

Let PQ be the line of limited length, AB the indefinite line 
upon which it is to be projected. 

Let QRN be a plane through Q perpendicular to AB meeting 
it in N^ PR parallel to AB meeting QRN in R. 




Therefore PR being parallel to AB is perpendicular to the 
plane QRN^ and therefore to RN and QR^ and QN is perpen- 
dicular to -4 B ; hence, if PM be drawn perpendicular to AB^ MN 
18 the projection of PQ^ and QPR is the acute angle contained 
between pQ and AB^ and since PRNMi^ a rectangle, 

MN^PR^PQ<^o%QPR. 

If PQ intersect AB^ the proposition is obviously true. 

19. Def. The algebraical prqjection of a line PQ upon an 
indefinite line AB given in position is the projection estimated in 
a given direction, as AB, 

If a be the angle through which PQ may be supposed to have 
revolved from Pfl, drawn in the positive direction AB^ the alge- 
braical projection of PQ =» PjQ cos a. 
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When N lies in the opposite direction with reference to Jfj a is 
obtuse, and PQ cos a is negative. 

The algebraical projection of a limited straight line upon a line 
given in position measures the distance traversed in the direction of 
the latter line in passing from one extremity of the former to the 
other. 

This consideration shews that, if all the sides of a closed polygon taken in 
order be projected on any straight line given in position, the sum of the 
algebraical proiections of these sides will be zero ; since, in passing round the 
perimeter of the polygon from any point, the whole distance advanced in any 
direction is zero. 

Hence, the algebraical projection of any side AB of a closed polygon is the 
sum of the algebraical projections of the remaining sides commencing from A 
and terminating in J?. 

NoU, In future, when the term projection is used with reference to straight 
lines, the algebraical projection is to be understood. 

20. Let PQ be any line, PM^ MN, NQ three straight lines 
drawn in any given directions so as to terminate in Q, and ?, m^ n 
the cosmes of the angles which PQ makes with these directions. 




Then PQ will be the sum of the projections of PM^ MN^ and NQ 
on PQ ; therefore PQ = l. PM+ m . MN'\- n . NQ. 

Direction-' Cosines, 

21. The direction of a straight line in space is determined when 
the angles which it makes with the coordinate axes are known. 

Def. When the coordinate axes are perpendicular, the cosines 
of the inclinations to the three axes are called direction-cosines. 

22. To find the relation between the direction-cosines of a straight 

line. 

Vll^m^n be the direction-cosines of PQ^ and PM^ MN^ NQ be 
parallel to the coordinate axes, 

PM^PQ.l, MN^PQ.m, NQ^PQ.n. 

Join PN^ then, since QN is perpendicular to NM^ MPy and 
therefore to the plane PMN^ PNQ i& a right angle ; 

hence PQ'=^PN' + NQ* = PM'-\-MN' + NQ'i 



DIRECTION-COSINES. 



11 



which is the relation required. HeDce the three angles of inclina- 
tion cannot all he assamcd arbitrarily. 

23. To find the angle between two straight lines in terms of their 
direction-cosines, 

Xet PQj P* Q be two straight lines whose direction-cosines are 
(i, «i, n) and (f, m\ n) respectively. 





Let PM^ MN^ NQ he drawn parallel to the axes, connecting 
any two points P, Q^ and PP\ QQ perpendicular to P'Q^ and 
let be the angle between PQ and P'Q!, 

Then P'Q^ the projection of PQ on P'Q\ will be equal to 
the sum of the projections of PM. MK NQ on P'Q. namely, 
P'M', M'N\ ITQ'i 

therefore PQ coa0 = PM.r -^ MN .m'^NQ. n\ 

and smce PM^ PQl^ MN^ PQ.m^ NQ = PQ.n, 

/. cos d = W + mm + wn' ; 

hence, sin'^ = (? + m« + n») (P + w'* + n'*) « (ff + mm' + nn'Y 

= (W - m'n)« + {nP - n'Q' + (Zm' - ZV/i)". 

Aliter. Since the angle d between the two given lines is equal 
to the angle between two lines OB^ OR parallel to them through 
the origin, let B and J? be at unit distance from 0, their coordinates 
will be Z, m, n and f, w, w', therefore since 20J2 sin^ds jB^, 
assuming the formula for the distance between two points given 
in Art. 39, 

,'. cos 5 = ?r + mm' 4- nn', 

When ^ = Jir, fT 4 mm' + nn' = 0, the condition that the two straight lines 
may be at right angles. The student should obtain this condition without 
assuming the general case. 



^i 
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24. To find the direction-cosines of a straight line perpendicular 
to two straight lines whose direclion-'Cosines are given. 

Let Z, 972, n, and l\ m\ n' be the given direction-cosines, and 
\, fjL^ V the required cosines of the perpendicular ; then, from the 
condition of perpendicularity, 

l\ 4- mfi + WK « 0, and V\ + w'/a + nv = 0, 

whence (In — Tn) X + [mn' — wi'n) /i = O, 

and,by8ymmetrr,-.^ = ^^ = ^L, = ± J_ , Art. 23, 
' -^ -^ ^^ mn — mn nl — nl cm" Cm sm^' ' 

if d be the angle between the lines. 

25. To find the direction-coBtnei of t%oo $trai§ht line$ which lie in the plane 
containing ttoo etraight lines, whose direction-cosines are given, and bisect the 
angles betweeti them, 

JiBt AP, AQ be the two given lines, whose direction<<;o8ine8 are ^ m, n 
and l\ m', n\ 

Take AP^AQ^r, join PQ and bisect it in R, AR is one of the bisecting 
lines, let its direction-cosines be \ ji, v, and if W be the angle between AP 
and^Q, ^i2=>r cos^. 

If AP, AQ, and AR he projected upon the axis Ox, the projection of 
R will bisect that of PQ; /. 2r cos(?.X = ^ + /'r, whence X, and similarly 
^ and V can be found, being known by the equation cos 2^ = /f + mm' + nn', 
Art. 23. 

Produce QA to Q' so that AQ ^r, and bisect PQ in R, AR is the other 
bisector, and since the direction-cosines oi AQ are -/', -m', -vl and 
AR^^rvinO, if X', fil, ^ be the direction-cosines of AR; .'. 2r sin^.X 
« /r + (- 1) r, and similarly for p.' and v'. 

26. 7b find the angle between the two straight lines whose direetion-cosines 
are given by two homogeneous equations of the first and second degrees respec- 
tively. 

Let the given equations be 

aP + bm* ^■cn*-^ 2a'mn + 2b'nl 4 2c'/m = 0, and al + )9m + 7*1 « 0, 

That there are two lines may be seen by eliminating n from the two 
equations, whereby we obtain the equation giving two values of / : m, 

7« (al* + bm* + 2c'/m) - 27 (a/ + /3m) (b'l + a'm) + c (oi + /Sm/ = 0, 

or vl^ + 2u/lm ■¥ um* = 0, 

where v = 07* - 2i'7a + ca*, 

w' - c'7' - {a'a + Vp) 7 + eafi, 

t#=c/3'-2a'j87 + 67". 

Now, let /p m,, ni, and /,, m,, ft, be the direction-cosines of the two straight 
lines, then, l^ : m^ and /, : m^ being roots of the equation, 

/j/, m,m, /iTO, + /gm, r (^i>»t ^- ^t^|)'-4/i/^m|m2 '\i 
"fT'^'V"" -211/ "^L 4(tt/*-tiv) J* 

Now, it can be shewn, by collecting the coefficients of the different powers 
of 7, that 

w'*-uv^ff (Aa* + Bfi* + Cy + 2^'/37 + 2-B'7a 4 2 C'o/3), 

where ^ = a" - be and -^' = ao' - be', 

and similar expressions. 
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yfe have, therefore, from symmetry, 

u V ^ w ^ 2aP' ° 2/3P 2.^ ' 

"where P* is written for the symmetrical expression Aaf +...+ 2-4'/97 4... . 
Therefore, if be the angle between the lines, 

0080 8in0 

I* + © + «;" 2P (o" 4 yS* + 7*)4 ' 

Cor. The conditions that two such equations may represent two perpen- 
dicular or two parallel directions are 

ti + r + to = 0, and P = 0, respectively. 

The condition of perpendicularity may be written 

(a + 6 + 0(a" + /3' + 7*)-/(«.A7) = 0, 

if Jih ^t n)^0 be the equation of the second degree. The condition of 
parallelism may be expressed by the determinant 



a, c', ft', a 

b\ tf', e, 7 
Of Pi 7» 



0. 



Dtrection-Batios. , v *^ ^^ 

27. Def. If the coordinate axes be not perpendicular to each 
other, the direction of a line PQ is fully determined, when the 
ratios of Pif, MN, NQ to PQ are given, PM, MN, NQ being 
parallel to the axes. These ratios are called direction-ratios, 

28. To find the relation between the direction-ratios of a straight 
line. 

In the figure on page 11, let the angles yO«, zOx^ xOy be 
X, /*, F, and let a, /8, 7 be the angles between PQ and the axes, 
7, r/i, n the direction-ratios of PQ. 

Projecting the line PQ and the bent line PMNQ terminated in 
the same points on Ox, 

PQ cos a = PM-k- MN cos v + NQ cos/*, 

.'. cosa = Z + m cosi' + ncosAA; 
similarly cos)3 = Z cos v + w + n cosX, 
and C0S7 = I cos/A + m cosX + w. 
Also, projecting PMNQ on PQ, 

PM cosa + iO^ cos/3 + NQ COS7 = PQ, 
/. I cosa + 711 CO8/8 + n C0S7 = 1, 
/. 1 = ?* + w* + w* + 2mn cosX + 2nZ cos /a + 2lm cos v, 
which is the relation required. 
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Projection of a Straight Line on a Plane. 



29. Def. The orthogonal projection of a line of limited length 
on a plane is the line intercepted between the perpendiculars drawn 
from the extremities of the limited line upon the plane. 

30. TTie orthogonal projection of a line upon a plane is the length 
cf the line multiplied hy the cosine of the angle of inclination of 
the line to the plane. 




Let PQ be the given line, AB the plane, PJf, QN perpen- 
diculars upon the plane. 

Since PM^ Qif are perpendicular to the plane -45, PM is* 
parallel to QN^ and the plane MPQN is perpenaicular to the plane 
AB\ join MN^ and draw PL parallel to £d]S\ 

/. ^ ilL C = ^ JO'Q = a right angle ; 

.-. MN^ PL = PQ cos QPL, 

therefore, since MN is the projection of PQ on AB^ and L QPL is 
the inclination of PQ to the plane, the proposition is proved. 



Projection of a Plane Area upon a Plane. 

31. Def. The orthogonal projection of a closed plane area 
upon a fixed plane, is the area on that plane included within the 
line which is the locus of the feet of perpendiculars drawn from 
every point in the boundary of the plane area. 

32. The orthogonal projection of any plane area on a given plane 
is the area multiplied by the cosine of the inclination of the plane of 
the area to the given plane. 

Let APB be any closed curve described upon a given plane, and 
AP'B the orthogonal projection upon any other fixed plane, which 
is the locus of the feet of the perpendiculars drawn to the second 
plane from every point of the curve APB, 



PROJECTIONS. 



15 




I 



The areas APB^ APB may have inBcribed in them any 
number of parallelograms, snch as PQ, P'^9 whose sides are in 
planes PJ£r , Q^Q drawn perpendicular to the line of intersection 
of the given planes, and parallel to that line, and these parallelo- 
grams are in the ratio of 1 : cosine of the inclination of the planes ; 
therefore the sums of the parallelograms are in the same ratio. 

Hence, proceeding to the limit when the breadths of these paral- 
lelograms are indefinitely diminished, the area of the projection of 
APB= area of APB x cosine of the inclination of the planes. 

When the inclination of the plane area A to the plane on which 
it is projected is given by the angle between the normals drawn 
in a dennite direction with respect to the two planes, the expression 
A cos is called the algebraical projection^ which will be negative 
if be an obtuse angle. 



33. To find the area of the projection of a triangle upon the 00^ 
ordinate planes^ the coordinates of the angular points being given. 

Let (a, J, c), (a'y b\ c), (a", 6", c") be the angular points of the 
triangle, and let the projections of these points on the plane otyz 
be P, Qj B. Take a case in which b" > 5' > 5, and c" > c' > c, and 
let the motion along the sides of the triangle in the order PQB be 
in the direction of the motion of the hands of a watch. Draw QU^ 
£7 parallel to Oy^ meeting a line through P parallel to Oz in U^ 
F, and join QV, 

Then £iPQB = APVQ -hABVQ- AB VP; 

/. 2APQB ^QU.PV-BV. PU^ {V - b) (c" - c) - (J" - b) {c - c) 



ri' 



iL 'h c:-^ -" 



a, c-."- •* •-' 
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which may be written 

2J = 



h, c, 1 
b; e', 1 
J", c", 1 



1( PQR had been the direction opposite to the motion of the 
hands of a watch, or Q on the other side of PR^ 

APQB ^^RVP-- AB VQ - ^PVQ, 
and 2APQR = RV.PU'- QV.PV, 

or the above determinant with a negative sign. 



Similarly, 2A^ = 



c, a, 



1 
1 
1 



and 2A 



z 



a 



a 
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y, 1 



1 
1 



34. If the faces of any closed polyhedron be projected on any plane, the swn 
of the algebraical prof eetions of the faces on any fixed plane wUl be zero. 

One side of the fixed plane being selected as that to which the normal 
is drawn, the an^le between this normal and the normal, drawn outwards, 
at any point of the closed polyhedron, is quite definite; and the projection 
of any face will be positive or negative according as this angle is acute or 
obtuse. Now any straight line whatever (produced indefinitely both ways) 
will meet the polyhedron in 0, 2, 4, ... or some even number of points, 
since passing from outside to inside, or from inside to outside, necessitates 
crossing a face once. Draw a straight line parallel to the normal to the plane 
of projection meeting the polyhedron in points P,, Pj, P,, ..., P^ and round 
it an indefinitely small cylinder whose transverse section is a, then the projec- 
tions of the sections of this cylinder made by the faces of the polyhedron which 
it meets will be alternately + a and - a, and since the number of them is even, 
their sum will always be zero. This being true for every straight line perpen- 
dicular to the plane of projection, will be true for the total projection of the 
polyhedron ; and will also be true when the number of faces is indefinitely 
increased, and the areas of some, or all of them, diminished indefinitely ; that 
is, the sum of the algebraical projections of all the elements of a closed surface 
on any fixed plane is zero. 

35. To find the area of any plane surface in terms of the areas 
of the projections upon any rectangular coordinate planes. 

Let Z, m, n be the direction-cosines of a normal to the plane on 
which the given area A lies, -4^, -4y, -4, the areas of the project 
tions upon the coordinate planes of yz^ zx^ xy. 

Then, since I is the cosine of the angle between Ox and the 
normal to the plane, which is the same as the angle between the 
plane of A and the plane of yz^ A^^Al^ 

and similarly, Ay = Am^ and A^^An\ 
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36. To find iJie plane upon which the sum of the algebraical pro-- 
jections of any number of given plane areas is a maximum. 

Let A^ A\ A'\., be any DumW of plane areas, 2, m, n, f, m\ n'... 
the direction-cosines of the normals to their planes, X, /Lt, v those of 
the normal to a plane upon which they are projected; and let 
-4^, A^^ A^ and -4',, A*^^ -4 ...be the areas of the projections of the 
given areas upon the coordinate planes. 

Then since iK + mii + nv is the cosine of the anele between the 
plane of A^ and the plane upon which it is projected, the projection 

of -4 is ^(ZX. + w/A + nv)=^> + ^/t + ^,v; 

therefore the sum of the projections of all the areas upon the plane 
(\, /*, v) is XS (-4 J + /aS [A^ + vS [A^ which is to be a maximum 
by the yariation of X, ft, f, subject to the condition X* -f /x* + v* = 1 ; 

.•. 2 (-4 J <ZX + S (u4j^) rf/A + 2 (^,) rfv = 0, and XrfX -f /*(?/Lt + vrfv = 0, 

must be true for an infinite number of values oi dki diii dv\ 

•*• 2(37) = SpJ = S(3J = V[IS (-4.)}"+ iS M;}' + {2 {A,)Y\ ' 

which determine the direction of the plane of projection, in order 
that the sum of the projections of the areas may be a maximum. 

# 

ni. 

(1) Two straight lines are drawn in the planes of xy and yz, making angles 
a, 7 with the axes of x, z respectively ; the direction-cosines of the straight une 
perpendicular to the two are proportional to tana, - 1, tan 7. 

(2) If two straight lines be inclined at an angle of 60°, and their direction- 
cosines be /, m, n, f , m', n\ there will be a straight line whose direction-cosines 
are /-/', m-m% and.n-i»', and this straight line will be inclined at angles 
of W* and 120° to the former straight lines. 

\ (8) If the angles which a straight line through the origin forms with the 
coordinate planes be an arithmetical progression, whose difference is 45°, the 
Hne must lie in one of the coordinate planes. 

If it form angles a, 2a, 3a with the coordinate axes, it must lie in one of the 
coordinate planes. 

(4) The angle between two faces of a regular tetrahedron is seC^S. 

(5) Find the angle between the two straight lines, whose direction-cosines 
are giyen by i*+ m* = n* and / + m + n = 0. 

(6) Shew, by projecting upon the base, that the area of the surface of a 
right cone is va/, a being the radius of the base, and / the length of a 
slant side. 

(7) Shew a priori that the rational equation connecting the direction-cosines 
of a straight line can only involye even powers of those quantities. 

(8) Three circles whose areas are in the ratio 3 : 4 : 5 lie in three perpen- 
dicuhur planes, shew that the plane on which the sum of the projection is 
greatest is inclined at an angle 45° to the plane of one of the circles. 
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IV. 

(1) The sum of the acute angle* which any straight line makes with rect- ] 
angular coordinate axes can never be less than | sec'* (-3). 

(2) The direction-cosines of a straight line perpendicular to the two whose 
direction-cosines are proportional to /, m, n and »n + n, « + /,/ + m, are propor- 
tional to m- n, n - ^ i - m. I 

'^ (3) The straight lines whose direction-cosines are given by the equations 

a/ + 5m + en » 0, oZ* + /3m* + 7n« = 0, 
will be perpendicular, if a" (/3 + 7) 4 1* (7 + «) + c* (« + /3) = 0, 

and parallel, if aVo + tV)3 + cV7 = 0. 
•^^ (4) The straight lines whose direction-cosines are given by the equations 

a/ + 6m + en = 0, a/l + p/m + 7/n = 0, 
will be perpendicular, if a/a 4 p/h + 7/c = 0, 
y and parallel, if y/{aa)ty/{hfl)±'J{ei)r^O. 

f (6) The direction-cosines of a line making equal angles with three straight 
lines whose direction-cosines are (/, m, n), {l\ m', n'), {}", m\ n"), are propor- 
tional to 

m (n' - n") + m'(vi' - n) + m" (n - n'), 

/(m'-m") + r(m''-m)4r(m-mO. 
If the given lines be mutually at right angles, the direction-cosines will be 
(i 4 ^ 4 /")/V3, (m 4 m' 4 m")/V3, {n + n'-^ n")/V 3. 

(6) If the direction-cosines of two straight lines be given by the equations 

amn 4 6n/ 4 elm = 0, aZ 4 fim 4 7n = 0, 
prove that the tangent of the angle between the lines will be 

{{a* 4 p* 4 7*) (qV +...- 2hcpr^ -..Q}* 

a/37 "^ ^7** ■*" ^^^ 

(7) Find the direction-cosines of the two straight lines which are equally 
inclined to the axis of e, and are perpendicular to each other and to tiie line 
which makes equal angles with the coordinate axes. 

(8) If a plane mirror be equally inclined to each of the three coordinate 
planes, and X, /t, v be the direction-cosines of a ray incident on it, shew that 
those of the reflected ray will be 

J(2;t42»-X), i (2.^ + 2X - ;t), and J {2X + 2/i ~ i^), 

(9) If ^ be the small angle between two lines, whose direction-cosines are 
respectively I, m, n and / + a/, m 4 ^m, n 4 *n, prove that 

(60)* « («/)• 4 iimy 4 (^n)". 

(10) Determine the plane and the area of the maximum projection of 
the hexagon formed by the six edges of a cube that do not meet a given 
diagonal. 

(11) If Ay B, C, D be four points in a plane, A\ B\ C\ L' their 
projections on any other plane, the volumes of the tetrahedrons ABCUf 
A'B' CD will be equal. 

(12) If /, m, n be the cosines of the angles which a straight line makes with 
three oblique coordinate axes, and X, fi, v be the angles between the axes, 

If 1, cos I', cos^ 

m, cos*', 1, cosX 
n, cos /I, cosX, 1 
1, /, m, n 



= 0. 



y r^ 6 



1 

» t 

'J ' -^ 



CHAPTER IV- 



DITISION OF LINES IN A GIVEN RATIO. 
DISTANCES OF POINTS. EQUATIONS OF A STEAIGHT LINE. 

37. To find the coordinates of a point which divides the straight 
line Joining tioo given points in a given ratio. 

Let the given points be P(a?, y, a), and P* {x\ y\ «'), and let 
0(f, i7i ?) divide PP in a given ratio, so that PQ : QP' :: V : \. 
If M^ N, M' be the feet of the ordinates of P, Q, P' parallel to 0«, 
and mQrn parallel to MNM' meet MP in m, and M'P in m', 

Pm : m'F :: P^ : QP :: V : X ; 

.•. X(?-«) = V(«'-S^, and C=(X«VxV)/(X + V); 

similarly for { and 17. 

When Q lies in PP produced in the direction of P, PQ and QP, beinff 
measured in opposite directions, are affected with opposite signs and \ u 
negative. In lixe manner, when Q is in PP produced in the direction of P, X 
is negatiTe. In aU cases, due regard being paid to the signs of A. and X', we have 

PQIX = QF/\ = PP/(\ + V). 

Distance between two points^ 

38. To find the distance between two points whose coordinates are 
given^ referred to rectangular axes. 

Let (a?, y, «), [x\ y\ z') be two points P, Q whose coordinates 
are given referred to a rectangular system ; and let a parallelepiped 
be constmcted whose diagonal is PQ^ and whose edges Pif, MN^ 
NQ are parallel to the coordinate axes Ox^ Og^ Oz ; and join PN. 
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20 DISTANCE BETWEEN TWO POINTS. 

Then, bIdco QNin perpendicular to the plane PMN. and there- 
fore to FN, P(2» = Piyr»+ QlPy hut PlT'^PiP^MN^i 

PM is the difference of the als'ehraical distances of Q and P 
from the plane yOz^ and similarly for MNy NQ\ 

If a, /9, 7 be the inclinations of PQ to the axes of coordinates, 
0?' — a; =s PQ coso, y' — y = PQ co8/9, «' - « « PQ CO87 ; 

.•. 1 = cos*a + cos'/S + cosV 

The double sign, which appears in the value of PQj may be 
interpreted in a manner similar to that adopted in the case of the 
radius vector in polar coordinates in Plane ueometrj. 

If the angles a, /9, 7 define the direction of measurement of the 
distance PQ of Q from P, the opposite direction is defined by 
7r + a,ir + y8, 7-f7, and therefore these angles with an algebraical 
distance - PQ equally determine the position of the point Q with 
reference to P. 

The distance of (x', y*, «') from the origin is V(*' + y^ + «^)- 

39. To find the distance between two points referred to oblique axes. 

Let \j fjiy V be the angles between the axes, {x, v, z)j [x\ y\ z') 
two points P and Q, and let a, /9, 7 be the angles which PQ makes 
with the axes. 

Construct a parallelepiped whose diagonal is PQ, and whose 
edges PM^ MN^ NQ are parallel to Ox^ Oy, Oz. 

Now, the projections on PM of the line PQ, and of the bent line 
PMNQ terminated in the same points, are equal ; 

hence, PQ cos a = PM + MNcobv + NQ cos/a, 1 

similarly, PQ cosjS = JfiV+ NQ cosX + PM cos v, > (1). 

and PQ C0S7 = NQ + PM cos/i + MN cosX, J 

Also PQ is the projection of PMNQ on PQ ; 

.-. PQ-«Pifcosa+i£^cos/8 + iVQcos7. (2). 

Therefore multiplying the equaticus (1) by PMj MN^ NQ we 
have by (2), PQ'^PM*+MN'-vNQ'f2MNNQco^\^2NQ.PMQO%tu 
'^■2PM,MNcoBVj and PM is the difference of the distances of Q 
and Pfrom yOzj measured parallel to Ox^ and therefore =0;' — a;, 
and similarly MN^y' — y^ and ^Q = «' — «; .•. PQ"=(a?' — a:)" 
+ (y'- y)'+ («'- «)* + 2 (y'- y) («' - «) COSX + 2 («'-a) (oj'-a:) cos/A 
+ 2 (a;' — x) iy' --y) cosv, whence PQ is determined as required. 

COE. If Z, m, n be the direction-ratios of PQ, 

PM^l.PQ, MN^m.PQ, NQ^n.PQ; 

•% l = r* + w' + w* + 2fnncosX-f 2nZcos/Lt + 2Zmcosy, 

which is the equation connecting the direction-ratios of any I'me 
referred to oblique axes. \ 
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40. TojEii J1(^ distance between^iwo points whose polar coordinates 
ure given. 

Let (r, ^, 4>) and (r, 5', ^') be the given points P and Q. 

Join OP, Og, QP, and let a spherical 
surface, whose centre is and radius unity, 
intersect (?P, OQ^ and O^in /?, y, and r. 

Then, ?y = ^, rj = 5' and Lqrp^^ -^^^ 

PCi^ 0P'+ Oqt-' 20P.0Qcof^pq 

= r" + r" — 2rr' cosp j. 

But cosj?y s cos^ cos^ 

+ sin^ sin qr coBprq 

— CO&0 cosd^ + sUnO sin ff cos (^' — ^) ; 

.-. P«" = r* + r" - 2rr' {cos ^ cos 0' 

+ sin ^ sin 5' cos (^'-^)}, 

'whence the distance PQ is determined in terms of the polar coordi- 
xiates of P and Q. 

41. The distance may be de- 
termined without Spherical Trigo- 
nometry as follows : 

Draw PJf, QN perpendicular 
to the plane of ary, join MN^ OM 
and ON^ and draw PR perpen- 
dicular to QN\ 

.\ P(^^QIP + PIP 

QB = r cosff-^ rco&Oy 
and MN^ =^ OiP -^ ON^ 

-20M.ONcosMON 

= r» sin"^ + r'" sin*^' - 2rr' sin sin 0' cos {if}' - ^) ; 
.-. PG* = >^ + r'"-2rr'{cos«cos^+ sin^sintf' cos(f -^)}, 
which gives the required distance. 
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42. The general equations of the straight line which will be 
employed are of two forms : one form is symmetrical, and the 
equations are deduced from the consideration that the position of a 
straight line is completely determined, when one point m the line is 
given, and the direction in which the straight line is drawn. The 
Bynimetry of this form gives great advantages, and in all questions 
of a general nature the general symmetrical equations will be 
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almost exclasivelj employed. The other form is unsymmetrical, 
and the equations are deduced from the consideration that a straight 
line is the intersection of two planes, and is completely determined 
when the equations of the two planes are given. These equations 
in their simplest forms are the equations of planes parallel to two of 
the coordinate axes, and are the same as the equations of the 
projections of the straight line parallel to these axes upon two of 
the coordinate planes. It will be seen that, in cases in which the 
elimination of the constants is an essential part of the solution of a 
problem, the unsymmetrical equations may be used with advantage. 

43. To find ike symmetrical equations of a straight line. 

Let uii be a fixed point (a, &, o) of a straight line, P any other 

;oint (cc, y, a), and let Z, «i, n the direction-cosines of JlP, let -4P= r. 
i'hen the projection of AP on the axis of a; is a; - a, and it is also Zr, 
hence a; — a = &•, similarly, y-^h^ mr^ and Z'—c^nvn The equa- 
tions of the straight line are therefore 

(a; - a)\l = (y - h)\m = (« - c)\n, or {x - a)\L = (y - &)/Jf = {z - c)/J^, 

X, JIf, N being any quantities proportional to Z, m, n. 

It should be carefully remembered that, when the former 
equations are used, each member of the equations is equal to the 
distance r of the current point (a;, y, z) from the fixed point (a, i, c). 

The equations of a straight line will be of the same form if the 
axes be oblique, the same interpretation being given to r, and Z, m, n 
being the direction-ratios. The projections employed in the above 
proof will then be the intercepts on the axes made by planes 
through A and P parallel to the coordinate planes. 

44. To find the non-symmetrical equations of a straight line. 

If a straight line PQ be projected by straight lines parallel to 
the axes Oy^ Ox^ whether rectangular or oblique, on the two 
coordinate planes zxy yz^ each projection will be a straight line, aa 
P?j y?'j *°^ these planes respectively. 
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Hencei the coordinates x^ z of any point (a?, y, z) in PQ being 
the same as those of the projection of the point in pq^ satisfy an 
equation of the form x =pz + hy and the coordinates y, z similarly 
an equation of the form y^qz-^-k] and, consequently, the equations 
of the line may be written x^pz-j-h^ y = qz + k. 

45. On the number of independent constants employed in the 
equations of a straight line. 

It may be noticed that the latter system of equations involves 
only four constants, whilst the symmetrical system involves six. 

Of the three Z, «i, w, however, we know that they are connected 
by the relation r* + w* + n*=l, Art. 22, or an equivalent relation. 
Art. 28, if the axes be oblique, which renders them equivalent to 
only two independent constants ; and, if we take L^ M^ Nj since 
they are only required to be proportional to L m, n^ one of these 
may be assumed arbitrarily, and they are still equivalent to two 
constants onlv. 

Also, of the three a, by c, one may be assumed at pleasure ; for 
since the straight line cannot be parallel to all the coordinate 
planes, let it not be parallel to that of yz ; then at whatever 
distance a from yz we take a parallel plane, the straight line will 
meet this plane, and we may take the point where they meet for 
the point (a, by c), that is, we may give to a any value we please, 
and the three a, &, c are consequently equivalent to two independent 
constants only. 

46. To find the equations of a straight line parallel to a 
coordinate plane. 

If a straight line be parallel to a coordinate plane, as that oiyZy 
every point in it will be at a constant distance from this plane, and 
we have the equation x^hy therefore the equations will be of the 
form ar = A, y = qz-\-k. 

For the symmetrical form, since the line will be perpendicular to 
the axis of a;, 7=0, and therefore iy = 0, and the equations of the 
line assume the form (a? - a)/0 = (y — b)IM^ [z — c)/^, which form 
implies that a; =s a for every point in the line at a finite distance, 
since the members are not mnnite for such values. 

47. To find the equations of a straight line parallel to one of the 
coordinate axes. 

If the straight line be parallel to one of the coordinate axes, it 
will be parallel to the two coordinate planes passing through that 
axis, and consequently any point in it will be at an invariable 
distance from each of these planes. Hence, if a straight line be 
parallel to the axis of Zy the distances of any point in it from the 
planes yzy xz will be constant, a fact expressed by the equations 
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x s A, y^h^ which will, therefore, be the eqaations of the line, and, 
as before, the symmetrical form is (a; — a)/0 «= (y - i)/0 = (« — c)jN. 

48. To find the angle between ttoo straight lines whose equationa 
are given. 

If the eqaations of a straight line be given in the form 

[x - a)IL ^ (y - h)JM^ [z - c)IN, 

then, if Z, m, n be its direction-cosines, 

l_ fn_^n ± ^(P + m* + n') ±1 

If the eqaations be given in the form x ^pz + A, y^qZ'\^k^ 
since these may be written {x — h)lp = (y — A;)/j = «/l, the direction- 
cosines of the line will be 

±p ±q ±1 



Vd^^+j'+i)' VCi>"+?'+i)' V(i^"+?"+i) 

in which the ambiguities have the same sign. 
Hence, if the equations of two straight lines be 

{x^)IL =(y- l)lM^{z - c)/N, and (aj-a')/iHy " V)jM'^{z - c')/JV\ 
the cosine of the angle between them will be 



And, if the equations be 

x-pz + A, y«2« +A;, 
a; =2>'a + A', y = q'z 4 A', 

the cosine of the angle between them will be 

pp' + qq'+l 



Art. 23. 



49. To find the conditions that two straight lines whose equations 
are given may be parallel. 

If the two straight lines in the last Article be parallel, they 
will have the same direction-cosines, and, since L^ M^ N and also 
L'j M'y N' are respectively proportional to these direction-cosines, 
Lir = M/M' --N/N' (1) will be the conditions of parallelism. 

These conditions follow directly from the consideration that 
parallel lines pass through the same point at infinity. 

They may also be derived from the general value of the oosine of the 
angle between them, vhich will then be unity ; 

/. (i« + 3f • + JV^«) {L* + Jf '» + JV"*) - {Zr + MM' + NNJ = 0, 

or (LM' - LMy + (3fJV" - M'N)* + {NL' - N'Lf « 0, 

which is equivalent to the conditions (1). 
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With the onsymmetrical foim. if the straight lines be parallel, 
their projections will also be parallel^ .\ p ^p\ and ; = j'. 

• 

50. To find the condition that tioo straight lineSj whose equations 

care given^ may he perpendicular. 

If the straight lines be perpendicular, the cosine of the angle 
between them will vanish, and the condition that this may be the 
case is LL' + MM' + NN' = 0, or pp' •\-q^'-\-l — 0, according to the 
systems of equations given. 

51. To find the condition that ttdo straight lines^ whose equations 
are given^ may intersect. 

Let the equations of the two straight lines be 

{x--a)/L ^{y^b)IM :^{z^c)IN ^B, 
and {x - a')IL' ^[y^ VyM* = (« - 6)IN' - 5'. 

Then, if the lines intersect, these equations must be simul- 
taneously satisfied by the coordinates of the point in which they 
intersect. 

Hence, a'-a4 L'S - i5 = 0, 

V^b + M'R-MB^O, 

c'-c + -»r'jB'-JV2=0, 

and eliminating B and B^ we obtain the required condition 

a — a, I/j L 
i'-J, JT, M =0. 
c'^c, N\ N 

With the equations in the unsymmetrical form the condition is 
found by eliminating a?, y, and «, to be (A'- A)/(p'— j?)=(A'-i)/(2'- j). 

Straight line under given conditions. 

52. To find the equations of a straight line passing through a 
given point. 

If (a, bj c) be the ^iven point, these will be in the symmetrical 
form (a? — a)/i/«(y — i)/Jf=(« — c)/-?/^; in the unsymmetrical form 
a — a=^(« — c), y — 6 = g(« — c). 

53. To find the equations of a straight line passing thrQugh two 
given points. 

Let (a, 6, c) and (a', J', c') be the two given points, the equations 
of the straight line are 

{X - a)l{a' - a) = (y - i)/(i' -&) = (;»- c)/(c' -c) 

If one point be the origin, the equations are xja! ^yjU ^zjc. 

£ 
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54. To find the equaiiona of a straight line passing through a 
given point and parallel to a given straight line. 

If the given point be (a, i, c) and i, if, N be proportional to 
the direction-coaines of the given line, the required equations will be 

(a? - a)lL = (y - i)/Jf = [z - cj/JV. 

y 65. To find the equations of a straight line ptueing through a given point, 
and perpendicular to and intersecting a given straight line. 

Let (a, b, e) be the given point, and the equations of the ^Iven straight line 
be (a? - a')//= (y - b')/m « (2 - c)/n ; then {x - a)/L « (y - b)/3£^ (z - c)/N will be 
the required equations of the straight line, where the ratios L : M: N are to 
be determined from the equations 

a' - a, /, L 

b' - &, Ifly 3f 

e' - c. n. N 



Ll^Mm-kNn^O, 



0. Arts. 50, 51. 



66. To Jind the equations of a straight line passing through a given point 
and intersecting two given straight lines. 

Let (a, b, c) be the given point, and let the equations of the two given 
straight lines be 

(a:-a')/r = (y- J')/if ' = («-0/-2V^'» and (ar-a")/X"=(y-6")/if"=(«-0/^"'; 
and let the equations of the straight line satisfying the required conditions be 
(X - a)/L = (y - 6)/Jf = (2 - c)/iV. 

By the conditions of intersection given in Art. 51 X, Jf, N satisfy the 
equations LF^ MQ* + NR' - 0, LP" ^ MQ' + NK' = 0, where P', Q', J2', &c 
are the first minors of the two corresponding determinants, whence the equations 
of the straight line become 

af-a y- 5 z-c 

QE' -Q'R ^ ICP" - ET " F'Q"-P"& ' 

61, To find ihe equations of a straight line passing through a given point, 
parallel to a given plane, and intersecting a given straight line. 

Let (a, 5, c) be the given point, /, m, n the direction-cosines of a normal to 
the plane, which will therefore be perpendicular to the straight line whose 
equations are required, and let the equations of the given straight line be 
{X - a')/r = (y - b')/m' = (« - c'Vn'. 

The required equations will then be {x - a)/L « (y - b)/M- (2 - e)/N, where 
X : Jf : JV are determined by the equations 

fl'-ii, /', L 

X/+3fm + iVn = 0, and 



5' -5, m', M 



= 0. 



58. To find the distance from a given point to a given straight line. 

Let [x — o)jl^ {y — h)lm = (« — c)/w be the equations of the given 
straight line, jS being the point (a, b^ c) ; and let A Ixf the given 
point [x\ y\ «'), AF the perpendicular from A on the straight line ; 
then the projections of BA on the axes of a?, y, z are respectively 
X* — a^ y' — bj «' — c ; and the projections of these on the given line 
are I (x - a), w (y —b)j7i {z' — c), but the sum of these projections 
is the projection of BA on the straight line, or 

Jjr =l[x'-a)-\'m{y-b)-^n [z - c] ; 
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heace, AP' =» BA' - BP' 

= (»' - a)' + (y' - J)» + (a' - c)' - {? («' - a) + T« (y' - J) + n (z' - c)}», 

giving the required distance, which may be written 

V[{n {lf'-b)-m{z'-e)Y+ {l{z--c)-n{x'-a)Y+ [m{x'-a)-l(y'-b)}']. 

59. Ih^nd the eqttatum of a^ircular cylinder^ the equations of whose axis 
and the radius of a circtdar section of which are given. 

The circular cylinder being the locus of a point whose distance from the 
axiB is constant and equal to the given radius r, if (x - d)/l » (y - h)fm ^{z- c)/n 
be the equations of the axis, the equation of the surface will be, by the 
preceding article, (x - a)* + (y - b)* + (b - c)* - {/ (ar - a)+ m (y - 6) + n (a - c)J* =» r*. 

60. To find the equation of a circular cone, whose vertex, vertical angle, and 
the equations of whose axis are given. 

If Fbe the vertex, P any point of the cone, PQ perpendicular on the {ixis, 
and 2a the vertical angle, FQ* = VP* cos'a ; therefore, if (a, i, e) be the vertex, 
the equations of the axis being as before, the equation of the cone will be 

{/ (« - a) + m (y - 6) 4 n C« - e)]* - cos'a {{x 'ay + {y- b)* + (a - cf). 

61. To shew that the shortest distance between two straight lines 
uihich do not intersect is perpendicular to both. 

Let AP^ BQ be the two straight lines, and let a plane be drawn 
throagh BQ parallel to -4P, and BR be the orthogonal projection 
of AP upon this plane, B being the 
projection of A ; therefore AB will be 
perpendicular to both straight lines, for 
It meets two parallel lines AP^ BBj to 
one of which, BRy it is perpendicular, 
and it is also perpendicular to BQ, since 
it is drawn perpendicular to the plane 
QBE. 

Let P, Q be any points in AP^ BQ^ join PQ^ draw PR perpen- 
dicular to -B5, and join QR\ then PQ is greater than P5, being 
opposite to the greater angle, and PR = AB ; therefore AB is less 
than PQy or the distance which is perpendicular to both straight 
lines is less than anj other distance. 

62. To find the shortest distance between two straight lines whose 
equations are given. 

Let the equations of the two straight lines be 

{x-^ayi^iy-bym^iz-cyny and {x''ayt^{y--byni^[Z'-d)ln\ 

and let X, /Lt, v be the direction-cosines of the straight line perpen- 
dicular to each, then by Art. 24 

mn — mn nV — w7 ha — Xw. sin Q ' 
being the angle between the lines. 
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Now, if we suppose P, Q, in tbe last figure, to be the points 
(a, by c), (a*, b\ c'), the projection of FQ on ABj which ib AB itself, 
will be X (a — a') -f /i (J — J') + v (c - c'), hence 

(a ~.a') (win' - m'n) + (J - b') (nf - Ti'f) + (c - o') (Zw' - Twi) 



^5» 



{{mn' - w'n)" + (nf - n7)» + (Zw' - /'m)*j* 



Observe that the numerator is the determinant 
which vanishes when the two lines intersect. 



a^a'yl, V 
b — 6', w, m 
c — c, n, n' 



63. To find equatioiM of the line on which lies the shortest dis-^ 
\iance between two straight lines whose equations are given. 

Taking the equations of the last article, if (f , ^, () be any point 
of the line considered, the equations of the line will be 

mn' — wi'n n? — w7 Im' — Im ' 
Hence, by Art. 51, since it meets each of the two given lines, 

f-a, ij-J, ?-c 



we have 



i, 



w. 
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and 



mn'— iw'fi, nP~n7, lm'~tm 



0, 



f, 



m 



n 



Q, 



iwu —WW, lit — n t, cJtt — t wi 

and, since ({, 17, {[^ is anj point on the line these are equations of 
the line. 

If /» m, n and /', m\ n' be direction-cosines, since 

m(/m'-i'm)-n(«/'-n'0 = /(min' + nn')-i'(m« + n*)«/(ff' + mm' + nn')-ft 

these equations may be written 

(/cosd-/0(«~<') + (»»cosd-m')(y-&) + (ncosd-n*)(9-c)«0, 

(^co8^-/)(«-a') + (t»'cos^-in)(y-6') + (n*co8^-ii)(«-c*)«0, 

where 6 is the angle between the given lines. 

This form of the equations may be obtained directly by projections. Suppose, 
in the figure of pa^e 27, PQ perpendicular to QB, F the point (a, 6, c), and ^ 
any point (j;, y, z) m BA, Project FS on FA and Q£, then 

P^ = i(a:-a) + m(y-6) + n(«-c), and Q^ = r(«-a) +m'(y-6) +fi'(«-c), 

lilso Q^bP^cos^, which gives the first of the equations, and similarly 
ifor the secopd. 

64. J^ very simple form, in which the equations of two straight 
lines can be presented, will oe obtained by taking the middle point 
of the shortest distance between them for the origin, the line in 
whiph it lies for one of the axes, suppose that of Zj and the two 
planes equally inclined to the two straight lines for those of zxj zy. 

If 2a be the angle between the two straight lines, 2c the shortest 
distance between them, their equations will then become 

^s:j:tana, s = c, and y = -a;tana, 2? = — c. 
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V. 

(1) The fttraight line given by the equations 

a; + 2y + 3i =r Oy 3j; + 2y + s « 0, 

makes equal angles with the axes of x and s, and an angle \ sec''3 with the 
axis of y. 

r"-! v*-! «'-l 

(2) Prove that the equations — = - — -- = — - represent seven straight 

lines which all pass through the same point. 

(3) Find the direction-cosines of the straight line determined by equations 
lx-Vfny^nz^mx-^ny^lz^nx-{ly-v mz. 

(4) The angle between the two straight lines given by the equations « a y 
and «y-i-y2 + »aO, is sec'^S. 

(6) Find the equations of the straight line passing through the points 
(5, c, a) {e, a, b) and shew that it is perpendicular to the line passing through 
the origin and through the middle point of the line joining the two points, and / 
also to each of the straight lines whose equations are / 

d; = y s s, z/a » y/b » z/c. 

(6) Find the shortest distance between the axis of z and the straight line 
{^X'a)/l^{y-b)/m^z/n, and find its equations. 

(7) Find the shortest distance between an edge of a cube and a diagonal 
which does pot meet it. 

^8) Prove that the equations of any straight line intersecting the two 
straight lines y s mx, z^c\ y^-mz, s = -o; may be written in the form 

mx - \ cobO y - m\ wnO Ax 

m sind cosd c 

(9) The equations of two straisht lines are y » a; tan a,z^tf and y a - jt tan a, 
^B-c; shew that the distance between two points on these straight lines 
whose distances from the axis of z are o, b respectiYcly is V(4c'+a'-f b^^2ab cos 2a). 

(10) Interpret the equation («* + y* + «") (^ + m* + n*) = (/a: + my + f«)*, and 
give a geometrical illustration. 

(11) The locus of the middle points of all straight lines terminated by two 
fixed straight lines is a plane bisecting the shortest distance between the 
fixed straight lines. 



VL 

(1) Find the equations of the straight line which passes through the origin 
and intersects at right angles the strai^t line whose equations are 

(m + n)« + (» + Oy + ('+"*)» = «» (m-n)«+(n-i)y + (i-m)2aa5 
and obtain the coordinates of the point of intersection. 

(2) The equations = ^ — -■ « — - denote thirteen straight lines. 

Shew that four are the four diagonals of a cubci and construct for the rest 

(3) The straight lines determined by the equations 

/(6-c)ys + mic-a)w: + «(a-6)a:y = 0, and ^-fmy + n^'O 
px^ at right angles to each other. 
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(4) Shew that the equationi {a-k-mt- ny)/l » (&«f^» - h)/m ^{o -^hf- mx)/n 
are reducible to the form (x-^nb- me)/l m{yi.lc- na)/m st^z-^ma" lb)/n, 

(5) The equations of a straight line are given in the form 

(a'-ny-\- mtJ/X = (6 - Is + nx)/fA = (c - mx + /yV", 
obtain them in the form 
{[l\ t m/4 + nir) « -/AC + vb]/l = {(7X+ m/i + iw) y - va -i- X«)/m « {(/X + mfi^n»)z- Xb^fia}/iu 

(6) ui^C, A'B'C* are two straight lines, ^jS' the shortest distance between 
them, C, C any two points on the two lines, such that CA' is perpendicular 
to A'BC and CA to wlJ?C; prove that AB.BC^A'lf.BC 

(7) When a ray of light is reflected from a plane mirror, the shortest 
distance between the incident ray and any straight line on the mirror is equal 
to that between the reflected ray and the same straight line. 

(8) The cosine of the angle between the two straight lines whose equations 
are te + my + iw-O, a«* + h^-\- «• = 0, 

IS 



V{^(* - cY +...+ 2mV (a - 6) (a - c) +...) ' 



(9) If the straight lines, whose directions are determined by the equations 
aV + 6m" + en* e or Al^ + Bm* + On* = 0, combined with t«/ + vm + t&n - 0, form 
a harmonic pencil, prove that ti* (ftC+ cB) + ©• {cA + aC) + tr* {aB + 6-4) = 0. 

(10) The locus of the middle points of all straight lines of constant length 
terminated by two fixed straight lines, is an ellipse whose centre bisects the 
shortest distance between the fixed lines, and whose axes are equally inclined 
to them. 

(11) If the axes of coordinates be inclined at angles a, /3, (v, shew that 
the equations of the four straight lines, each point of which is equidistant from 
the three coordinate planes, will be a78in'a»yVsin*/3 = sVBin*7. 

(12) If a system of straight lines be represented by y^Xx -(-^ ssX'x-t-ft', 
where X, /i, V, fi' are given functions of a single parameter, what will be the 
condition that any two consecutive lines of the system intersect ? 



CHAPTER V. 

GENEBAL EQUATION OP THE FIRST DEGBEE. EQUATION OF A PLANE. 

65. The locus of the general equation of the first degree is a plane* 
The general eqaatlon of the nrst degree is 

Let (a, i, c), (a, J', c') be any two points P, P' in the locus of 
this equation, so that 

Aa + Bb+Cc + D^O and Aa +BV+ Cc' -{-D^O. (1) 

The equations of the line joining P, P' are 

(a: - a)/Z = (y - i)/wi = (« - c)/n « r, 

where (a'-a)/Z=(6'-J)/m = (c'-c)/n. (2). 

The straight line PP* meets the locus at every point for which 

A (a + lr) + B{b + mr) + C7(c + nr) + i? = 0, (3) 

but Aa-^ Pi+ (7c+ Z) = and A (a -a) + 5(4'- J) + (7(c'-c) = 
^7 (^)> •'• ^l-^Bm + On = by (2) ; hence (3) is true for all values 
of r ; that is the straight line joining any two points of the locus 
lies wholly in the locus which is therefore a plane. 

66. The Btttdent vill readily deduce the following special poeitions of 
the plane. 

L If D s 0, the plane passes through the origin* 

iL J£A = 0, the plane is parallel to the axis of x. 

iiL If .^i and B^O, the plane is parallel to the plane of xy. 

It. UA, 3 and 2) «> 0, the plane is that of xy. 

T. If ^, B and C^O, while D remains finite, the plane is at an infinite 
distance. For, the point in which the axis of x meets the plane is given by 
the equations y^O, ssO, Ax + D^O; hence, the distance from the origin 
being - D/A, u A he indefinitely diminished, while D is finite, the plane cuts 
the axis of x at an infinite distance from the origin, and the same being true 
for each axis, it foUows that the plane is at an infinite distance from the 
origin. 

67. It is important to observe that the existence of three 
arbitrary constants in the general equation of the first degree, viz. 
the three ratios A : B : C : 1)^ shews that a plane may be made to 
satisfy three conditions, provided each condition is one which gives 
only one relation betw^een Ay B^ 0, D. Thus, passing through a 
given point at a finite or infinite distance is such a condition, but 
being parallel to a given plane is equivalent to two such conditions. 
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EjticUton of a Plane. 

68. To find the equation of a plane in the form Ix-^my-^-nz =p^ 
in which p is the perpendiculat from the origin upon the plane^ and 
ly m, n its directioHH^sines. 

A plane may be considered as the loons of a straight line which 
passes through a given point, and is perpendicular to a given 
straight line. 

Let OD=p be the perpendicular from the origin upon a plane. 




ly m, n its directionHK)8ines, (a;, y^ e) any point P in the plane, then, 
by the definition, PD is perpendicular to (?J9, and OD is the sam 
of projections of the coorainates of P on 01) ; .*. Za? + my + nz = », 
which is the equation of the plane in the form required, in whicn, 
if the axes be rectangular, P + iw" + n* = 1. 

69. Interpretation of the expressionp — Ix — my — nz. 

The equation j> — 2a;- my — 9iissO represents a plane, in which 
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which p is the perpendicular from the origin, and l^m^ n are its 
direction-cosines. 

Let ABC be this plane, and suppose OD^ QR to be drawn 
perpendicular to it, in the direction defined by (Z, 971, n)^ from 
the origin, and from the point Q (x, y^ . z\ and join JSi>, which 
will be perpendicular to OD. Let QR^q^ and project a;, y, a 
and J on 02?, then p^lx + my + n« + j ; .\q^r=p— Ix- my — nz. 

Hence, the expression p^lx — my^nz represents the per- 
pendicular drawn from (a;, y, z) upon the plane 

p—lx — my — n« = 0, 

estimated positive in the direction defined by (2, m, n). 

70. To find the angle between two planes whose equations are 
given. 

Let Zaj + -% + jVi5 = J9, and i'a; + Jf 'y + ^"« = i^, 

be the eiven equations ; then £, if, ^ and L\ M\ N' are pro- 
portional respectively to the direction-cosines of the normals ; but 
the angle between two planes is equal to the angle between their 
normal, hence the cosine of the angle between the planes is 

The conditions of paralleh'sra and perpendicularity are therefore 
respectively LfU = MjM' = NjN^ and LU + MM' + NN' = 0. 

The student may also deduce the conditions of parallelism from 
the consideration that parallel planes intersect in a straight line at 
infinity, or directly from the parallelism of the normals. 

71. To determine the perpendicular from a point (/*, g^ h) upon a 
plane whose equation is Ax '\-By-\- Gz + D^O. 

IS we compare the equation Ax + By'\' Cz + D = with the 
equation of the plane in the form lx-\-my'{-nz —p ^ ; then 

llA=^mlB^nlC^pl-D^±{A'^B'+ C")"*, 

where, if the ambiguous sign be so taken that p shall be an 
absolute length, Z, tti, n will be completely determined. 

The perpendicular from (/, ^, h) upon the plane, estimated 
positive when drawn in the direction defined by these cosines, is 

« 7/ r.n .1 Af+Bg^Gh + D 

the sign being chosen which is the same as that of D. 

72. To find the distance from, a given point to a given plane^ 
measured in any given direction. 

Let the equation of the plane heAx + By+Cz + B^O^ and let 
(/i 9} h) be the given point, (/, tw, n) the given direction, Z, ?w, n 

F 
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belnff dlrection-cosioes for rectangular axes, and direction-ratios 
for oolique. 

The equations of a line drawn through (/, g^ h) in the given 
direction are {x^f)jl^{y—g)lm^{z--h)jn='ry and where this 
straight line meets the plane, 

;^ ^(/+Zr) + 5((7+jnr)+C(A+\r) + I> = 0; 
.*. the required distance is =~i — -^ 7= — . 

73. To find the equation of a plane in the form xja + yjh + «/c = I . 
The general equation of a plane is Ax •^-By-i- Gz'{- D=^0^ and, 

if a, 5, c be parts of the axes of x^ y, z intercepted between the 
origin and tne plane, the plane cuts the axis of x in the point 
(a, 0,0); .-. ^a + I> = 0, similarly, -B6 + 2) = and (7c + iJ=0, 
hence, the equation of the plane is xja + y/J + £;/c = 1. 

74. The following direct inyestigation of this form of the equation is worth 
noticing. 

IiCt OA a a, OB = h, OC^ehe the intercepts on the axes of 2, y, z hy the 
flAue ABC, and let PA, PB, PC, PO he drawn from the point P(x, y, t) 
m the plane. 




Draw PM parallel to xO, meeting yOz in M. Since the pyramids POBC, 
AOBCtae on the same base, 

Yo\ POBC : yqWABC i: PM:AO::x:a; 

:. x/a = \ol POBC/yoWABC; similarly, y/b = vol POCA/yolOABC, 

and z/c = yo\POAB/yo\OABC, 

and yo\POBC-^yo\POCA+yo\POAB=yolOABC', 

,*. ar/a4-y/ft + 2/c = l. 

The student is recommended to investigate this equation by the employment 
of a figure in which P lies in another compartment, as afy'z, of the coordinate 
planes, taking care to interpret the geometrical into algebraical distances. 
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75. If 9 be the perpendicular from a point Q («, y, %) on the plane ABC 
estimated in the direction of /i, the perpendicular from O on the plane, 

q/p » Tol QABC/^o\ OABC^ 1 - a/a - y/5 - %/c. 

76. To find the equation of the plane in the form z =px + jy + c. 

Consider the plane as a surface generated by a straight line 
^which moves subject to the conditions that it always intersects one 
given straight line and is parallel to another. 

Let the equations of the line which it intersects be 

z^px + c^ y = 0; (1) 

and those of the line to which it is parallel z^qy^ a; = 0, the 
equations of the moving line will therefore be of the form 

^^qy + fii x = a'y (2) 

and, since the two lines, whose equations are (1) and (2), intersect, 
>S=spa + c ; therefore, for every point in the plane, Z'-qy=spx-\'Cy 
that is, the equation of the plane is z —px + ^y + c. 

In this form of the equation, c is the intercept on the axis of z 
cut off by the plane, /?, q are the tangents ot the angles mad6 
respectively with the axes of x and y by the traces on the planes 
of zxy yzy if the coordinates be rectangular ; and the ratios of the 
sines of the angles made with the axes in those planes, if the 
coordinates be oblique. 

77. To find the polar equation of a plane. 

Let c, a, /3 be the polar coordinates of the foot of the per- 
pendicular from the origm on the plane ; r, 0, <^ those of any point 
in the plane, then if '^ be the angle between the lines joining these 
points to the origin, c^r cos^, 

and cos^ = cosff cosa + sind sina cos (0 - /S), Art 40, 

whence cjr a cos cosa + sin sin a cos (0 — /3), 

the most convenient form of the equation of a plane when referred 
to polar coordinates. 

Planes under Particular Conditions. 

78. Equation of a plane passing through a given point. 

Let a, by c be the coordinates of the given point, and the equation 
of the plane Ax + By+ Cz + D = Oy then since (a, &, c) is a point 
in this plane, Aa + i?i + Oo + i? = 0, or, eliminating 2), 

^(a;-a) + -B(y-6)+(7(«-c) = 

is the general equation of a plane passing through the point 
(a, i, c). 
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79. Equation of a plan§ passing through a point determined by the inter^ 
section of mree given planes. 

If the point be giveD by the equations of three planes, 

11 = 0, © = 0, w = 0, (1) 

passing through it and not intersecting in one straiffht line, then Xti -4- /iv + ni^ = 
will be the general equation of a plane passing through that point, for it is 
satisfied by the values of x, y, z, which are ffiven by the equations (1) taken 
simultaneously, and therefore passes through Uie intersection of these planes, 
which is the given point; and since this equation is of the first degree, and 
involves two arbitrary constants, namely, the ratios \ : /i : v, it is the general 
equation of a plane passing through the given point. 

If the three planes, u « 0, o » 0, ti^ » 0, intersect in a straight line, then these 
equations, and tnerefore the equation \u + fiv^yw= 0, will be simultaneously 
satisfied for all points lying m that straight line. Hence, Xti 4 /ip -i- ino = 
cannot be the general equation of a plane passing through a given point. The 
position of a point is not, in this case, completely determined by the given 
equations, but only the fact that it lies on a certain straight line. 

80. Equation of a plane passing through two given points. 
Let (a, i, c), (a , b\ c') be the given points ; the equation of a 

plane passing through (a, 5, c) is 

^{ic-a)4£(y-J) + (7(«-c) = 0. 

If this plane also pass through (a', b\ c'), we shall have 

^(a'-a) + -B(6'-t)+0(c'-c) = 0, 

which is the condition to which A : B : C are subject ; or, the 
equation of the plane may be written 

a —a -b c — c ' 

X, ^j y being subject to the condition X' + /a4' v«=0. 

It is easily seen that if the points be given by the two systems of planes, 

ubO, 17 = 0, w^Of and tie a, t7»6, w^e, 

that the equation of the plane will be X« + /lo -f »U7 » 0, subject to the condition 
Xa 4- ^ + »e = 0. 

81. Equation of a plane passing through the line of intersection 
of two planes. 

If u ss 0, t; = be the equations of the two planes, the eauation 
Xu -I- /it; s will represent a plane passing through their line of 
intersection ; and since this equation involves one arbitrary constant 
(X : ii\ it will be the general equation of a plane passing through 
the straight line which is given by the two planes. 

82. To find the equations of two planes which form an harmonic 
system toith tioo given planes. 

These two planes must pass through the line of intersection of 
the given planes^ and divide the angles between them, so that the 
sines of the angles made by each with the given planes shall be in 
the same ratio. 
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Let u = OjV^O be the eqaations of the given planes, and let 
p, o* be multipliers, snch that pu and av are reduced to the form 
--Ix — my—nz] in this form they are the perpendiculars from 
Xj y, z) on the given planes. Hence, it is evident that pu : ±<rv 
are each numerically equal to the given ratio. 

The forms of the equations are therefore u-kv^^O and u+kv^^O. 



f. 



83. J^itation of a plane passing through three given points. 
Let the three given points be (a, J, c), [a\ b\ c'), and (a", J", c") ; 

the equation of a plane passing through the first of these points 

is of the form 

X (x - a) + /Lfr (y - J) + 1^ (« - c) « ; 
and since it passes through the other points, 

X(a'-a) + /*(i'-J) + v(c'-.c)«0, 
\(a"-.a)+M(i"-i)+v(c"-c) = 0; 

y-J, z-c 



.'. the equation is 



X— a^ 
a! — a. 



a"^a, h"-b, d'-'C 



= 0. 



If one of the points as (a", V\ c") pass to infinity in the direction 
(?, «w, «), a — a, &c. may be replacea by Z, &c. 

The following method has the advantage of interpreting the 
coefficients geometrically. 

84. Let the equation of the plane passing through the three 
points be 2x + ^ny 4- n^ = p ; and let A be the area of the triangle 
formed by joining the three points; A^^ A^^ A^ the projections 
on the coordinate planes, and since A^^IA^ &c., the equation 
may be written 

xA^-^yA^^ zA^^pA^ZV, (1) 

where Fis the volume of the pyramid whose base is the triangle A 
and vertex the origin. 

Substituting the coordinates of the points in the general equation 
of a plane, and eliminating the constants, 



a, 



ft', 
which by Art. 33 may be written 



x^ 



z. 



a 



It 



It 



2Ajc -f 2A^y + 2Afi 



a 
a 






I 
1 
1 
1 

J', 



= 0, 



(2) 



c 

c' 



Jl 



= 6 r bj (1). 
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PLANES UNDER PARTICULAR CONDITIONS. 



The equation becomes nugatory if ^ = or the three points lie in a straight 
line. This also appears from the vanishing of the minors in (2), for, if ^xaO, 

6 (</-<?") + ^(c"-c) + 6" (c-c') = 0, 
or (h - b') (c' - c") - (i' - b") {c - c') = 0, 

b- b' c- c' a- a' ..11 

•*• v~77' = Zr-^T' = v-T" simUarly, 
0-0 c —c a —a ■ 

which are the conditions that the three points lie in a straight line. 

85. To find the volume of the tetrahedron^ the coordinates of the 
angular points of which are given. 

Referring to Art. 71, if (a", h'\ c'") be anjr fourth point, p the 
perpendicular from it upon the plane of the triangle, 

p =/?- ta —mo — «c ; 

.-. p'A ^pA - a:"A^ - h"*A^ - c"' J. ; 



6F' 



a 
a 
a 



a 



) 


*, 


c. 


1 


t 


h; 


c\ 


1 


n 


h% 


c", 


1 


lit 


b"\ 


<'"', 


1 



where V is the volume required. 

86. To find ike equation of a plane passing through a given point 
and parallel to a given plane. 

If (a, &, c) be the given point, and Z, m, n the direction-cosines 
of a normal to the given plane, the equation of the proposed plane 
will be Z (as - a) + 7W (y — 5) + n (s — c) = 0. 

87. To find the equation of a plane which passes through two 
given points and is parallel to a given sti*aight line. 

The last condition may be looked upon as giving a third point 
at an infinite distance, as m Art. 83, or as stating that the normal 
to the plane is perpendicular to the given line; m either way the 
third equation of Art. 83 is replaced by Td + iim + i^n = 0, and the 



equation of the plane is 



W'^a^ a — a, I 
y—bj b' - bj m 



Z — Cj c - c^ 



n 



= 0. 



This equation will be identical if {a - a)ll=i{V — i)/rw = (c'- c)/nj 
which are the conditions that the given straight line may be 
parallel to the line joining the two given points. Every plane 
passing through the two points will necessarily be parallel to the 
given straight line. The required equation will then be the equation 
of any plane passing through the two given points. 

88. To find the eqiuition of a plane passing through a given point 
and parallel to two given straight lines. 

The last conditions are equivalent to statements, either that 
the plane passes through two points at an infinite distance in the 



PLANES UNDER PARTICULAR CONDITIONS. 39 

directions (2, m^ n) and (f, m\ n'], or that the normal to the plane is 
perpendicular to those two directions; the second and third equations 
of Art. 83 are replaced by \l + fjtm + yw = 0, Xl' + /aw' i- k«' = 0, and 

x — a^ Z, I' 

y — hj TUy m 



the equation of the plane is 



fi? — c, w, n 



= 0. 



If Ijr =s fnlm « w/n', this equation will be satisfied for all values 
of x^ y, z] tnat is, if the given straight lines be parallel, there will 
be an infinite number of planes satistying the given conditions, the 
direction of the normal to the required plane being indeterminate. 

89. To jind the equation of a plane which contains one given 
straight lincy and is parallel to another, not in the same plane. 

This proposition is that of the last article in another form, for 
let the equations of the given straight lines be 

(«-a)/Z=(y-6)/m=(2-c)/n, and {x-a)ir={y-b')lm={z-c')ln'; 

the plane which contains the first line passes through the point 
(a, by c), also its normal is perpendicular to each of the lines, and 
the equation is 

(x - a) (mn' - mn) + (y - J) {nl' - n'l) + {« - c) [Im' - I'm) = 0. 

The equatioa of the plane containing the second and parallel to 
the first is 
{x - a) {mn' - mn) + (y - b') {nV - n'l) -I- (« - c') [Im' - Tm) = 0. 

The shortest distance of the lines is the difference of the 
perpendiculars from the origin, estimated in one direction, giving . 
the same result as in Art. 62. 

90. To Jind the equation of a plane equidistant from two given straight 
lines, not in the same plane. 

Let the equations of the two given slraight lines be 
(«-a)//=(y-6ym = («-c)/fi«r, (1) and (a;-a')/r=^(y-ft')/m' = («-c')/«'«r, (2) 
('if Vv h)^ point in (1), (x^, y,, «,) ^ point in (2), (^, % I) the middle point of 
the line joining (Xj, y„ « J and (x„ y„ «,). 

Then, 2f = irj + a:g = a + a'+ Ir + /'r', 
2»J = yj + y, = 6 + 6' + mr + mY, 
2$ ss Zj + «, = c + c' + »r + n'r'i 

and eliminating r and r\ we obtain, for the locus of (£, n, I), the equation 
(2f - a - a') {mn' - m'n) + (2t? - 6 - b') {nF - n'l) + (2^ - c - (/) {Im' - tm) = 0. (3) 

The plane represented by this equation bisects all lines joining any point 
of (1) to any point of (2), and therefore bisects the shortest distance between 
them ; and since the direction-cosines of the normal to (3) are proportional to 
mn'-m% nV-n'l, hn'-tm, the normal is parallel to the shortest distance 
between the lines, Art. 63. Hence this plane bisects at right angles the 
shortest distance between the lines, which is clear from the geometry. 

91. To def£rmine the conditions necessary and sufficient in order 
that the general homogeneous equation of the second degree may 
represent two real or imaginary planes. 

Let the general equation be written 

w, = aaj* -f Jy' 4 cz* 4- 2a'yz + 2b'zx + 2c xy = 0. 



-v^' ^ 



40 PLANES UNDER PARTICULAR CONDITIONS. 

If a be finitei the eqaation is equivalent to 
{ax + cy + VzY = (c" - oJ) y* + 2 [b'c - aa') yz + (J'* - ac) «*. (l) 

But, if the equation represent two planes, x must be capable of 
being expressed as a linear function of y and z^ and this can only 
happen when the second side of the above equation is a square, 
and therefore of the form [py + gzY^ and the two planes will have 
equations ax-\-cy-\-b'z=^±(py-^ qz)'y every point of the line of 
intersection of the two planes will therefore satisfy {iX'{-cy'\-b'z = 
and py-\-qz^ 0. 

By solving with respect to y and z^ if h and c be finite, we 
obtain similar results, hence, for every point in the line of inter- 
section^ aa; + cy+ J'« = 0, 

c*x -^by •{• a'z = 0, (2) 

b'x + ay -^ cz ^0] 

therefore, by eliminating Xj y, and z^ 

a, c', V 
c\ i, a' =0, 
J', a, c 
or fi'(w,) ^abc^ 2a'b'c' -aa'*- bb'^ - ai^ = 0, (3) 

this is the condition for real or imaginary planes ; it might also be 
obtained from the consideration that the right side of equation (1) 
must be a complete square, viz. 

(JV - aaj « (c" - db) ( J'« - ca\ 

or a [abc + 2a'J V - aa'* - W* - cd^) - 0, 

which, since a is finite, gives the same result. 

The symmetrical form of H(u^ shews that the result would 
have been obtained in this way whether a, i, or c were finite. 

If none of them be finite, it is easily seen that a, b\ or d must 
be zero, and the equation will still hold. 

It would be correct to say that (3) must hold however small 
a, 5, or c are, and therefore when any or all vanish. 

In order that the planes may be real, it is necessary that 
c'^'^abj b^ — ac^ and, similarly, a* — be shall not be negative. 

92. When the general equation of the second degree represents 
two planes^ to find the equations of their line of intersection in a 
symmetrical form. 

Any two of the equations (2) given in the last Article are 
equations of the line of intersection. If we eliminate z from the 
un^t two of these equations, and x from the last two, we obtain 
'Ttsymmetrical equations of the line 

the pla X [Vd - aa') « y (cV - bV) = z (a'b' - cc'). 
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93. Four planes have a common line of intersection^ to prove that 
the pencil formed by their intersection by any plane has a constant 
anharmonic ratio. 

Take any two planes, and let their line of intersection meet the 
four planes in ^, ^, 0, J)^ and let them meet the common line in 
0, (/. The anharmonic ratios of the pencils formed are therefore 
equal, each being [ABCD]^ hence the ratio is constant for all planes. 



\ 



94. Four planes have a common line of intersection^ to prove that 
ike range of the four points of intersection with all cross lines will 
have the same anharmonic ratio* 

For a plane through any cross line forms, by its intersection with 
the four planes, a pencil of constant anharmonic ratio. 



VII. 

(1| The equation of a plane passing through the origin, and containing the 
strau^ht line (a - a)/l =(y - b)/m = (z - e)/n is x (bn -em) ^yjcl - an) + z {am - 6/)=0. 

Hence, find the equations of the straight line passins through the origin, 
and intersecting two given straight lines ; and examine the case in which the 
straight lines are parallel. 

(2) Find the equation of the plane passing through the points (a, 6, e), '] 
(6, c, a\ (e, a, 6), and shew that the planes, each of wnich passes through two • 
of the points and is perpendicular to the former plane, intersect it in the sides 
of an equilateral triangle. 

(3) The equation of a plane passing through the origin, and containing the 
straight line whose equations are jc + 2y -^ 32 i 4 = 2x + 3y •»■ 42 f 1 & 3j; -i- 4y i s 1 2, 
is z + y - 2« = 0. 

(4) The equations of three planes are ;p 4 2y - 3s e l, 2a; - 3y -i- 62 = 3, and 
7x -y - s s 2. Shew that t)ie equation of a plane, equally inclined to the three 
axes, and passing through their common point, is :c + y -1- 2 = 6. 

(5) Shew that the locus of a point dividing the distance between any two 
points on the two straight lines {x - a)/l-{y - b)/m = (2 - e)/n and {x - a')IX « 
(y - 5')/m' s (2 - c')ln\ in the ratio X' : \ is the plane whose equation is 

(m«' - m*n) {z - (\a + Xa')/(X + V)} + &c. = 0. 

(6) Employ Art. 37 to shew that the equation Ax -^ By ^ Cz = D represents ^ v^n^ 
a plane, according to Euclid's definition. 

(7) The edges of a parallelepiped meeting in a point A are a, b, e, and a 
plane is drawn cutting ofi parts a', 6', & from th6se edges ; prove that the plane 
will cut the diagonal AB m a point B", such that AB^^ {ajci t bib' \ c/cf) AB, 

(8) The equation of a plane passing through two straight lines 

{x - aW = (y - b)/b' « (2 - c)/c', (x - a')/a = (y - b')/b = (2 - eye, 
is {be' - b'c) x -f {ca' -&a)y + {at - a'b) 2 = 0. 
Give a geometrical interpretation of the equations. 

(9) Shew that the three planes 
ir 4 »iy + «z = 0, (m4n)a:4 (n4/)y 4(^4m) 2 = 0, 3:4 y 42 = 0, 

intersect in one straight line x/{m - n) « y/{n -l)- t/{l - m). 

a 



j^ 
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(10) Shew that if the straight lines 

»l^^yl^^%h, x/aa^y/hP'%/e^, x/Uy/m^z/n, 
lie in one plane, then /(6-c)/a + m (c-a)//5 + « (a-6V7 = 0. 

(11) The equation of any plane containing the straight line 
(«-a)Ao(y-6)/ffi = («-c)/« is («-a)X// + (y-ft)n/m + («-c)i'/n = 0, 

\ fM^v being connected by the equation X + ^ + v » 0. Hence find the equft* 
tion of a plane containing one given straight line and parallel to another. 

(12) The equations of two lines are 

dpey-f 2aB 6(s-a) and 2 4-ae2y = -12s. 

Find the two planes, each containing one line and parallel to the other, and 
thence shew that the shortest distance of the lines is 2o. 

.(13) The angular points of a tetrahedron are (1, 2, 3), (2, 3, 4), (3, 4, \\ and 
(4, 1,2): find the equations of its faces, and shew that two of the dihedral anelea 
are right angles, two supplementary and one 60°. Also, that the perpendicularB 
from the angular points on the opposite faces are 4/V6, 4/V6, 2 V2» ^ V"^- 

(14) Find the coordinates of the centre of perpendiculars of the triangle, 
which the coordinate planes cut from the plane x/a ^ y/h -^t/c^l. 



VIII. 

(1) The equation of a plane passinff through the origin and containing the 
straight line (a^nut- ny)/l^ (/5 + nx - «)/m = (7 + ^ - fnx)/n 

is (r + m" + «') (cMf + /3y + 7«) = (io + ffi/5 + fi7)((« + my + ««). 

(2) Find the equation of the plane passing through the two parallel lines 
(x - a)/l « (y - b)/m = (« - e)/n ; {x - ayi « (y - b')/tn « (» - e*)/n ; ana explain the 
result when (a - ayi « (6 - l/)/m » (c - tTj/n. 

(3) Shew that the line represented by the equations 

O ^ ^ (o + ms - «y)/(m -«) = (6 + »«- &)/(n-/) = (c + /y -!»«)/(/ -m), 

^ ^ , ^ is at an infinite distance in the plane x{m-n)-{- y'{n - /) + s (/ - m) » 0, unless 
to + m6 + nc ■ 0, when it is indeterminate. 

(4) Shew that the plane containing the line y/b + z/o = \,x = 0, and parallel 
to the line x/a -z/e^\t y » 0, is x/a - y/b - s/e + 1 :> : and, \S2dhe the shortest 
distance between the lines, shew that cT* ~ o"* + i"* + e*. 

(5) The equation of the planes which pass through the straight line 
x/l s y/m B s/n, and make an angle a with the plane tx + m*y A- n'z « 0, is 

{t (ny - mz) + m' (& - nx) + n' (mx - ly)Y 

«= co8*« (/* + !»'• + « •) {{ny - mzf + (& - nx)* + (mx - /y)*}. 

What limitation is there to the value of a ? Shew that for the limiting 
values the two planes coincide. 

(6) Shew that the equation of the two planes inclined to the plane of xy at 
an angle a, and containing the line y = 0, s cos^ = x sln^, is 

«• + (*■ + y') tan«/3 - 2zx Un^ = y* tan'a. 

(7) If A, A'; JB, B' ; C, C are fixed points in any three fixed straight 
lines passing through a point, the intersections of the planes ABC, A'B'C'\ 
A'BC, AB'C; ABC, A'BC ; and ABC, ABC are four straight Hues 
lying in a plane dividing each of the fixed lines harmonically. 
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(8) Prove that the planes, hiseotiDg the angles between those whose equa- 
tions are (&-c) x + {e-a) y + {a-h) s»0 and {h^c-2a) x i- (c4a-26) y + (a+6- 2c) s » 0, 
will cut the plane of zx in lines making angles of 16^ with the axes of x and t 
respectiyely, if a, 6, e be in arithmetio progression. 

(9) /], nil, ft, ; lt,m^n%\ /,, m,, n^ are the direction-cosines of three planes 
at riglkt angles to one another, and p^, p^, p, are the perpendiculars from the 
origin npon these planes ; prove that the locus of a pomt equally distant from 
these three planes is the line 

g - (^ilh + ^ -^ ^j>») ^ y - (»»iyi -f ma;>, + iw»;>,) ^ s - (f>^p^ -Ht,ji, -HHpa) 
hi-k^h mi + OTj + m, iii + fia + n, 

flO) A straight line moves parallel to a fixed plane, and intersects two 
fixea stivi^ht lines not in the same plane; prove that the locus of a point, 
which divides the part intercepted in a constant ratio, is a straight line. 

(11) The equations {ax + e'y + h't)/x = (e'x + 6y + a^t)/y = {h'x ^a^y-^ ck)/z re- 
present, in general, three straight lines mutually at right angles; but, if 
a - Vif/a' B 6 - cV/d' » c - aHf/iff they represent a plane and a straight line per- 
pendicular to that plane. 

(12) Prove that all straight lines which intersect the three y-Hali^aO; 
s-jTsl, y«0; dP-y s 1, sa 0, lie on the surface whose equation is 

«" + y* + ii?- 2y»- 2au:- 2«y- 1 ; 

also that the two which intersect y^%vx as well are inclined at an angle 
whose cosine is }• 



CHAPTER Vr. 



QUADRIPLANAB AND TETRAHEDRAL COORDINATES. 

95. We now proceed to describe other systems of coordinates, 
which are employed in cases in which it is an object to express the 
relations between lines, planes, surfaces and curves by means of 
equations which are homogeneous in form, on account of the 
facilities which such forms present in the application of theorems of 
liigher algebra. 

Four-Plane or Quadriplanar St/stem. 

96. In the quadriplanar coordinate system, four planes are fixed 
upon as planes of reference, which form, by their intersections, a 
pyramid or tetrahedron ABCD. The position of a point is de- 
termined in this system by the algebraical distances x^ y, z^ w from 
the four planes respectively opposite to the vertices A^ B^ 0, 2>, 
these distances being all absolute distances when the point is within 
the tetrahedron. 




Hence, for a point in the compartment between the plane A CD 
and the other three produced, y will be negative and a;, Zj w 
positive; between BAGj C4i>, and DAB^ produced through -4, 
X will be positive and y, z^ w all negative. 

If a be positive, as = a will be the equation of a plane parallel to 
BCDy at a distance a from it, on the side towards A] a: = — a that 
of a plane on the opposite side at the same distance. 
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97. In this system of coordinates the following peculiarity must 
be observed, viz., that any three of the coordinates a;, y, «, w are 
safficient to determine the position of the point, since, when a;, j/^ z 
are given, three planes are determined parallel to the faces opposite 
to A, B^ G which intersect in the point, and so determine its position 
completely. 

Hence, when a?, y, z are given, w ought to be known from the 
geometry of the figure, and we proceed to determine the relation 
between the coordinates in this system. 

Belatton of Coordinates in the Four-Plane System, 

98. Let V be the volume of the tetrahedron contained by the 
four fixed planes, A^ B^ (7, D the areas of the triangular faces. 

If the point P, whose coordinates are a?, y, «, w^ be joined by 
straight lines to the angular points of the tetrahedron, four pyra- 
mids will be formed, whose vertices will be at P, and whose bases 
will be the faces of the tetrahedron. 

The algebraical sum of these four pyramids will make up the 
volume of the tetrahedron ; therefore, remembering that the volume 
of a pyramid is one-third of the base x the altitude, 

Ax + By^ Cz + I)w = 3V=^Ap^^Bq^=^C\^Bs^, 

Po9 ?oY ^0) ^0 ^^^^S ^^^ perpendiculars from the angular points on the 
opposite faces, whence, when any three of the coordinates of a point 
are given, the fourth may be found. 

The object of the introduction of a fourth coordinate, in this 
system, is the same as that for which trilinear coordinates are em- 
ployed in Plane Geometry, viz. to obtain equations homogeneous 
with reference to the coordfinates, and thus to arrive at symmetrical 
results. 

By means of the equation given above, any equation which does 
not appear in a homogeneous form can be reduced to such a form 
immediately. 

Thus the equation a; = a of a plane may be reduced to the 
homogeneous form x =o (xjp^ + yjq^ -f zjr^ + wjs^. 

Tefrahedral Coordinates. 

99. It is evident that the relation between the coordinates given 
in the last Article would be much simplified if we were to select as 
coordinates ar/p^, y/j„ zjr^y wjs^. 

Such a system of coordinates is called a system of tetrahedral 
coordinates^ each coordinate being the ratio of the pyramid, whose 
base is a face of the tetrahedron and vertex the point considered, 
1o the volume of the fundamental tetrahedron, sign being of course 
always regarded. 

I^ (^9 y% ^i ^) represent a point in this system, 

x + y-^-zi-w^lj 
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aad anj given eqaation mvolving foar-plane coordinates may be 
transfoilned into the corresponding equation in tetrahedral co- 
ordinates by writing p^Xj qjf^ r^«, sjuo for a?, y, «, w. 

Since both these systems are never employed in the same dis- 
cussions, it is nnecessary to adopt a different notation for the 
coordinates. 

100. It may be shewn, as in Art. 37, that the four-plane 
coordinates of a point which divides the line joining two points 
(a;, y, z^ w) and {x , y\ %\ to') in the ratio yi, : X are (Xo? + /Lfra;')/(X-f m)} 
&c. ; and the same result will be true, if the coordinates be 
tetrahedral. 

101. To find the distance of ttoo given points in tetrahedral 
coordinates. 

Let {xj y, «, w) and {x\ y\ z\ lo') be two riven points P, Q. 
The square of the distance between them is easily seen to be of the 
second degree in terms of a? - a?', y — y', « — «', to — to'. 

But a: + y + « + to=sl = a;'+y'+«' + to'; 

.-. (aj -aj') + (y-y') + («-«') + (io-to')=:0; 

.-. (a?-aj')" = -(aj-a?')(y-y')-...., 

and similarlv for (y — y')*, &c. 

Hence, the square of the distance can be expressed in terms of 
the six products (a? — a;') (y — V ), &c. 

Let 7 be the coefficient of (a; - a;'] (y - y'), and let us applv the 
expression to find the distance AB\ now the coordinates of ^ and 
£ are 1, 0, 0, 0, and 0, 1, 0, 0, hence every product but one 
vanishes, ••• AW = — 7, and 

- P(7 = ^5' (a:- aj')(y-y') + ^C7« (»-«') («-«')+-.• 

102. Hence we may obtain the eqaation of a aphersi the coordinates of 
whose centre are/, g^ h, k, and whose radius is r, 

-r«-a«(y-^)(s-A) + J*{«-A)(«-/)+c«(x-/)(y-^) 

+ a'«(x-/)(»-*) + 6'"(y-^)(w-ifc)4c'*(«-A)(ir-*). 

a, 5, c being the sides of ABC opposite to A, B, C; a\ b\ e the edges DAr 
JDB, DC respectively opposite to a, h, c. 

The Straight Line. 

103. To find the equations of a straight line in four^lans 
coordinates. 

If (fj y, hj Jc) be a fixed point in a straight line, {x. y, 0, to) any 
other point, M the distance between them, X, ^, v, p the cosines of 
the angles between the straight line and the normals to the cor- 
respondinj? faces of the tetrahedron, x -/= XiS, &c. 

Thererore the equations of the straight line are 

(a5-/)A«(y-i7)/A* = («-*)>= (to- A)/p = i?, 
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where, sinoe two equations are sufficient to determine the line^ there 
must be a relation between X, /i, f, />. 

Now (a?-/)/p,+ (y-i7)/jo+(«-*)/ro+(t^-*)K = 0, 
.*. the relation is \/p^ + fi/q^ + v/r^ + pfs^ = 0. 

Another relation, not homogeneous, may be obtained from the 
value of jB, in Art. 101, changed to four-plane coordinates. 

<e V ^ i? ^ a'» V c'« 

— uy+ v\-\ XuH Xp+ — ^Ap^ Fp« — 1. 

?•% UP, ?•?« ;>o*« ?o«o V. 

In this form of the equations, X, fi, v, p may be called the 
direction-cosines of the line. 

In tetrahedral coordinates the corresponding equations are, for 
the straight line (a-/)/X = (y -^)//4 = («-A)/v = (tt;-*)/p=a^/cr, 
with the conditions X + /4 + v + /> = 0, 

and aVv + JVX + c'X^ + a'*Xp + J Vp + ^"^P = - o**? 
Xpjcr, /*j^cr, vrjo", />«J<r being the direction-cosines. 

104. The general equations of the straight line may be written 
in tetrahedral coordinates 

{x -f)IL ^iy- g)/M^ [z - h)jN^ [w - A)/iZ, 

where X, if, N^ R satisfy the equation i + -Jf + N-V iZ = ; and it 
maybe observed that, if two equations {x—f)IL={y'-g)IM={z-h)IN 
be given, the fourth member may be derived from it. 

If the straight line pass through one of the angular points, as A, (1, 0, 0, 0) 

If it join the middle poinU of AB, CD, yiz. (i, i, 0, 0} and (0, 0, i, }), 
(* - i)/- i = (y - i )/- i = «/ J = Wi ; or « = y and « = to. 

105. Tojind the angle between two etraight Unee whose equatume are given 
in tetrahedral coordinatee. 

Let the equations be (« -/)A =•••= -R/<^» and (a? -/'VX' =. ..= JZy*/. 

Take two straight lines parallel to these, passing through 2) and meeting 
ABC'mP,P'. 

ITie equation of DP is x/\ » y/^i = «/*» = (tr - 1)//j = JB/c, and the coordinates 
of P are - X//i, - ;i//i, - v/p, 0, and DP = - ar/p, and similarly for /-' and DP* ; 

.-. - PP^ =a^{^/p - A*'// )(V/' - y'/p') 4 «►• ( V/' - '^yp'KWp - X'7/'') +...= - «^VA '7/,'* 
+ 2cosP2)P'.o"ffy^/)', whence, substituting the values of <r*and o^* (Art. 103), 
we obtain ± 2<ror' cos PDP* = a' (^' + fi'v) +...+ a" (V + ^» +••• • 

106. As an example of the use of this formula, we will find the angle 
between AD and BC, whose lengths are a* and a. For AD, y = and s « 0, 
and for BC, d; »0, «ob=0, and the values of X, ^, ..., X', fi\ ,.. may be taken 
respectively, 1, 0, 0, - 1 and 0, 1,-1,0, .•.»* = a'* and w'* = a', and, Lf ^ be th& 
acute angle between those lines, 2aa' cosd ^ (&* i ft**) />« (c* + c'*). 

107. The condition of perpendicularity of two straight lines given in tetra- 
hedral coordinates (« -/)/i = &c. and (« -/yL' = &c., 

is a" (-afA^' + Jf'iV) +...+ fl^ (iii' + i'U) +...= 0. 

It may be seen, as an example, that, if the lines joining the middle points 
of a, a' and 6, 6' be perpendicular, c and c' will be equal. 
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The Plane. 

108. The general equation of the first degree represents a plane. 
Let Ax-^-By-k- Cz'{- Dw = 6 be any equation of the first degree. 
If arbitrary points (/, g^ A, A), (/, g\ h\ k\) be taken, which 

satisfy the equation, the coordinates of any point P in the line join- 
ing them are proportional to 

and since -4/ + -B^r + (7A 4 i?* = 0, 

Af+Bg'-^Ch' + Dk'^O; 
/. A {Xf+fAf) -¥B[\g + tig') +...= ; 

therefore the coordinates of P will satisfy the equation, and the 
whole straight line joining any two arbitrary points will lie in the 
locus oi the equation, which is therefore a plane. 

109. Oeometrical interpretation of the constants in the equation of 
a plane \x-h fiy-i- yz + pw = 0. 

Let E be the point in which the plane EFG cuts ABj its four- 
plane coordinates oeing x\ y\ 0, ; /. Xaj' + y^y = 0. 




Draw JSg, Aa perpendicular to jB(7Z>, .•. Ee\Aa^EB\AB^ or 
x'lp^^^EBjAB] and similarly y'tq^^EAjBAfAElAB] also, if ^, 
q Be the perpendiculars from A^ B upon the given plane, estimated 
m the same direction, p/AE^—qlEB] *''pxlp^-iqy'lq^=^0j ^pJp^t^qJi^ 
and similarly each ^vrjr = psjs^ and the equation of the plane is 

^/P^ + y^/So + ^^1^0 + W^o ~ ^* ^^ tetrahedral coordinates the equa- 
tion 18 px-i- qy '\-rz-\-sw = 0. 

110. To find the equation of a plane at an infinite distance. 

If the plane be at an infinite distance, p =q = r = Sj and the 
equation in tetrahedral coordinates becomes aj-fy + 2 + u?=0. 

111. To find the conditions of parallelism of two planes^ whose 
equations are given. 
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Let the equations of the two planes be 

Xas + fiy + F« + pw = and \'x + ftj/ + vz + p'w = 0, 

these planes intersect in the plane at an infinite distance, whose 
equation ia x-^-y-k-s + to — Oj using tetrahedrai coordinates. 
From the three equations we deduce 

Dvhich are satisfied by an infinite number of values 'of the ratios 
x: y : Zj they must therefore be identical equations ; it follows that 
the equations of condition may be written 



1, 1, 1, 1 



= 0. 



They also follow immediately from p ^p = j — j = . . . . 

112. To find the length of the perpendicular from a given point 
vpon a plane given in four-plane or tetrahedrai coordinates. 

Let the equation of the plane with four-plane coordinates be 

^ + /*y + ^'^ + pM' = 0, 

and let {x\ y\ z\ w*) be the given point. 

Suppose the whole system to be referred to rectangular Cartesian 
coordinate axes, and let the equations of the four planes of reference 
be Z f + 7Wji7 + Tijf =/?p ?,! + w,i7 + «,f=j7, &c., then the equation 
of the given plane will become 

hence, by Art. 71, the perpendicular required will be 

(W + /xy' + vz' + pw)l<T (1), 

where a* = [\l^ + fil^ + vZ, + p/J' +. . . 

= X'(Z,'+ rn^^n^) +...+ 2\/[a (Z^Z, + m^m, + n^w,) +... 

= X' + m' + »^ + p' - 2X/A cos {AB) "... (2), 

(AB) being written for the dihedral angle between the faces of the 

tetrahedron opposite to A and B. 

Ck)B. If Pi 9, r, < be the perpendiculars from A^ B, C, D on the given 
plane, p being the perpendicular from (j?^, 0, 0, 0), the expression (1) will give 
P^^pJ^i ^ =-/i^o/(r, &?c., (3), whence the constants are interpreted as in 
Art 109, and the left side of the equation of the plane in either of the forms 
given at the end of that article represents the length of the perpendicular 

urom any point {x^ y, z, w). 

» 

113. The method which we have adopted in the last Article shews that the 
quadrio function \* i- ft* +..,- 2\/a cos{AB) -,,. is reducible by transformation 
to three squares, the condition of which is that the discriminant vanishes, or that 

-1, C09(AB), coa{AC)f cob{AD) 

coa{AB), -1. cos{BC)j coa{BI)) 

coa{AC), cos(J5C), - 1, cos {CD) 

QO%(AD), cou{BD), co8(CjD), -1 

H 



0. 






50 PROBLEMS. 



f 

I 

I 



9 



Also, since each of the three squares is positive, there is only one systcy' of 
values which reduces the function to zero, viz. that which belongs to a f ae 
at an infinite distance, for which jt> = g = r = «, whence, by (3) Art. 1 12, Co* 

V.='/*?o = *^. = f>«o- fee. 

That the discriminant vanishes, may be shewn independently by projectin^^liDy 
three of Uie faces of the tetrahedron on the fourth, and obtaining the deterrol? ant 
from the four equations similar to A -B cos {AB)- C cos (A C)- D co8(-4 Jf "^0. 

114. To find the angle between two planee whose equations are given, ^v^ 
Let the equations of the planes be \ 

\x + fiy'\-tfZ-\-pw^O, and X'« + /4'y + v'sj + ^'tr = 0, 

using the same method as in Art. 112, if ^ be the angle between the planes 

irv' cos = (X/j f fil^ + yZj + pl^ ( V/i + )u7, + W, + ///J 4. . . 

«XX' + ^/i'4i^ir' + /)/)'-(\/A' + X» cos{AB)-,.., 



IX. 

(1) Shew that for every point in a plane through the edge udt^ bisecting 
the angle between the planes CAB, DAB, 

z-w = 0,if the angle be the internal angle, 

e + «^ » 0, external 

* 

(2) Shew that for every point in a plane drawn through the vertex A 
parallel to the opposite face, By+ Cz + Dw = 0; or, with tetrahedral coor- 
dinates, y 4 e + U7 s 0. 

(3) If A he drawn perpendicular to the opposite face BCD, then for any 
point in A 0, J?yM COD » CtJe^DOB = Dw/£kBOC= AO-x. 

(4) Every point in a plane through CD parallel to AB satisfies the 
equation, in tetiahedral coordinates, x^y^Q, 

(5) A point is determined in tetrahedral coordinates by the equations 
Ix B my = nz^rw\ what plane is represented by the equation my = itz, and what 
straight line by the equations my t^m = rw^ 

(6) At any point in the straight line joining the first points of trisection of 
AB and CD, the tetrahedral coordinates satisfy « » 2y, z^^^ 2w, 

i7) Shew that the coordinates (tetrahedral) of the centre of gravity of the 
amental tetrahedron are given hy x = y-z = w. 

(8) The three straight lines joining the middle points of opposite edges of 
a tetrahedron meet in its centre of gravity. 



(1) A plane cuts each of the six edges of a tetrahedron; another point is 
taken in each edge, so as to cut it harmonically; prove that the six planes 
through these latter points and the opposite edges of the tetrahedron intersect 
in one point. 

(2) If the equations of a point O be x/l = y/m = z/n = w/r, and AO,BO, CO, 
DO be joined and produced to A\ B', C, Df, such that bisects the lines 
AA, &c., the tetrahedral coordinates of the point A will satisfy the equations 
2xl\} -m-n-r)^ y/m ^z/n^ w/r ■ 2/(/ -^m^m-r), and similarly for ^, C, D. 



\ 
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(3) The line joining the centres of the two spheres which touch the faces of 
the tetrahedron A BCD opposite to A, B respectively, and the other faces pro- 
duced, will intersect the edge CD in a point P, such that 

CP : PD :: ^ACB : /^ADB, 

and the edge AB (produced) in a point Q, such that AQiBQiiA CAD : A CBD, 

(4) If two opposite edges of a tetrahedron he trisected, and the points of 
trisection be joined by two lines in either order, shew that the line which 
bisects these lines will also bisect two other opposite edges. 

(5) /, r are the lengths of two of the lines joining the middle points of 
opposite edges of a tetrahedron, lu the angle between these lines, «, a' those 
edges of the tetrahedron which are not met by either of the lines, 

4tf'cos« = a*-a'*. 

(6) A point O is taken within a tetrahedron ABCD, so as to be the centre 
of gravity of equal masses placed at the feet of the perpendiculars let fall from 
O on the faces ; prove that the distances of from the several faces are pro- 
portional respectively to those faces. 

(7) Shew that the reciprocals of the radii of the spheres which can be drawn 
to touch the four faces of a tetrahedron are the positive values of the expres- 
sion +po'^ ± q%'^ ± r^"^ ± ai\ p^ <^oi r», h being the perpendiculars from the angular 
points upon the opposite faces. 

(8) Lines are drawn from the angular points of a tetrahedron, through 
the centre of the sphere circumscribing the tetrahedron, to meet the opposite 
faces ; prove that the sum of their reciprocals is three times the reciprocal of 
the radius of the sphere. 

(9) The inscribed sphere of a tetrahedron ABCD touches the faces in A*, 
B, C\ 2/; prove that AA\ BB', CC\ DU will meet in a point, if 

cos J a cos fa s cos j 5 cos^)3acos|c cos}^; 

where a^ a\ h, P\ c, 7 are pairs of dihedral angles at opposite edges. 

(10) Prove that the direction-cosines of the normal to a plane, whose 
equation vipz^qy -^rz^-hvo-O'in tetrahedral coordinates, are 

p/p^ - cos {A B) q/q9 - cos (-4 C) r/r* - cos (AD) «/«•, &c. 



./ 
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CHAPTER VIL 



FOTJE-POINT COORDINATB SYSTEM. 



115. In the Four-Plane Coordinate System^ the position of a 
point is ffiven by its algebraical distances from fonr fundamental 
planes, given in position, which do not pass through one point, so 
that they form the plane faces of a tetrahedron of finite volume* 

The position of a plane is given by a relation between the four- 
plane coordinates, which exists for every point which lies in that 
plane. 

In the Four-Point Coordinate System^ the position of a plane is 
given by its distances from four fundamental points, given in 
position, which do not all lie in one plane, so that they form the 
angular points of a tetrahedron of finite volume. 

These distances are called Point Coordinates of the plane. 

An infinite number of planes can be drawn through any given 
point, and it can be shewn that the point coordinates of each of 
these planes satisly a linear equation ; this equation determines the 
position of the point, and is called the equation of the point. 

116. When the position of a point relative to fixed points is 
knotvnj to find its distance from a plane whose distances from the 
fixed points are given. 

Let Jy, M be two points, and let a point O be taken in the 
straight line joining them, such that X.LO^iji'MO. 

Let LL\ MM\ GO' be parallel lines, drawn in a given 
direction, meeting a given plane AB in L\ 0\ M\ then it is 
evident that 

{LL - GG')ILG = {GG'- MiTyMG, 
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and \.{LL' -- GG')^fA.{OG' ^MM'); 

.-. X.LL^-fu.MM'^^K + p) 00\ (1) 

If jAr be anj other point, and H be taken in ON so that 
(X + A*) OH^ V . NH, and if HH\ NN' be drawn parallel to LL\ 

then v.iV:2V" + (X + A*) <?(?' = (X + /4 + v) JJfl' ; 

.% \.LL + fi.MM' + viO^' = (X + ^ + v) AH'. (2) 

If there be four fundamental points X, Jf, ^, JS, and JT be 
taken in HR, such that (X + a* + f) UK^p.RK, and ^fi', .XST' be 
drawn parallel to LL' meeting the plane AB in K^ K\ then 

/>.it£'+{X + At + v)irff' = (X + A* + v + />)£'A"; 

.•.X.i;Z' + A*.i/ilf' + F.'JW+p,i?fl'=(X + A*+v+p)JrJSr', (3) 

Thus, the position of the point K relative to four fundamental 
points is given bj the quantities X, fi^ v^ p, and it may be denoted 
by (X, ^j Vy p) ; and the distance of the point thus determined from 
a plane, estimated in any direction, is known by (3) in terms of the 
distances of the four fundamental points estimated in the same 
direction. The equations (1) and (2) determine the same thing for 
two and three fundamental points respectively. 

117. If the formula for the position of the centre of gravity of any number 
of particles be assumed, the results of the preceding article will be obtained at 
once, by considering masses pronortional to X, ft, », p placed at the fundamental 
points, the point £, Art. 114, oeing the centre of gravity of these particles, 
where the masses may be supposed negative if necessary. 

118. To find the equation of a point in four-point coordinfttea. 
If the four points lie in a plane, then, by the construction of 

Art. 116, it is obvious that the point JT, beluff in the line HEy will 
lie in the same plane with the four points. This accounts for the 
restriction with respect to the fundamental points, that they shall 
not lie in one plane, because the equation obtained would then 
always denote a point in the same plane, and could not be the 
general equation of a point in space. 

If Aj Bj (7, D be any four points which do not lie in a plane, 
P^ 9^9 ^) ^ ^^^ perpendicular distances of a plane from these points, 
estimated in the same direction, (X, /i, v, p) a point P, with reference 
to these fundamental points, and t the perpendicular from F upon 
the plane, we shall have, by (3), Art. 116, 

Xp + /Aj + yr + p5 = (X + /[A + y + p) «, 

and < = for every plane passing through P, 

.'. Xp 4 /tAj + yr + p« = 0. 

Hence, upon the same principle, upon which, in the four-plan« 
coordinates, a;, y, Zj to being the coordinates of any point, 

Xx 4 ^y -f v« + /0M7 = 



* 
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is the equation of that plaue, in which a series of points lie, whose 
coordinates satisfy the equation ; so, />, q^ r, s being the coordinates 
of a plane in the four-point system of coordinates, X/>+^j-hvr+/o«=0 
is the equation of that point, through which all planes pass whose 
coordinates satisfy the equation. 

119. To interpret the eonatanta in the equation of a point 

Let the equation of the point P be \p^ fiq^yr ^ p9^0\ the four-point 
coordinates oi BCD arep«, 0, 0, 0, hence, the perpendicular on BCD from P 
is, by Art. 118, Xp«/(\ + ^ + 1' + />), therefore X/(A, + ft + i' + />) is the correspond- 
ing tetrahedral coordinate of P for the same fundamental tetrahedron ; so that 
X, ;c, y, p are proportional to the tetrahedral coordinates of the point whose 
equation is given, which may therefore be written as in Art. 109, 

ay + yy + o* + fr« «= 0. 

In this form the first member of the equation is the perpendicular from the 
point given by the equation, also denoted by {x, y, s, it), upon the plane whose 
four-point coordinates are p, q, r, 9, 

120. To find ike equation of a point which divides the straight 
line Joining two points^ whose equations are given^ in a given ratio. 

Let the equations of the two points P, P' be 

arp + y J + «r -I- 1£?* = 0, and x'p + yq + z'r 4 w*s = 0, 

and let Q be a point in PP , such that PQ : QP' : : m : Z ; for every 
plane passing through Q the perpendiculars from P, P* are in the 
same ratio, and observing these perpendiculars are drawn in opposite 
directions if Q be between P and P*, we have the equation required 

I [ocp -{-yq + zr-^ ws) + 7/i {xp + yq -f «'r + w's) = 0. 

121. To find the equation of a point at an infinite distance. 

Let the equation of a point be \p-\- fjuq + vr-^- ps = 0^ the per- 
pendicular distance from this point on any plane (/?, q^ r, s) is 
(\p 4- ^j + vr + ps)/\X + fi'\-v + p). If this pomt be at an infinite 
distance, we must have the condition X-ffb + v + p = 0, which 
expresses that, if (a;, y, z^ w) be the point in tetrahedral coordinates, 
a? + y4^ + t(7 = 0, or that the point lies in the plane at an infinite 
distance, Art. 110. 

122.. The signs of the constants in the equation of a point in 
the general form \p + fAq-hvr-\-ps = 0, in order that the pomt may 
lie in the different portions of space cut off by the indefinite planes 
which form the faces of the fundamental tetrahedron, can be 
obtained by considering that \/tr, /^/or, v/o-, pja are the tetrahedral 
coordinates of the point, if<r = X+^ + v-hp. 

123. To find th$ distance between two pointe, whose four-point eoordinatet 
are given. 

The distance between two points P, P, whose equations are Xp^^pq^vr^ps^, 
and X'o + /i'^ + y'r + /i'« = 0, can be found from Art. 101, by considering that 
^/''i A«Af "/*'» p/*^i and Xy<r', ^y«/, t//o\ p'/<r\ are tetrahedral coordinates of two 
poinU ; .-. PP* - 2 {(\'/V _ x/<r) (;t/<r - ^I'/a) A B*}. 
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124. To shew that the straight linea joining the middle points of opposite 
^dges of a tetrahedron intersect and bisect each other. 

The ec^uation of the middle point of AB isp + q -0 (Art. 120), and of the 
middle point of CD is r 4- < s 0; therefore the equation of the middle point of 
the line joining these lap + q^-r-^s^O, which for the same reason bisects the 
lines joining the middle points of the other opposite edges. 

125. TKe student is recommended to examine carefully the processes 
employed in the following applications of point-coordinates. 

Let Xp + ^g -f ^r + />• - be the equation of any point E, and let planes be 




drawn through this point and each of the edges ; and let (ab) denote the point 
in which the plane £CD meets AB, and similarly for the other edges. 

The point E lies in the straight line joining (ab), for which \p -h fiq a 0, and 
(cd), for which vr-^ps^ 0, since its equation is of the form 

L (\p + fiq) + itf'(yr 4 ps) = 0. 

Since for {ab), \pi pq<^ 0,1 

(ad\ \p^ps = 0j 

{be), /IS' + irr = 0, 



(cd), vr 



+ irr = 0,1 
+ />«=0,J 



the straight linies joining these pairs of points meet BD in a point (b'd') whose 
equation is fi^ = ps, and the equation of (bd) is fitq^ ps-0; therefore b'd!, bd 
divide BD harmonically. 

Similarly, the lines joining (a6), (nc) and {bd), {cd) intersect ^C in (ftV), 
for which fiq^»r; and the straight line {ab), {cd) meets the plane passing 
through A and the points (6V), {od') in the point whose equation is 

2\p + 2fiq -pr-ps^^O, 

since this equation may be written 2\p + (|a^ - vr) -i- {fiq - ps) » 0. 
Again, the equation 2Xp + /i^ 4 t » 0, being of the form 

Ip-i-Ms-i^ y{\p ■\^/nq + »r + ps) = 0, 

represents a point in the plane ADE, and, being of the form 

L {\p + /*^) + M{\p 4 vr) * 0, 

the point lies on the line joining (ab), {ac), and is obviously in the plane ABC, 
Let the straight lines AE, BE meet the opposite faces in A', B\ the equa- 
tions of these points are /i^ f vr + ^ » 0, and Xp + vr 4 ^s « 0, and therefore 
A'B* intersects AB in the point Xp - /i^ = 0, the same point in which {ac) (6c), 
ifld) {bd), meet AB. 
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126. To find the inelinations of a plane, whose coordinates are given, to the 
faces of the fundamental tetrahedron. 

Let p, q,rfSbe the coordinates of a plane, \, fi, », p the cosines of the angles 
between the direction in which the coordinates are measured, and the perpen- 
diculars from A, B, C, D oja the opposite faoes, and let Aa = po be tne per- 
pendicular from A on BCD, 




The tetrahedral coordinates of a are 0, QO%{AB)pJq^, CQn{AC)pJr^ 
coi(AD)p^s^ ; the equation of the point a is therefore 

q fioa(AB)pJq9 + rcot(AC)p^/r^-\^scoa{AD)pj8^tiO, 

and, the coefficients being tetrahedral coordinates, the first member is the 
perpendicular from a on the plane (p, q, r, «), Art 112, and therefore =p -p^K 
.', \ = p/po - cos {AB) qlq^ - cos {A C) r/r^ - cos (AD) s/s^ ; similar values may be 
obtained for ^ », p, 

127. To find the relation between the four-point coordinates of a plane. 

The tetrahedral coordinates of P, the foot of the perpendicular from A on 
the plane (jt>, ^, r, ») are {p^-p^Vp^, 'Vf^l^v -P«'A"a» 'VPl^^^ therefore, from 
the equation of the point P, we obtain ^plp^ 4 p^qlq^ + vrjr^ + psjs^ - 1. Hence, 
substituting the values of \, ^, v, p found above, we obtain the relation between 
the coordinates p^jp^ 4 ^Iq^ + i*lr! + sW - 2 cos(-4-B)/?g/p«go-- ••= 1« See (2) 
and (3), Art. 112. 

128. If the plane be at an infinite distance the left side of the above 
equation will vanish, the only system of values for which this will be the case 
being j? » ^ = r = «, Art 1 13. 

Since the coordinates are equal and of infinite magnitude, the expression 
for X in Art 126 gives 

= 1/Po - C08 {AB)lq^ - cos(-4 C)/r, - cos(-<<2))/«,. 
or = Jt - ^ cos(^^) - C co8(-4C) - B cos(-4i>). 
We have also from Art. 127 the linear relation \lp^ + p-jq^ + V^o + p/s^^O. 

129. The equation which connects the four-point coordinates of a plane is 
of the second degree, whereas the corresponding equation for four-plane or 
tetrahedral coordinates is of the first degree. 

The reason of this equation being of the second degree should be explained. 

If three four-point coordinates of a plane be given, suppose p^ q, r, this 
plane must touch three spheres whose radii are p, q, r, centres A, B, C\ and, 
if we suppose the most general case, there will be eight such planes, two for 
which the three spheres ue on the same side, in which cases j9, q, r will be of 
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the same sign, and six for which one of the spheres lies on the opposite side to 
the other two, in which cases two of the coordinates p, q, r will be of opposite 
sign to the third. 

Whether p, q, r be of the same sign, or /^ be of opposite sign to q and r, 
there are two positions of the touching plane ; that is, there are two values of 
#, Yiz, the perpendiculars in these two positions ; the equation must, therefore, 
be of the second degree in a, and similarly for /i, q, and r. 

Hence, although, when three tetrahedral cooroinates are given, the fourth 
is fully determined by the equation of condition, this is not the case in four* 
point coordinates. 

130. Tojvnd ihe eoordtnates of a plane tthich passes through the intersections 
eftUfo planes whose coordinates are giten. 

^t C/» 5f'» ^* O (;>"» ?"» »^'» »") oe ^e planes U' and U'\ and let (p, y, r, s) 
be the plane r passing through their line of intersection, The perpendiculars 
ftGm the fundamental point A on the three planes ail lie in a plane, and the 
relatioii between these three may be found from the trilinear coordinates cor- 
responding to an evanescent fundamental triangle, whose angles are the angles 
between the planes, or the supplement of those angles; hence 

p sin ( U\ U") ^p' sin ( CT", V) +y' sin ( U\ V) ; 

.-, p = ^ + mp", where r±2/m cos (17', Cr'') + m*«l, 

and similarly for q, r, s. 

131. If ljp^Jifq-\-Nr-\'^^Ohe an equation involving one variable^ in 
the first degree, it may be considered as the equation of a line, since it may be 
put into the form u^tv = 0, and by varying t we may obtain every point in the 
line joining the points U = 0,v^O, 

132. If Lp-k- M^ vNr + 229 = be an equation involving two variables t, V 
in the first degree, it may be considered as the equation of a plane, since it 
may be put in the form u^tv + tfto^O, and by varying t, if we may obtain 
every pomt in the plane passing through the three points u a 0, o s 0, and ter » 0. 



XI. 

(1) The equation of the centre of gravity of the face ABC is p + $^ + r = 0. 
Hence, shew that tde lines joining the vertices with the centres of gravity 

of the opposite £Eu;es meet in a point. 

(2) The equation of the centre of the circle circumscribing the triangle 
ABCiap sva2A 4 q Bm2B + r sin2(7= 0. 

(3) The coordinates of the plane passing through the centres^ of gravity of 
the faces A CD, ADB, and ABC, are given by the equations 

-Jp = 3' = r»s = ip.. 

(4) If P be any point in BD, Q, R points in AC, such that 

AQ: QC li DP: FB:: CRxRA, 

then BQ and PR will intersect the lines joining the middle points of BC, AD, 
and AB, CD respectively, and divide them in the same ratio as AC. 

(5) If through the middle points of the edges BC, CD, DB straight lines 
be drawn parallel respectively to the opposite ed^es, these straight hues will 
meet in a point ; and the line joining this point with A will pass through tho 
centre of gravity of the pyramid. 
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(6) The equation of the centre of gravity of the surface of the tetrahedron 
is (ui + ^+ C+2))(|> + ^ + r + ») = ^l> + 5^+ + D«. 

(7) Shew that the equations of the centres of the eight spheres which touch 
the faces or the faces produced of the fundamental tetrahedron are included in 

Ap±Bq±Cr±D8''0. 



XII. 

(1) The points Bt C, D are joined to the centres of gravity of the opposite 
faces, and the joining lines produced to points 6, c, d, so that B^ b^ &c., are 
equidistant from the corresponding faces, prove that the coordinates of the 
plane bed are given by the eouation -2p = q=r = a, and that this plane divides 
the edges AB, AC, AD in the ratio 1 : 2. 

i2) If points be taken in the lines joining B, C, Dto the centres of gravity 
le opposite faces, dividing them in the ratio m : n, the plane containing 
these pomts will divide the edges AB, A C, AD in the ratio m : 2in + 3n. 

(3) If through any point P straight lines AP, BP, CP, DP be drawn 
meeting the opposite faces in a, b, c, d, the straight lines AB, ab will intersect, 
and their point of intersection and the point in which Cd meets AB will 
divide AB harmonically. 

(4) The straight lines joining D to the intersection of AB, ab, and A to the 
intersection of DB, db, wul intersect in a point lying on Be, 

(5) The centre O of the inscribed sphere lies on the line joining O, H the 
centres of gravity of the volume and of the surface of the tetraheoron ; also 
shew that OG^ZGB, 

(6) Shew that the cosine of the angle between two planes whose coor- 
dinates are given, i3p'p"/po* +...- (p'q" +/>Y) ooB{AB)/p^q. -... . 
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CHAPTER VIIL 



rOCI OP EQUATIONS. TANGENTIAL EQUATIONS OF SURFACES. TORSES. 
DUAL INTERPRETATION OF EQUATIONS. BOOTHIAN COORDINATES. 

Tangential Equations of Surfaces and Torses. 

133. If Pj q^ r, s be the coordinates of a plane referred to a 
foor-point system, to find what is represented by the general equa- 
tion F{p^q^r^s) = Oj we observe that there are generally an 
infinite number of planes, the coordinates of each of which satisfy 
the equation, and that these planes envelope a surface of whicn 
the equation is called the tangential equation, from the circumstance 
that each plane of the system is a tangent plane to the surface, and 
surface may be called the envelope locus of the equation. 

As in a quadriplanar or tetrahedral system, if we take three 
points on the locus of ^ (a;, y, Zj w) = 0, the plane containing these 
three points will ultimately be a tangent plane to the locus, if the 
three points become ultimately coincident, so, if we take three 
planes touching the envelope locus of F(py q^ r, 9) = 0, the point 
in which these three planes intersect will be ultimately the point of 
contact of these planes when they become coincident. 

Thus, 2»=:/is the tangential equation of a sphere whose centre 
is the iundamental point A. 

In the case of the linear equation Xp + /M5 + Kr + pa^=0, the 
envelope degenerates into a point, through which all the planes 
pass wnich correspond to the various solutions of the equation. 

134. Again, if we take two surfaces represented in the tetra- 
hedral system by ^ (as, y, «, w) = 0, and ^, (oj, y, «, w) = 0, the 
coordinates of every point in their curve of intersection will satisfy 
both equations, and the two equations will determine the position 
of this curve ; so if 2^(2?, j, r, 5) = 0, and F^ ( p, j, r, 5) = represent 
two surfaces in the four-point system, the cocgrdifiates 01 every 
plane which touches both surfaces satisfy the two equations, and the 
series of planes so determined have for their envelope a particular 
kind of surface, called a Developable Surface^ or, according to 
Cayley, a Torse^ which touches the two envelope loci of the 
equations, the reason of the term developable being as follows : 

If we take three consecutive planes P, Q^ it, each of which 

touches the two loci 8y S^y of the equations F(p^qjrjs)^(lj 

y F^{pJ y, r, «) = 0, Q will be intersected by F and B in two straight 
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lines (P, Q) and {(2, -B), and in the limit the portion of Q inter«- 
cepted between these lines will ultimately be a portion of the 
envelope of the planes; similar portions of P and B will, with 
the former, constitute three elements of the enrelope, each of which 
will touch both 8 and 8^ ; and this enrelope is called a developable 
surface, because the three elements can be developed into one plane 
bj turning them about the lines (P, Q), (Q, M)] and the same 
is true for all the elements. 

According to this interpretation, the developable surface touching 
two spheres, p=/y 9'^9} '^ * system of two cones, of which one 
will be imaginary if the spheres intersect. 

135. It may appear, from what has been said, that, since two 
equations, as well as one, in the four^point system determine a 
simace, the case of this system is not analogous to that of the three 
or four^plaue system. But the two kinds of surfaces in the point 
system are really as distinct from one another as the surface and 
curve in the plane system. 

For, as in the rour^plane system one equation represents the 
limitation that the current point must remaia on a surface, and 
the second equation confines the motion on that surface to portions 
such that it also remains on a second surface ; so in the four? point 
system one equation limits the motion of a plane to positions in 
which it touches a surface, and the second equation aUows the plane 
to touch that surface only in such a manner that it aUo touches 
a second surface. 

Stated in this way the analogy is complete, the point moving 
in the direction of a line, the plane truning i-ouod a li^e, to gain 
the consecutive position. 

136. Ab a simple •xample of the use of the tangential equation of a surface, 
we will consider the properties of the Pohs of SimiUttule of four spheres ; the 
poles of similitude of two spheres being the vertices of the two cones which 
envelope both spheres, points from which the lengths of the tangents to the 
spheres are proportional to their radii. 

These poles of similitude are called internal or external poles, according as 
they lie on the line joining the centres, or on this line produced. 

1 37. Ihfind the relative petitions of the internal or external polee of eimUi- 
tude effour epheres. 

Let the centres of the spheres be taken for the fundamental points A, £, C, 

and D, and let their radii be rn r^ r^ r^. 

The tangential equations of the spheres are |> » r., ^ « r„ r » rg, « «= ri* 

The external and internal poles of similitude of tne spheres {A) and {B) have 

equations p/ri + q/r^ » 0. 

i. The external poles of (AB), (4C), and {AD) lie in a plane whose coor- 
dinates are connected by the equations pM^g/r^-r/r^ff/rt, which evidently 
contains also the external poles of (^C), {CD) and (DB), 

ii. The coordinates of the plane containing the external poles of (AB) and 
(AC) and the internal pole of {AD) satisfy the equations p/ri « q/f^ = r/r^ « - e/r^, 
and the same plane evidently contains the external pole of {BC) and the internal 
poles of {BD) and {CD). 
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iiL The coordinates of the plane containing the external pole of {AB) and 
the internal poles of (A C) and {AD) satisfy the equations 

and this plane evidently contains the external pole of ( CD) and the internal 
poles of (BC) and {Bv). 

Hence one plane contains the six external poles, four planes contain each 
three external and three internal poles, and three contain each two external and 
four internal poles. 

The poles of similitude lie in eight planes, which are called planes of simili- 
tude, each of which passes through six poles of similitude situated three and three 
In four straight lines. 

Thus for the six external poles 

p/rx « 8/r, = r/r^ = b/u, and g/r, - r/r^ = p/r^ - r/r^ - (p/ri - j/tj) = ; 

therefore the external pole of (BC) lies in the line joining those of (AB) and 
iAC). 

Similarly it lies in the lines joining those of (DB) and (DC). 

Hence, the six external poles lie in the sides of a plane quadrilateral, as in 
the figure. 




Dual Interpretations of Equatums. 

138. By what has preceded^ we Bee that all bomogeneoua 
eauations and systems of two equations in four variables a, /3, 7, 8, 
aamit of a duai interpretation, according as we conceive the four 
variables to be tetrahedral or four-poiut coordinates. 

Thus Xa-l- /i)3+V7+ pS=0 is the equation, in these two methods 
of viewing it, of a plane or of a point. 

So if a, ^3, 7, 8 be tetrahedral coordinates, the equation 
J?'(a, )8, 7, S) =0 gives a surface on which every point lies, whose 
tetrahedral coordinates satisfy the equation, while if they be point 
coordinates, the equation e^ves a surface touched by eveiy plane 
whose coordinates satisfy the equation. 

Two such equations may in like manner be interpreted to define 
(1) a curve, which is the intersection of the two surfaces represented 
by the separate equations ; or (2) a torse enveloped by all planes 
which touch both surfaces represented by the separate equations. 

Thus, the dual results givea by the metnod of Ileciprocal 
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Polars, which will be seen to apply to three as well as to two 
dimensions, may be obtained by giving this dual Interpretation to 
all our equations. 

We cannot, however, in a volume of moderate compass pretend 
to include all the dual results to which our equations might give 
rise, but must confine ourselves to a development of the methods 
most generally useful. 

BooiJiian Coordinates. 

139. There is another system of coordinates which bears the same relation 
to four-point coordinates as the Cartesian to the tetarahedra] system; these 
coordinates have been called Boothian from Dr. Booth, who first published the 
method in Dublin.* 

We have seen that the equation of a plane in one form is a« + /3y + 7s « 1, 
where a, /3, 7 are the reciprocals of the intercepts on the coordinate axes ; if 
this plane pass through a point P, (/, g^ A], then a^t /3^ + 7A = 1 is an equation 
between a, p, and 7, which will be true for all planes passing through P. a, /3, 
7 are called Boothian coordinates of a plane, and any equation of the first degree 
in a, /3, «y expresses that the plane passes through a certain fixed point, and may 
be considered the equation of that point. 

Any equation whatever between a, /3, 7 will express that the plane touches a 
certain fixed surface, and may be considered the equation of that surface. 

Thus, we know that the equation of a sphere is 2* + ^ + 2* »= r*, and that the 
distance of the plane Ix + my '\-nz = r from the origin is r; the plane therefore 
touches the sphere, and if the equation of the plane be written cur + /3y + 72 = 1, 
then we have o' + /S" + «^ « (^ + m* + n") r"* = r , which is the Boothian equatidn 
of the sphere and is of the same form as the Cartesian. 

140. Cartesian coordinates are a particular case of tetrahedral, and Boothian 
of four-point coordinates. 

If we imagine the plane ABC of the tetrahedron of reference to move off to 
infinity, and make the corresponding changes in our equations, any equation 
between x, y, z, no will become one between (, q, ^ ordinary Cartesian coordi- 
nates, and any equation between p, q, r, s will become one between a, fi, 7 
Boothian coordinates of a plane. 

Thus take the equation px + qy + rz^9U>=^0, where {x, y, t, w) are tetrahedral 
coordinates of any point, and (/», 9, r, s) four-point coordinates of any plane 
through (2r, y, s, w). If the plane meet DA, DB, DC in a, b, c, and^, 17, 1 be 
the Cartesian coordinates of (jt, y, 2, tr) referred to the planes meeting in D, 
then X = ^DA, y = n/DB, z - l/DQ tr = 1 - B/DA - n/DB - l/DC, whence the 
equation becomes (s -p) t/DA + (» -q)v/DB + {s-r)t/DC- s ; but p/ssaAa/Da, 
hence {s-p)/s.DA^\/Da^a, ana the equation of the plane becomes 

af + i8»i + 7S = !• 

141. Any equation in which (x, y, s, to) are involved will generally have the 
coefficients of the different terms functions of DA, BC, ... edges of the tetrahe- 
dron of reference, so that although for any finite point (^, v, I) we have, when 
^^C moves off to infinity, x^O, y^O, z-0, w-l, yet we shall get a limiting 
equation between f, n, ^ when we have made the substitutions above and take 
DA, DB, DC, ... all infinite. So, for any equation in p, q, r, s, the coordinates 
of a plane at a finite distance from D, although in the limit s/p, s/q, s/r are all 
equal and zero, yet by making 

p^s(l-'a,DA), qr=s(l'p.DB), r = «(l-7.DC), 

* Both Chasles and Pliicker seem to have conceived the idea previously. Briot and 
Bouquet, Geom. Anal, p. 888. 
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we shall obtain a finite resulting equation in a, /3, 7. But such transformation 
is very seldom of much adyantage. It is, however, frequently convenient to 
render Cartesian or Boothian equations homogeneous by multiplying such terms 
as require it by w, u;', ... or by d, ^, ..., these being at some subsequent stage 
put equal to unity. 



xin. 

(1) State some properties of the loci of the following equations, whether 
"^i Pt 7» ^ he regarded as tetrahedral or four-point coordinates. 

i. lafi^mr^i. ii. (o + ^)" = n7a. iii. l/a -i- m/fi •¥ n/rf -i- r/^ = 0. 

(2) If II = be the equation of a surface of the second degree, = that of 
a plane, referred to tetrahedral coordinates, t^ » Au is the equation of a surface 
touching the surface u = along the section made by t? « 0. 

Give the interpretation when the tetrahedral are replaced by four-point 
coordinates. 

(3) Prove that if the fundamental points be in the angles of a regular 
tetrahedron, the tangential equations of the spheres circumscribing and inscribed 
in the tetrahedron will be respectively 

and jr + »y + ^g + irp + s J + »r = 0. 

(4) Shew that in the same case the envelope locus of the equation 

p' + ^ + r» + f"-2jr-2fj>-2pjr-2«p-2«j-2«r = 
will touch each of the edges of the fundamental tetrahedron. 

(5) In the last problem, find the two tangent planes parallel to one of the 
faces of the tetrahedron, and shew that their distances from that face will be 
io (V3 ± lyV^f ^ being the length of an edge. 

(6) If two surfaces given by tetrahedral coordinates intersect in two 
plane curves, what is the corresponding property of the torse in the dual 
uiterpretation ? 

(7) Prove that the Boothian equation of a sphere passing through the 
origin of rectangular axes is of the form 

a* + /3* + 7* = (r"* - fo - m/3 - n7)', 

I, tn, n being the direction-cosines of the radius r drawn through the origin. 

(8) Two spheres of radii r, s, pass through the origin, and have their centres 
on the axes of x and t/ respectively; shew that the torse or developable 
surface enveloping both is a cone whose vertex has the Boothian equation 



CflAPTER IX. 

TBANSFOBMATION OP COOBDINATfig. 

142. The investigation of the properties of a snrf&ce represented 
by a given equation is often rendered more convenient by referring 
it to a different system of coordinate axes, in the choice of which 
we must be guided by the nature of the investigation proposed. 

We proceed to obtain the working formuiss by which such a 
transformation may be effected. 

143. To change the origin of coordinates from one point to 
another^ without altering ike direction qf the axes. 

Let (y, gj h) be the new origin referred to the primary system. 
If (a?, y, «), (x'j y\ «') represent the position of the same point P 
referred to the first ana second systems respectively, since the 
algebraical distance of the plane of y'z* from that of yz is /, 
and (c, tS are the algebraical distances of P from the planes of 
yz and y*z\ we have x^t! •\-f^ and similarly y =y' H- ^, « = «' + A ; 
or, suppressing the accents, the transformation is effected by 
writing oj+Z, y+^, « + A, for a?, y, z. 

144. Since the formula thus obtained involve three arbitrary 
constants, we can generally by this transformation make the 
coefficients of three terms in the resulting^ equation vanish, but, 
since the coefficients of the terms of highest dimensions are 
unaltered, none of the three terms, so eliminated, can be of the 
same dimensions as the degree of the equation. Thus, in an 
equation of the second degree, we can generally destroy the terms 
of one dimension in x^ y^ zi in an equation of the third degree 
three of the terms of two dimensions, and so on with equations 
of higher degrees. If, however, the terms, whose coefficients we 
desire to destroy, differ by more than one dimension from the 
desree of the equation, the equations for determining y, ^, A in 
order to effect this result will rise to second, third, or higher 
degrees. For, if ^(o;, y, «) = be an equation of the vC^ degree, 
the transformed equation will be jF(a?+y, y+g^ « + A)=0, and 
the terms of the [n-^r)^ degree in the expansion can be represented 
in the form 
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the coefiScientB of any term in which will involve jF(/, g^ K) 
differentiated n — r times with respect to the quantities /, g^ h ; 
hence the resulting equation for destroying any such term will be 
of the r^ degree. If three terms are to be destroyed^ It is necessary 
that the three corresponding equations should be consistent; it 
may happen that these equations are not independent, in which 
case if two terms are made to disappear the third term will disappear 
at the same time, and we shall be able to get rid of a fourth term. 

145. To transform from one system of coordinates to another 
system having the same origin^ both systems being rectangular. 

Jjei Oxj Oy^ Oz be the first system, Ox'^ Oy\ Oz the second ; 
let a^y b^ Cj ; a„ by c,; a,, i„ c, be the direction-cosines of Ox', Oy\ 
Oz\ referred to Ox^ Oy^ Oz; and x^y^ z] x\ y\ z' coordinates of 
the same point in the two systems. 

Then the algebraic distance of the point from the plane of 
yz IB X] but, projecting the broken line a;' + y + 2^, this same 
distance is a^x' + ajf + aji*. Hence 

X = a,aj' + ajf' + a^\^ 

and similarly, y = b^x' + bjf' + &,»', I (1) 

z^c^x' +cy -I- C/f',j 

the formuhe required. 

The nine constants introduced in these results are connected 
by six equations of condition, expressing that the two systems of 
coordinates are rectangular, for since Ox^ Oy^ Oz are each two at 
right angles, we have the system of equations 






•^1 



and by reason of Ox\ Oy\ Oz being also at right angles, the 
system 

a,a,+ ft,i, + c,c,=0, I (B) 

a^a, -I- ft,ft, + CjC, = 0. j 

The number of disposable constants in this transformation is 
therefore only three. 

The relations (^), {B) subsisting among the nine constants 
involved In these formuI» may be replaced by 

c,a. + c,o,+ C3O3 = 0, \ (ff) 

I I K 
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if we consider Oa?', Oy\ Oz' the primary system of axes^ in 
which case the direction-cosines of Ux^ Oy^ Oz will be a^, a^, a, ; 
ftj, J„ J, ; c„ c„ c . The equations (-4') and (J?'), obtained from 
the same facts as toe equations {A) and {B)^ are of course deducible 
from them. Either system may be ootained from the identity 
a:' + y* + »' = x^ + y" + «'*, by substituting for a;, y, a their equivalents 
given in equations (1), or similarly for x^ y\ z\ 

146. The relations between these constants may also be ex* 
pressed in the following convenient form. 

From the equations a^^ + hp^ H- c^c^ = 0, a^, + hj)^ + c,Cj = 0, we 
obtain a^[\\ - ft.c,) = J,/(c,a,- cji^ == c,/(a,6, - a,*,), 

each member of these equations is therefore equal to 

K'+V4 0* 

by equations (-4), {B). 

In a similar manner, we obtain 

By using the equations {A!\ (J?') In a similar manner, we obtain 

which shews* that the ambiguities in the three systems of equations, 
here obtained, must be taken all of the same sign. 

Any two of these three systems of equations may be taken as 
completely expressing the relations between the nine constants; 
the third system being deducible from the other two, as well as the 
equations (-4), {B\ {A) and (5'). 

147. The equation J.c, - J^c, = ± a^ may be shewn by projections 
as follows. 

Let P, Q be points in Oy\ Oz' at unit distance from 0, the 
coordinates of P and © are o„ ft,? ^« ^^^ ^s* \^ V Then, by Art. 33, 
twice the area of the projection OPQ of the triangle OpQ on the 
plane of yz is 



0, 0, 1 



= ±(5,c,-J,c.)) 



± as OPQ is in the direction Oyz or Ozy, that Is of the motion of 
the hands of a vatch, or in the contrary direction, also 2A0PQ=1) 
.*. 2 A OFQ = ± a„ ± as cxOx' is acute or obtuse. 
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148. To find HkB eqtMtum$ of the 9tra%gU lints which biMct the angUa 
between two straight lines given by the equations 

2c 4- my + M » and fl«"+ft/ + C8* = 0. ^' 

Choosing the axes, so that the plane of af%/ shall contain the given lines, ^ 
the axes of d/ and y^ being two bisectors, the equations of the given lines will 
be «'oOi and W-^y*oO. (1) 

The fonnulsB of transfonnation give 

hencOi by (1), the second given equation becomes 

a (aj:* + ay )• + 6 (/3«' 4 /8'y')' + « (7X' + 7y )■ - 0, 

identical with Vxf^ - fj^y** » ; /. aaai 4 hpp + 077' « ; and since the bisectors 
are at right angles, aa' 4/3/3' + 77' « 0, /. ua!/{h - c) « /3/37(c - a) - 777(a - *). (2) 
Prom these equations a variety of forms may be obtained for the equations 
of the bisecting lines; thus, if we require the forms Ayz f Bzx 4 Cry = 0, and 
Ix 4 my 4 ns s 0, since the first equation must reduce to the form x'y = 0, when 
B* s 0, we have the relations A^i 4 B^a 4 Co/3 = 0, and Api 4 JB7V 4 Co'/3' = ; t «> ^^ 

/. ^ : ^ : C=: oa' (y37' - /3'7) : /S/S' (7a' - 7'o) ! 77' (a/3' - a ^) ^ 

e (6 -<;)/: (c - a) m : (a - 6) ft by (2) and Art, 146. jj 
heneci the equations of the bisecting' fines may be written, QL/ltS- 1^7 

(h''e)l/X'\-(e-a)m/y-¥{a-h)n/z^Of and 2r4my4iM"0. /?>-// 

149. The method given above solves the problem directlv by transformation c^a^i^ Cr. 
of coordinates, but the result may be obtained indirectlv oy considering the ^ 
directions of the bisecting lines as those of the axes of a hne-nyperbola. Thus 
r*B2*4y*4s'isa maximum subject to the conditions &; 4. ..« and oj:* 4. ..« a, 

whence we obtain the equations (a - at*) z/l- (a-br] y/m = (a - er*) t/n, and 
{b - e) l/x ■¥ (c - a) m/y 4 (a - 6} n/z » 0, whether a be finite or zero. 

150. Euler*8 formulcB for transforming from one system of red" 
angular coordinates to another having the same origin. 

There being in the formulsd already obtained for this purpose 
nine constants connected by six invariable relations, it must be 
possible to obtain fonnuln to effect this transfonnation which shall 
inToIve only three constants. The three chosen by Enter for 
this purpose are (1) the angle which the intersection of the planes 
of xg and x'y' makes with the axis of x^ (2) the angle made 
by the same straight line with the axis of x\ (3) the angle between 
the planes o( a>g and x'g'. 

Let Ox, Oy, Oz be the original ; Ox', Oy', Oz* the transformed 
axes of coordinates ; Ox^ the intersection of the planes of xy, x'y' ; 
xOx^ — ^, x'Ox^ — '^, zOz'^0, which is the same as the angle 
between the planes of xy, x'y'. 

The transformations may be effected by successive transforma- 
tions! each in one plane — 

i. through an angle <f>, in the plane of xy, from Ox, Oy to Ox^, Oy^ ; 

ii. through an angle 0, in the plane ofy^e, from Oy^, Oz to Oy^, Oz' ; 

iii. through an angle ^, in the plane of y,a?^, from Ox^, Oy^ to Ox, Oy'. 
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The formulae for these transformations are, using the same suflSix 
for any one of the coordinates as for the corresponding axis, 

a = ajj cos ^ - y, sin ^,| 
y = a?jsin^ + y, cos^J 



Vx ~yi ^^^ ^ — «' sin tf, 
« = y, sin 5 + a' costf 






ar, = X* cos-^ — y' sin -^j) 
y, = a;' sin "^ + y ' cos -^j j 
from which we obtain, by successive substitutions, 
x^x' (cos^ cos-^ — sin^ sin ^ cos^ 

—y' (cos^ sin-^ + sin^ cos^ cos 5) + «' sin^ sinff, 
y^x' (sin^cos^ + CQS0 sin^cosd) 

— y' (sin sin ^ — cos ^ cos ^ cos 0) — «' cos ^ sintf , 
jB «»' sin-^ sinff +y' cos^ sin^ + «' cos5. 

These formulas might be established without successive trans- 
formation by Sphericukl Trigonometry, but this is left for the 
exercise of the student 

151. These formulae are too complicated and unsymmetrical 
to be generally employed; a modification of them, however, is 
useful in determining the nature of any proposed plane section 
of a surface. We may in that case, by using the first two trans- 
formations, make the plane of x^y^ coincide with the proposed 
plan^ section, and then, making z' = 0, obtain the equation of the 
section in that plane. 

The formulae in this case are easily obtained independently, viz. 
x^x COS0 — y cos^ sin^, y = a?' sin0H-y' costf cos0, i5 = y' sin^, 
and by effecting these substitutions we may obtain the equation of 
the plane section of the surface. 



i 
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If tbe equation of the plane be lx-\'m7/ + nz = 0^ and the curve 
of intersection with the surface /(a;, y, 2;] = be required, we shall 
have COB = nj^/{r + «i* + n*), and sin ^/(— I) = cos ^/m, and the 
equation of the curve of Intersection will be 

/(xcos0— y cos^sin^, a;sin^ + y cosdcos^, ysind)=0. 

152. As an example of this method, we will examine the position of a 
plane passing through the origin, when its intersection with the surface 
«x* + fry" + cz" = 1 is a circle. 

Let the intersection of the plane with the plane of ory make an angle with 
Or, and let be its inclination to the plane of xy. 
The equation of the section will be 

a (x COS0 - y cobO sin0)' 4 5 (x sin0 -I- y cosO co80)* 4- ey* sin*^ » 1, 

if this be a circle, the coefficient of dry <= 0, and those of a:* and y' will be equal 
and positiye; .*. (a - b) cosd sin 20 = 0, and 

n cos'0 + h sin'0 = (a sin^ + h co8'0) cos*^ + c sin"^ > 0, 

we shall therefore obtain the following systems of solutions if a, 6, e be 
unequal: 

i. cosd = 0, a co6*0 + h 8in'0 = <? > 0, or cos'0/(6 - <?) = sin*0/(c r «)• 
ii « 0, a s 6 cos"^ 4 c sinV > 0, or cos"^/(c - o) = sin*6/(a - b), 
ill. = Jir, ft = a cos'0 + c sin*^ > 0, or cos*^/(c - 5) = sin'^ft - «)• 

If a, 5, e be of the same sign and in order of magnitude, iii will be the only 
admissible solution, and the cutting plane must pass through the axis 
corresponding to the mean coefficient. 

If a and b be positiye, c negative, 5 > a, ii will be the only solution. 

If a be positive, b and e negative, there will be no plane circular section 
through the origin. 

153. Transformation from one system of coordinates to another 
having the same origin^ both systems being oblique. 

Let Ox^ Oy^ Uz and Ox\ Oy\ Oz' be the two systems ; Oti, 
On\ Ori* the normals respectively to yz^ zx^ and xy^ and let nx 
denote the angle nOx^ and so for the others. Then the algebraical 
distance of a point whose coordinates in the two systems are 
respectively x^ y, z and a;', y\ z from the plane of yz^ is x cosna;^ 
and is also oi cos na?' +y' cosny' + z* cosn^', 

.'. x cos no; = a?' cosaio;' + y' cob ny' + z' cosn^;', 

and similarly for y and z. 

154. Transformation from any one system of axes to any other. 
If we wish in any of the above transformations of the directions 

of the axes also to remove the origin, we may first remove the 
origin to the point (/, g^ A), retaining the directions of the axes. 
This will give x=^x^ +/,' y = ^x + ^, « = «i + A, a?i, y^, z^ being the 
coordinates of a point (a;, y, z) referred to the system of axes 
through the new origin parallel to the primary system. Now 
changing the direction by transformations of the form 

a?j = a^x' + ajf + a^z\ &c., 

wc see that the most general transformation possible is obtained by 
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formulffi of the form 

y = ^+ J^aj' + jy + J/, 

155. To shew that the degree of an equation cannot he changed 
by transformation of coordinates. 

We can now prove the important proposition, that the degree of 
an equation cannot be altered by any transformation of coordinates : 
the degree of an conation meaning the greatest number which can 
be obtained by addmg the indices of the coordinates involved in any 
term. For let Aofy^z"^ be a term in an equation of the n^ decree, 
such that;? + jr + r=sn: this will be a type of all the terms of the 
n^ degree involved in the equation, any one of which may be 
obtained by assigning to A^ p^ q^ r suitable values. Now on any 
transformation this term becomes 

A (/+ a^x + ay + a/y (g + b^x'-^ bjf'-^ b/y (A + c,x'+ cy -f c/y, 

and no term in this product rises beyond the decree ^ -{-q-^r or n^ 
Hence the degree of an equation cannot be raised by transformation 
of coordinates ; nor can it be depressed, for if by any transformation 
the degree be depressed, then on re-transformation the degree of 
the ^equation so depressed would be raised to its original value, 
which we have seen to be impossible. 

156. Belationa between coefficients of a ternary quadric before 
,and after transformation of coordinates. 

We notice here that in the case of quadric functions, relations 
between the coefficients in the original and transformed functions 
may be obtained without the use ot the formulas of transformation. 

The method of obtaining these relations depends upon the 
consideration that, if a quadric be, the product of two linear factors, 
it will still be so after any transformation of coordinates has been 
effected. 

The square of the distance of any point (a;, y, z) from the origin 
being a;' + y'4*is', if the axes be rectangular, this expression will be 
unaltered in form when a change is made from one set of rectangular 
axes to another having the same origin. 

Let u = oaf + fty* + ca* + ^dyz -I- ^Vzx + 2c'ay be any ternary 
quadric, and let h be supposed so chosen that h(7?-\'y* + z^) — u 
snail be the product of two linear functions; the condition that 
this shall be the case is. Art. 91, 

shewing that there are generally three such values of A. 

Suppose now that, on transformation to another system of 
rectangular axes, u becomes 

v=^Oiff? + Py" + 7«' + 2a'yz + 2ffzx + 2ixy^ 
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then A(£c' + y* + 2;*) — t? will for the same valnes of A be the 
product of two linear factors ; 

The two cubics being satisfied by the same values of h^ we may 
equate the coefficients and obtain three relations 

a + &+c = aH-/S47, 
Jc + ca + oJ- a"- J"- c'' = )87 + 7a -f-ai8- a" -iS"- 7", 
ahc^aa''^ M" - (jc" + 2a'b'd = a/?y - aa" - /3/3'' - 77'' + 2a'/3V, 

these three functions of the coefficients, a + & 4* c, &c. are called 
invariants of the quadric, being equal to the same functions of 
the corresponding coefficients of the transformed quadric. 

157. In the more general case of transformation from any 
system of axes to any other, the square of the distance of (x. y. z) 
Lm the origia being ^ ^ 

aj' + y* + «' + 2yacos\-f-2;?xcos/* + 2xyco8v, . d^^^^ 

it is easily seen that the two cubics which determine h willbe 
of the form 

(A-a)(A-5>(A-c)-(Acos\-a')'(A-o)-... 

+ 2 (A cos\ — a') (A cos /A — V) (A cos v — c') = 0, 

and the corresponding invariants are the ratios of the coefficients to 
the coefficient of A*. 

158. To transform from rectangular to polar coordinates* 

In the cases in which polar coordinates are required to be 
used, we may first trahstbrm the axes so that the axis of b is 
parallel to the line from which 6 is measured, and the plane of 
zx parallel to the plane from which 4> is measured. If when 
referred to these axes the coordinates of the pole be /, g^ A, the 
formulse expressing the rectangular in terms of the polar co- 
ordinates will be 
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aj«»/+r sin tf cos 0, y = ^ + r sin^sin^, « = A + rcos5. 



159. To transform from a four-plane to a three-plane coordinate system. 
This is effected by the substitution oi p-lx- my -^ nz for x, and by similar 
substitutions for y, z, to. 

If the three planes terminating in D be taken for the three-plane system, 
and /, fit, n be the sines of the angles which the edges DA, DB, DC make 
with the planes DEC, DCA, DAB respectively, we shall have to write 
Ixy my, #12 for x, y, z, and «« (1 - Ix/p^ - my/q^ - nz/r^) for to to effect the 
transformation. 
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^-tJk/ 160. lb tran9form from onB four-point coordinate syntem to another. 

If the equations of the fundamental points of the second system, referred to 
the first, be \p ^- fig -¥ »r -¥ p8 =^ 0, &c., and p, q, r, «; p\ q', r', 8', be the 
coordinates of any plane in the two systems, 

/?' = (Xp + ^y + «'r + /j«)/(X + ;i + ir + /j), &c. Art. 116, 
from which equations the formula required for transformation can be deduced* 



XIV. 

(1) If IjTn^n^, h^^ti h^z^H ^ ^^ direction-cosines of a system of rectangular 
axes, and if a//i46/mi+c/n^=0, and a/t+6/fw,+c/ri,aO, then will a/lz^h/fn^^c/n^-^Of "*' 
and aihicii IJiJl^ : mimttn^ : n^n^n^ 

(2) If a/i" + 6mi» + cni' = oy + 6m2' + c«/ = flV + 6m,* + c«s' = 0, 

shew that li - tn^ : l^ - mi : l^ - m,* : : mj' - ni* : m* - fij' : m,* - fij*, 

and that li (m^s + m,«,) + k (m^n^ + •»,«,) + /, (m,ii, + m,ni) = 0. <' 

^y (3) Transform the equation y% ■¥ sx -^ xy ^ a*, referred to rectangular axes, 

r^ to an equation referred to another system, one of which makes equal angles 
with the original axes. -^^ 

\J (4) Shew that, by the same transformation as in the last problem, the 

^ equation «* + y* + «" + yB + far4«yaa*is reduced to the form 4«* + ^ + aP « 2a^, 

(5) Prove both analytically and geometricallr that, if the three straight 
lines, each of which is perpendicular to two of three other straight lines, be 
perpendicular to each otner, the other three straight lines will be at right angles 
to each other. 

(6) The straight lines bisecting the angles between the straight lines giveii 
by the equations Ix + my -f nz s 0, aa^ + 2bxy i- cy* » 0, lie in the two planes 

(7) The equations of the straight lines bisecting the angles between the 
straight lines given by the equations h -^ my -{■ nz = 0, aa^-^hy^-^a^'^i), may be 
put into the form Ix + my + ns b 0, and 

+ my{ r(6-c)-m"(c-fl) + n«(a-6)} 
+ nV { /«(5-c) + m«(c-a)-n«(a-6)} = 0. 

(8) The straight lines bisecting the angles between the two lines given by 
the equations Ix 4 my 4 nz = 0, ax* 4 &y' 4 cr 4 2a'yz 4 2h'zx 4 2e'xy b 0, lie on the 
cone «* (c'n - 6'm) 4. ..4. ..4 yz {e'm -l/n + {c-h) I] 4. ..4... = 0. 

(9) If a«*4 6y*4<»' become a?4/3»»*4 7^ by any transformation of 
coordinates, the positive and negative coefficients will be in like number in 
the two expressions. 

(10) Employ the method of Art. 156 to reduce the equation * 

«• 4 y' 4 iyz 4 zar = a*, to the form «* 4 f y* - }z" = a*. 

(11) Shew, bv transformation of four-point coordinates, that the centre of 
gravity of a tetrahedron is also the centre of gravity of the tetrahedron formed 
by joining the centres of gravity of the faces. 

(12) Shew, by the same method, that the centre of gravity of the surface of 
a tetrahedron is the centre of the sphere inscribed in the tetrahedron formed 
by joining the centres of gravity of the faces. 
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CHAPTER X. ; 

ON CEETAIN SURFACES OF THE SECOND DEGREE- 

161. Before proceeding to discuss the general equation of the 
second degree, we think it advisable for the student to render 
himself familiar with some of the properties of the surfaces which 
are represented bj the general equation. We shall therefore 
introduce him to the equations of these surfaces in their simplest 
forms, in which the axes of coordinates being in the direction of 
lines symmetrically situated with regard to these surfaces, the 
nature and properties of the surfaces will be more easily deduced. 
We hope that by following this plan we shall assist the student 
to understand more clearly the methods adopted in the general 
equations. 

For this purpose we shall give geometrical definitions of the 
surfaces, and deduce equations from those definitions ; and we shall 
shew vice versd how from these equations the geometrical construction 
of those surfaces can be deduced. 

The Sphere. 

162. To find the equation of a wheres 

Def. a sphere is the locus of a point, whose distance from 
a fixed point is constant. The fixed point is the centre and the 
constant distance the radius of the sphere. 

Let (a, &, c) be the centre of the sphere, d the radius, (x, y, s) 
any point on the sphere ; .'. (x — ay + (y'- by + (« - c)' = c?. 

This equation may be written in the general form 

«'+y' + «' + ^a?H-5yH-C» + jD = 0, 
the equation requii^ed. 

163. Since the general equation of the sphere contains four 
arbitrary constants, the sphere may be made to satisfy four specific 
conditions. 

It may be seen from geometrical considerations that, when four 
conditions are given, there may be only one sphere, or a limited 
number, or an infinite number of spheres, which satisfy the 
equations ; at the same time the four conditions must be consistent 
with the nature of a sphere, and if this be the case, and the 
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conditions be independent, there mast be a limited number of 
spheres satisfying those conditions. For example, if four points be 
given through which a sphere is to pass, no three points can lie in 
one straight line ; and if four points lie in one plane, they must also 
lie in a circle, otherwise no sphere could pass through them, and if 
such a condition be satisfied, an infinite number of spheres can be 
constructed^, each of which will contain the circle in which the four 
points lie ; if the four points do not lie in a plane, so that the four 
conditions to be satisfied are independent, the sphere will be 
completely determined. 

Again, if four planes be given, each of which is to be touched 
by the sphere, no three of these must have one line of intersec- 
tion, and the four cannot pass through one point, except under a 
condition, and in that case an infinite number of spheres can be 
drawn, touching the four planes. In other cases, eight spheres can 
be drawn satisfying the conditions. 

Hquatton of a sphere under specific conditions* 

1 64. To find the equation of a sphere passing through a given point. 
Let (a, by c) be the given point, ana the equation of the sphere 

aj* + y' + «' + -4a? + -By+ C« + i)=0; 
.'. a' + J' + c' + ^a + ^i+Oc + i) = 0; 
.'. a;'+y + «*+-4(aj-a) + 5(3^- J)+ C?(0-c) = a* + i' + c' 

is the equation required. 

If the given point be the origin, the equation will become 

and the sphere may be made to satisfy three more conditions. 

165. To find iht equation of a 9pher€ which pMMi through two given points 
in the axis of z. 

Let Ci, c, be the distances of the giyen points irom 0; when x=0 and y = 0, 
the equation must become (s - cj (« - c,) = ; therefore the equation of the sphere 
is «* + y« + (z-C|)(z-c,) + -4x+^y = 0. 

If the sphere touch the axis of s, C| « o, = 7, 

/. a;»+y« + ««+^a? + -By-27Z + 7' = 0. 

166. To find the equations of spheres which touch the three coordinate axes. 
Let the equation of any sphere touching the three axes be 

«* + J^ + «■ + 2-4 « + 2 J?y + 2 Cfe + D = 0. 

Since it touches the axis of x, let a be the distance from the origin ; therefore 
when y B and e = 0, ;b' 4- 2Ax 4- D = 0, the roots of which are each equal to ± a ; 

.'. A-^a and D = a\ 

Similarly, y* + 2£y4a' is a coniplete square; 

.'. ^ = :fa; so also C=^^a, 

and the equations of the spheres which satisfy the giyen conditions are 
«• + y* + «" + 2ax + 2ay + 2as + a* « 0, which are eight in number for any given 
yalue of a, corresponding to the different compartments of the coordinate 
planes. 
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167. Tojind the equation of a sphere touching the plane of xy in a given 
point. 

Since the sphere meets the plane of xy only in the giyen point Tn, 6, 0], 
when z-Of the equation must reduce to {x - af ^ (y -hf ^0\ therefore the 
required equation of the sphere is (« - a)' 4 (y - &)' -t- z* -h 20b s 0. 

168. Interpretattcn of Ae expression 

in the equation of a sphere* 

Let the equation of the sphere be 

and (x\ y\ z) be any point Q, G the centre of the sphere, and let 
a straight line through Q intersect the sphere in the points P, P\ 
and have for its equations (x — x)ll = (y - y')/wi = (« - z')jn = r ; 
therefore at the points P and P' 

(Zr + aj'-a)' + (wir + y-J)' + (nr + «'-c)'-(f «0, 

if r^, r, be the roots of this equation, 

r,r.==(x'-a)' + (y'-&)» + («'-c)'-(f; 

therefore the left side of the equation for any point (a?\ y*^ «') is 

QP. QP\ or - QP. QF, 

according as Q is without or within the sphere. 

If Q be without the sphere it will be the square of a tangent 
drawn from Q to the sphere. 

If Q be within, it will be the square of the radius of the small 
circle on the sphere whose centre is Q, 

Def. The product of the segments QP, QP' is called the 
power of the sphere with respect to Q. 

Cor. All tangents drawn from an external point to the sphere 
are equal. 

169. To find the equation of the radical plane of two spheres. 
Def. The locus of points, with respect to which the powers of 

two spheres are equal, is a plane called the radical plane. 
Let the equations of the two spheres be 

(aj-a)' + (y-J)' + («-c)'-(? = tt = 0, 

and(aj-a7 + (y-57 + («-cy-cZ'*=u'«0. 

The equation of the radical plane is therefore u — u' » 0. 

170. To shew that the six radical planes of four spheres intersect in one 
point 

Let tf«0, u'bO, i^'aO, ti^'aO be the equations of the four spheres in the 
above form. 

The equations of the six radieal planes are given by u « u' b u" » u"', which 
intersect in one point determined by these equations. 

Def. The point of intersection of the six radical planes is called the radical 
eentre of the four spheres. 
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Cylindrical Swrfacea. 

171. It has been seen that the locus of an equation F{x^ y) = 0» 
which involFes onlj two of the cordinates, is a cylindrical surface, 
of which the generating lines are parallel to the axis of the 
omitted coordinate. We shall now shew how to obtain the equation 
of cenain cylindrical surfaces in which the generating lines are in a 
general direction. 

172. To find the equation of the cylindrical surface^ whose 
generating lines are in a given direction and guiding curve a central 
conic traced on the plane of xy. 

Let the equations of the guiding conic be 

a»' + J/ = l, and 21 = 0; (1) 

and (Z, 97?, n) the direction of the generating lines. 
Let the equations of any generating line be 

nx^U + a^ and wy = iwa; + /9. (2) 

At the point of intersection of the generating line with the 
guiding curve, the values of a;, y, 2; in (1) and (2) being the same, 
we obtain as a general equation, after eliminating a;, y and e^ 
ad + hff = n* (3), and since this is true for all positions of the 
generating line, eliminating oc, fi between (2) and (3), 

a (nx — Izy + b (ny — mz)' = n', 

is true for every point in the cylindrical surface, and is therefore 
its equation. 

Conical Surfaces. 

173. Def. a conical surjace is a surface generated by a 
straight line which constantly passes through a given point, called 
the verteic, and is subject to some other condition. 

174. To find the equationh of a conical surjace j whose vertex is 
the origin^ generated by a straight line^ of which a guiding curve is 
a central conic^ whose centre is in the axis of Zj and plane parallel to 
the plane of xy. 

Let the equations of the guiding conic be aa? + ty' = l, and 
z=c (1), those of a generating line in any position, x==aZj y=l3z. (2) 

Eliminating Xj y, z^ the coordinates of the point in which the 
generating line meets the guiding curve, which therefore satisfy (1) 
and (2) simultaneously, we have aaV + bQV =1 (3) ; and since 
this equation is true for every position of the generating line, 
eliminating a, fi from (2) and (3), we obtain ax* + by^=^^^lc*i which 
is the required equation of the surface. 
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175. To find the equation of the conical surface^ whose vertex is 
any given pointy and of which the section by the plane of xy is a 
central conic whose axes are on the aooes of x and y. 

Let the coordinates of the vertex be /, g^ A, and the equations 
of the guiding conic be z=^0^ and ax* + i>y = 1 ; and let the 
equations of any generating line be 

aj-/=a(«-A), and y-^ = /9(i5-A); (1) 

where this line meets the ellipse x =/— oA, y = ^ - /8A ; 

.-. a(/-aA)' + 5(f?^-W=T^-^ (2) ^^ (;-^^)./ 

eliminating a and /3 from (1) and (2), we obtain for every point in 
the surface a (Jz — Ax)' + h {gz - Ay)*= (z - A)', which is the equation 
required. 

Cor. 1. If ?, 9n, n be the direction-^^osines of any generating 
Ibe, a (Jn — AZ)' + i (^n — hmf = n'. 

Cor. 2. The equation of an oblique circular cone b 

C/i-Ax)« + O7).-Ay)«=.a»(0-A)«, 
a being the radius of the circle in the plane of xy. 

176. To shew that there are two systems of circular sections of 
any oblique circular cone. 

When the circle which guides the motion of the generating line 
has equations 2 = 0, x* + y* = a^j the cone will be perfectly general, 
if we take the vertex in the plane of zx^ and therefore ^^ 0, A for 
its coordinates. 

The equation of the cone will then be, as in the last Article, 

(>-Ax)« + Ay = a«(«-A)«; 
this may be written in the form 

A«(x«+y« + ««-aO-«{2/Ax-(/«-A«-a»)«-2Aa«}. 
Hence, if the conical surface be cut by either of the planes 
« = a, or2/Aa?--(/'-A*-a»)«-2Aa« = )8, 
the points of intersection will satisfy an equation of the form 

«* + y' + «' + 2ila: + 2& + i> = 0, 

for all values of a and ^3, and the sections will therefore be plane 
sections of a sphere. 

Therefore, there are two series of circular sections made by two 
systems of paraUel planes. 

177. The trace of the cone on the plane of zx^ putting y = 0, 
has for its equation (fz - Arc)" - a* (z — A)' = 0, being the two 
generating lines which lie in that plane ; and the equation of two 
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planes in opposite STstems, giving circular sections, is 

adding these equations we have A* («" + «' + Ax -{■ Bz-^ (7) =« 0, 
which shews that the four points, in which these generating lines 
meet the two circular sections, lie in a circle ; hence the first system 
of planes makes the same angle with one generating line which the 
second system does with the other. 

The Spheroids. 

178. Def. a spheroid may be generated by the revolution of 
an ellipse about either axis. 

If the axis of revolution be the minor axis, the surface is called 
an Oblate Spheroid^ and if the major axis, a Prolate Spheroid. 

179. To find the equation of a spheroid. 

Let the centre be taken as origin, the axis of revolution that of z^ 
and let P be a point (a;, y^ z) in the ellipse OPA^ which is the 
position of the revolving ellipse, when inclined at any angle to the 
plane ««, OJf = a;, MN^y^ NP^z^ OA^a^ OC^c] 




This is the equation of an pblate or prolate spheroid according 
as c is less or greater than a. 



The Ellipsoid. 



■\t 



180. Def. An ellipsoid may be generated by the motion of a 
variable ellipse, which moves so that its plane is always parallel to 
a fixed plane, and which changes its form so that its vertices lie in 
two ellipses having a common axis traced on planes perpendicular 
to each other, and to the fixed plane. 
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181. To find the equation qf a$i ellipsoid. 




Let QBN be a variable ellipse in any position, Q^ S being its 
Tertices lying in two ellipses ACj BGj traced on perpendicular 
planes, taken for those of zx and yz ; the plane of an/^ to which 
the variable ellipse is parallel, being the plane containing the semi- 
axes OAj OB. 

Let a, c, and &, c, be the semi-^axes oi AG and BG^ and (x, y, z) 
any point P in QB^ and let PM be perpendicular to QN. 

Then, i^lBN^-^-x^jQN*^!^ and, since Q is a point in the 
eUipse A (7, QlPla' = 1 - ^'/c', simUarly BIP/b* = 1 - «7c^ 

which is the equation required. 

182. To construct the surface whose eqmtion is 

»7a' + yVJ'+«7c" = l. 

Let the surface be cut by a plane whose equation is is; = 7 ^ the 
projection of the curve of intersection on the plane of an/ has the 
eauation af/a^ + y^lb^^l — y^jc^y therefore the curve is an ellipse 
whose semi-axes a, fi are given by the equations 

a7a« = l-77c« = /S7J»; 

hence the vertices lie in the two ellipses which are the traces of the 
surface on the planes of zxy yz. 

Also, since a/a = /?/&, the variable ellipse remains always similar 
to a given ellipse, which is the trace on tne plane of xy. 

The surface may therefore be generated by the motion of a 
variable ellipse, whose plane, &c., see Def. Art. ISO. 

The Hyperholoid of one Sheet. 

183. Def. The hyperholoid of one sheet may be generated by 
the motion of a variable ellipse, which moves so that its plane is 
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alwajii parallel to a fixed plane, and which changes its fonn so 
that its vertices alwajs lie in two hyperbolas traced on planes 
perpendicular to each other and to the nxed plane, these hyperbolas 
having a common conjugate axis. 

184. To find the eqiuitian of a hyperholoid of one sheet. 

Let A Q^ BR be the hyperbolas traced on the two perpendicular 
planes taken for the planes of zx^ yzy OG their common conjugate 
semi-axis being the direction of the axis of e. 




Let QPB be the variable ellipse in any position,' P any point 
(xy Vj z) in it, QN^ RN its semi-axes. Draw PM perpendicular 
to QN, then MN^x, PM^y, ON^z, and oj'/^iV^+yVJJiV^^l, 
also, since Q, B are points in the hyperbolas, if OA = a, OB = bj 
and 00=c, QN'la'^z'Ic'-i^l^BN'lb^ .-. a?7a'' + y76' = «7c*4 1, 
or aj*/a"+y'/i* — a7<5*^=l, which is the equation of the hyperboloid 
of one sheet. 

185. To construct the surface which is the locus of the equation 

Let the surface be cut by a plane whose equation is 2; = 7, then 
the projection of the curve ot intersection upon the plane of xy 
has for its equation x^jcf -\-y^lV^l + 77c*, which is the equation of 
an ellipse, whose semi-axes a, P are given by the equations 
a^/cf = 1 + 77c* s= i8*/6", therefore the vertices of the ellipse lie 
respectively on the nyperbolas which are the traces of the surface 
on the planes of zx^ yz. 

Also, since a/a = ^/6, this ellipse is always similar to the ellipse 
which is the trace of the surface on the plane of xy. 
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HoDce the locus may be generated by the motion of a variable 
ellipse which moves, &c. See Def. Art. 183. 

186. The locus may also be generated by the motion of a 
hvperbola, for, if the surface be cut by a plane parallel to the 
plane of yz^ whose equation is a; = a, the curve of intersection 
will be a hyperbola, the equation of whose projection on the 
plane of yz wiU be ^76* - « Vc" = 1 - aVa' ; let /S, 7 be the 
semi-axes of this projection. 

If a < a, /97^* = 'fW = ^ "■ *7^'» ^ence the extremities of the trana^ 
verse axis 2^ will lie on the eUipse, which is the trace on the 
plane of ocy. 

If a>a, /8*/i*M7'/c' = a'/a* — Ij hence the extremities of the 
transverse axis 27 will lie on the hyperbola, which is the trace on 
the plane of zx. 

187. To find the form of the surface ai an infinite distance. 
If 2; be increased indefinitely, we have ultimately 

a:'/a' + y76' = z^ (1 + c«/«») = zy. 
Let this surface and the hyperboloid be cut by a straight line 
drawn parallel to Oz through a point (a^, y^, 0), and let z^^ z^j be 
the corresponding values of «, then 

aJ^K + y^'lb* = «i7<5", and x^'/a' + j^/J* = z^y + 1, 
••• {^i - ^,W = 1) and i5, - «, = c'liz^ + «,) ; ^ . ^ 
if a?', or tfj or both, and therefore «j and «„ be indefinitely in- 



hyperboloid. 
This asymptotic surface is a cone, for, if it be cut by any plane 
whose equation is xja^ cos 0z/cj all the points of intersection 
will lie in the planes y/6 = ±sin^«/c. The surface is therefore 
capable of being generated by a straight line which passes through 
the origin, and is guided by the ellipse whose equations are 
aj'/a" +^/6"= 1, and « = c 
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The figure shews the position of the conical asymptote relative 
to the hyperboloid. 

ABab is the principal elliptic section, A'lTa'b^ A'^E'cC'V the 
sections of the hyperboloid and cone maae by a plane parallel to 
that principal section, at a distance OG^c. 

The Hyperbohid of two sheets. 

188. Dep. The hyperboloid of two sheets may be generated by 
the motion of a variable ellipse, which moves so that its plane is 
always parallel to a fixed plane, and which changes its form, so 
that its vertices lie always on two hyperbolas having a common 
transverse axis, traced upon two planes perpendicular to each other 
and to the fixed plane. 

189. To find the equation of the hyperboloid of two sheets. 

Let AQ^ AB be the hyperbolas traced on two perpendicular 
planes, taken for the planes of zx^ xy^ and having the common 
transverse semi-axis OA^ and let QPM be the variable ellipse in 
any position, whose axes are QJf, BM^ parallel to the plane ofyz. 
Take P any point (a;, y, z) in the ellipse, and draw PN perpen- 
dicular to BM^ then OM=Xj MN—y^ and NP=^z] theretore, 
since P is in the ellipse, yV^Jf » + z^lQM^ = 1 ; 




and if a, c and a, b be the semi-axes of the two hyperbolas A Q. 
AB, then BM^jb' = x^ja' - 1 = QMy ; 

.'.y'jb'-^z'lc'^x'la'-l, or a^la'^y'jb'^^^lc'^l, 
which is the equation of the hyperboloid of two sheets. 

190. To construct ike locus of the surface whose equation is 

x'la'^y'lb*-^y=h 
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Let the sarface be cut by a plane whose equation is a; = a ; the 
equation of the projection of the curve of intersection on the plane 
of yz is ^/6' + z^j<? = a'/a' — 1, which, if a > a, is the equation of an 
ellipse whose semi-axes /3, 7 are given bj the equations 

)87J« = aVa'-l=r7y, 

therefore the vertices of the ellipse lie in two hyperbolas, whose 
equations are x^jc^—y^jV^l^ and x^/a* — z^fc^^l^ which are the 
traces of the surface on the planes of ocy^ zx^ having a common 
transverse axis in the line Ox ; and since fijh = 7/0, this ellipse is 
always similar to a given ellipse, axes 2&, 2c. 

Hence the locus may be constructed by the motion of a 
variable ellipse which, &c. See Def. Art. 188. 

191. The locus may also be generated by the motion of a 
hvperbola ; for, if the surface be cut by a plane parallel to the 

J lane of xy^ whose equation is is = 7, the curve of intersection will 
e a hyperbola, the equations of whose projection on the {)lane 
of xy will be x^la^ — y^lb'^=il+f/lc^^ wnich may be written 
a?lcif — t^llS*^lj whose transverse and conjugate semi^axes will 
satisfy the equations a'/a' = 1 + y*l(^ = /S'/J*. Hence the tranverse 
axis will have its extremities in the hyperbola, which is the trace 
on the plane of zx^ and the hyperbolic section will be similar to the 
trace on the plane of xy. 

192. To find the form of the hyperholmd of two sheets at an 
infinite distance. 

If x increase indefinitely, the equation x^la*=^lb^'\-z^lc\+l 
shews that y, or Zj or both, will also be increased indefinitely, and 
the equation becomes x^ja^s^y^b^ + z^jc^ ultimately. 

Let the hyperboloid, and the surface represented by this equa^ 
tion, be cut by a straight line parallel to the axis of a;, drawn 
through the point (0, y , z')^ and let sr^, x, be the corresponding 
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valaes of a;; as in Art. 187, a; — or^ diminishes indefinitely, and 
ultimately vanishes as 'jf^ or z^ or both, increase indefinitely; 
hence the hyperboloid of two sheets continually approximates to 
the form of the surface whose equation is a;7a'==y7^* + ^7^) which 
is therefore called an asymptotic surface. 

Also, as before, this sunace can be generated by straight lines 
drawn through the origin, guided by the ellipse whose equations 

are y'/^' + ^<? = 1, a; = a. 

This asymptotic surface is therefore a cone on an elliptic 
base, and Ues nearer to the plane of yz than the hyperboloid, 



smce x^ < a?/ 



Its position relative to the hyperboloid is shewn in the figure, 
in whicn BG is the section made by a plane parallel to ye through , 
the extremity of the transverse axis, and I)E. de are sections of 
the hyperboloid and conical asymptote, made by a plane parallel 
to yz. 

The Elliptic Paraboloid. 

193. Def. The elliptic paraboloid may be. generated by the 
motion of a given parabola, whose vertex lies in a parabola traced 
upon a fixed plane, to which its plane is always perpendicular, the 
axes of the two parabolas being parallel, and the concavities turned 
in the same direction. 

194. To find the equation of the elliptic paraboloid. 

Let xOy be the plane on which the fixed parabola OQ \b 
traced, Ox the axis oi 0Q\ QB the axis of the moveable parabola 
QPj P any point (ce, y, z) in the parabola. 




Draw PN perpendicular to QB^ and Q Uj NM to Oa;, then since 
P is a point in QP^ if /, T be the latera recta of OQ and QP, 
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.-. y'll + z'ir^ OU-h QN=- OM^x, 
which is the equation of the elliptic paraboloid. 

195. To construct the locus of the equation y^fl + «'/? = a?. 

Let the locus be cut by a plane, whose equation is y = /?, the 
projection of the curve of intersection upon the plane of zx has for 
its equation z^^V [x^^jl)^ which represents a parabola whose 
axis is parallel to the axis of a;, the coordinates of whose vertex are 
^jl^ fi^ ; therefore the vertex of the parabolic section lies in the 
parabola whose equation is y' = Zx, whicn is the trace on the plane 
of a?y; therefore the locus may be constructed by the motion of a 
parabola, whose vertex, &c. See Def. Art. 193. 

The Hyperbolic Paraholoid. 

196. Dep. The hyperbolic paraboloid may be generated by the 
motion of a parabola, whose vertex lies in a parabola traced upon 
a fixed plane, to which its plane is perpendicular, the axes of 
the two paranoias being parallel, and the concavities turned in 
opposite curections. 

197. To find the equation of the hyperbolic paraboloid. 

Let xOy be the plane upon which the fixed parabola is drawn, 
Ox the direction of the axis of the parabola ; let QR be the axis 
of the moveable parabola QP, parallel to 6x, measured in the 
direction contrary to Ox. 




Draw PN perpendicular to QB^ and QUj NM to Ox\ then, if 
P be any point (x, y, «) in QP^ OM^x^ MN^y^ and NP^z. 
Let Z, V be the latera recta of OQ^ QP] 

therefore, PN^ =» T. QN^ and QU'^l.OU, 
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and QU^Il-- PN'IV ^ OU^ QN^ OM] 
•'• yV^ " ^V^ = 05 Ib the equation of the hyperbolic paraboloid. 

198. To construct the locus of the equation y^jl - z^JY = x. 

Let the locus of the equation be cut by the plane, whose 
equation is v = i8; the projection of the curve of intersection upon 
the plane oizx has for its equation «'= T (yS'/^^ ^)» "^hich represents 
a parabola, whose axis is measured in the direction contrary to 
Ox^ and the algebraical distance of whose vertex from the plane 
yOz is /S'/^; therefore the section by the plane y = /3 is a parabola, 
whose latus rectum is V and the coordinates of whose vertex are 
/S'/Z, /?, ; or, the vertex lies in a parabola traced upon the plane 
of xy^ whose equation is i^ = Ix, 

Hence the locus may oe generated by the motion of a parabola, 
whose vertex, &c. See Def. Art. 196. 

199. The locus may also be generated by the motion of an 
hyperbola : for if it be cut by a plane parallel to that of yz on the 
positive side, whose equation is x = a, the equation of the projection 
of the curve of intersection on the plane of yz will be y*/l- z^jl = a, 
whose transverse and conjugate semi-axes, /9, 7, will satisfy the 
equations ^=^la and ^=>—Ya^ the extremities of the transverse 
axis will lie in the trace on the plane of xy^ and the conjugate axis 
will be equal to the double ordinate of the trace on the plane of zx 
corresponding to x = — oc 

If it be cut by a plane parallel to yz on the negative side, the 
section will be an hyperbola whose transverse axis will be in the 
direction of Oz, 

If a = 0, the hyperbolas will de^nerate into two straight lines, 
which is the intermediate form in tne transition. 

200. To find the form of the hyperbolic paraboloid at an infinite 
distance. 

Ify and z be indefinitely increased while x : z remains finite, 

yyi^z" (1 + Vxlz^yr = «yr ultimately ; .'. yj^l = ± «/Vr, 

and if these planes and the hyperbolic paraboloid be cut by a 
straight line parallel to Oy, drawn through a point {x'j 0, z')^ y^, y, 
the corresponding values of y will be given by the equations 

y.yi^z^'ll.^tmdy.'ll^^ll^x'l 

•'; y,* -yi* 7 ^'1 or y,-y,-^ lxy[!f, +y,). 

Therefore, if x' remain finite or small compared with y^ or y,, 
y> — y. will diminish as z^ increases, and will ultimately vanish ; 
and the two planes, whose equations are yj^s/l = ± «/V^'j will give 
the form of the surface at an infinite distance for finite values of x, 
or for values of x which are small compared with y or z. 

These planes will not form an asymptotic surface, except for 
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points at which x vanishes compared with y or z^ since y,— y, will 
not ultimately vanish in anj other case, and similarly for e^ - z^. 




The figure is intended to shew the position of the asymptotic 
planes with reference to the hyperbolic paraboloid. 

Ox is parallel to the axis of the generating parabola,' of which 
OB is one position in the plane of zx. 

PAp. P'A'p are opposite branches of a hyperbolic section 
perpendicular to Ox^ tne asymptotes of which mGR\ rCr are 
sections of the asymptotic surface, AA' the transverse axis being 
parallel to Oy. 

LL\ IT are the traces on the plane of yz of both the paraboloid 
and its asymptotic surface. 

QB^ IS a branch of a hyperbolic section on the negative side of 
Ox^ the two asymptotes of which 8G'8\ sC's' are sections of the 
asymptotic surface, and the transverse axis BO' is parallel to Oz. 

201. To shew that the elliptic and hyperbolic paraboloid are 
particular cases of the ellipsoid^ or one of the hyperboloids. 

Let x*la^ ±jf/b^ ±zyc ==l be the equation of an ellipsoid or 
hyperboloid, and let the origin be removed to the point (—a, 0, 0). 



The transformed equation is xVa* ± y^jV ± z*j(? = 2a;/a. 
Let a, i, c become infinite, while b^/a^ (^ja remain finite 
tities, and denote these by I and l\ 
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The equation may then be written xVa±yVl±zyi! = 2x^ whicb 
has for its limit, when a is infinite, ±y*lt±zll =2xj which is the 
equation of an elliptic or hyperbolic paraboloid. The assumption 
that Via and c*ja remain finite is the same thing as assuming that 
the latera recta of the traces on the planes xy^ zxj respectively, 
remain finite when the axes become infinite, and the corresponding 
ellipses or hyperbolas become parabolas. 

It is obvious from the above, that the elliptic paraboloid is a 
limiting case of either the ellipsoid or the hyperboloid of two 
sheets, and the hyperbolic paraboloid of the hyperboloid of one 
sheet. : ^ 

202. The surfaces of the second degree, which we have been 
discussing, have equations of the two forms, 

Aa? + By' + Cz' =- J), (1) 

and By* + Gs' = ^a; ; (2) 

and it will be shewn in a succeeding chapter that the equations of 
all surfaces of the second degree may by transformation of coordi- 
nates be reduced to one of these two forms. 

The first form of equation includes all surfaces which have a 
centre at a Jinite distance, and the second those which have a 
centre at an infinite distance. 

In the equation (1), if —a?, — y, —a? be written respectively for 
Xj y, Zj the equation will not be altered ; therefore if (a;, y, z) 
be a point in the surface, (— a;, — y, —z) also will be a point in 
it, so that if POF' be any chord through the origin 0, the chord 
will be bisected in 0, and will be a centre of the surface. 

Also, for any values of y and z^ the values of x are equal and 
of opposite signs, therefore the plane of yz bisects the chords 
whicn are drawn perpendicular to it ; and a plane which bisects 
the chords drawn perpendicular to it is called a principal plane 
of the surface. 

Hence the planes xy^ yz and zx are principal planes of the 
surface. 

It is evident that the planes of zx^ xy are principal planes of the 
surfaces whose equations are of the form (2). 

The sections made by the principal planes are called principal 
sections. 

That the surface represented by (2] may be considered to have 
a centre at an infinite distance may be shewn by considering this 
equation as the limiting form of (1) when the origin is transferred 
to a point (— a, 0, 0), a being determined by the equation Aof^D. 
The equation (1) will then assume the form Ax^+JBy'^ Cz*=-2AaXj 
and this surface has a centre on the axis of a;, at distance a from 
the origin. 

Now, if we suppose A to vanish, while Aa remains finite, an 
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equation of the form (2) is the result. But to satisfj these 
conditions a must be infinitely great ; hence a surface represented 
by (2) has a centre at an infinite distance on the axis of x^ 
and also a third principal section, parallel to the plane of yxj 
at an infinite distance. 

203. Considering the peculiar importance of the properties 
of surfaces of the second degree, and their frequent occurrence 
in the solution of problems, and the establishment of theorems, 
in all departments of physical science, we have adopted a special 
term derived from the term Contc^ invented by Salmon for the 
locus of the equation of the second degree in Plane Geometry. 

Def, The locus of the general equation of the second degree 
b called a Conicotd.^ 

XV. 

(1) A straight line is drawn through a fixed point O, meeting a fixed 
plane in Q, and in this straight line is uken a point F such that OP. OQ is 
eoual to a given quantity; shew that P lies on a sphere passing through O, 
wnose centre lies on the perpendicular from O upon the plane, t 

(2) loTesti^te the equation of a sphere conceived to be generated by the 
motion of a variable circle, whose diameter is one of a system of parallel chords 
of a given circle, to which the plane of the variable circle is perpendicular.^jc 

(3) Construct the sphere whose polar equation is r » a sin^ co80. fi. 

(4^ A straight line moves with three fixed points A, B, C in the three 
coordmate planes; shew that any other fixed point P of the straight line will 
lie on an ellipsoid whose semi-axes are equal to PA, PB, and J^C. \ 

(6) Find the locus of a point whose distance from a given point bears 
a constant ratio to its distance, (i) firom a fixed plane, (ii) from a fixed straight 
line. 

(6) Find the locus of a point which is equidistant 'from two fixed lines 
which do not intersect. 

(7) The locus of a point, whose distance from a fixed plane is always equal 
to its distance from a fixed line, is a cone. 

(8) Shew that the elliptic paraboloid may be generated by a variable 
ellipse, the extremities of whose axes lie on two parabolas having a common 
axis, and whose planes are at right angles to each other. 

(9) Shew that an hyperbolold of one or two sheets degenerates into a cone, 
when its axes become indefinitely small, preserving a finite ratio to each other. 

(10) Three straight lines, mutually at risht angles, are drawn from the 
origin to meet the ellipsoid ^Va* 4 y*/^' + 7?/<r^ 1, shew that, if their lengths 
be ri, r„ r„ then r{* + r,"* + r,"* = «"• + 6"* + c^, 

(11) The curve traced out on the surface y^/h + sP/o » x^ by the extremities 
of the latera recta of sections made by planes through the axis of x, lies on the 
cone y' + z" = 4a*. 

(12) The locus of the line of intersection of two planes at right angles to 
each other, each of which passes through one of two straight lines, inclined at 
an angle 2a, and whose shortest distance is 2c, is a hyperboloid of one sheet, 
one of whose axes is 2c, and the others are as cos a : sin a. 

* The reasons for not adopting the term Quadricy which is employed by Salmon and 
approved of by many writers, are given in the Preface. 

N 
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XVI. 

(I) Find the equation of the sphere which stands on the cirele s = 0, 
(x - a)' -I- (y - by • r% and which touches the plane j^ » 0, Shew that the area 
which it cuts off from the plane of ys is 9r(^-a*); why is this result in- 
dependent of r ? ^ 

N^ (2^ The surface generated by a straight line, reyolvin^ about a fixed 
/straight line, with which it is supposed rigidly connected, will be a cone, or 
a hyperboloid, according as the straight lines do or do not intersect. 

(3) The locus of the middle points of all straight lines passing through 
a fixed point and terminated by two fixed planes is a hyperbolic cylinder. 

(4) Shew that a line which always intersects two given lines, and is per- 
pendicular to one of them, generates a hyperbolic paraboloid. Interpret the 
result when the two given lines are at right angles to each other. 

(5) The ellipse, whose equations are 02* + ^' s 1, and z s mi^tetates^ about 
th® axis of s, prove that it always lies on the surface 

6(«* + y*)-(6-fl)mV = l. 

(6) Prove that the cones on the elliptic base ^/a' + ^/^'sl, 2 = 0, whose 
vertices are on the hyperbola dpV(a' - 5*) - ^/b*^ 1, y » 0, are right circular, 

(7) Of two equal circles, one is fixed and the other moves parallel to a 
given plane and intersects the former in two points ; prove that the locus of 
the moving circle is two elliptic cylinders. 

(8) If ^, B, Che the extremities of the axes of an ellipsoid, and AC, BC 
the sections containing the least axis, find the equations of the two cones 
whose vertices are A, B. and bases BC, AC respectively ; shew that the cones 
have a common parabolic section, and if / be the latus-rectum of this parabola, 
and /p 4 those of the sections AC, BC, then /' = l^'* -i- ^''. 

(9) Throuffh a focus of the spheroid « '/a' + (y* -i- s*)/c' » l,a>e, a plane is 
drawn parallel to the axis of z, and making an angle with the plane of ex ; 
prove that the section of the surface «y(a* - X*) + (y* + «*)/(c* - X') = 1 will be 
parabolic, if cos'O b (a* - X*)/(a' - c"), and shew that its latus rectum 

«2(X«-fl»)/V(a«-X"). 

(10) A straight line is projected on a plane which always passes through a 
given straight line, shew that the locus of the projection is a hyperboloid 
of one sheet or a plane. 

(II) The equation of the surface generated by the revolution of the line 
(« -/)// = (y - g)/m = (« - h)/n about the line x/A = y/B = z/C is 

(/+//))■ + (^ + mpY + (A + np)* « a:" + y* + «■, 

where /)(U + m-B + nC) = ^ («-/) + ^(y-y)+ C(«-A). 

(12) Find the locus of a point through which three straight lines can be 
drawn mutually at right angles, and passing through the perimeter of a curve 
whose equations are 2 » 0, and aar* -f &y' > 1. 

(13) The trace of an ellipsoid on the plane of xy is AB; shew that a cone 



which has AB for a guidin 
curve, and that the plane of 1 
with respect to AB of the projection of the vertex on that plane. 



i has AB for a guidins curve intersects the ellipsoid in another plane 
curve, and that the plane of mis curve intersects the plane of AB in the polar 



(14^ The axis of the right circular cone, vertex at the origin, which passes 
through the three lines whose directions are (l^, mi, n^), (/j, VH, rh)» {.ht ff>3i ^t) 
is normal to the plane 



X, y, z, 
hi w»i» ♦>!» 1 

'3* '"3* "31 1 
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CHAPTER XL 

ON GENERATION BY STRAIGHT LINES. 

204. In the preceding chapter we have shewn how certain 
surfaces of the second degree may be generated by tlie motion 
of ellipses, hyperbolas and parabolas. In the case of the cylinder 
and cone we have investigated the equations by supposing them 
to be generated by the motion of a straight line subject to certain 
conditions. 

We shall in this chapter show that the hyperboloid of one 
sheet, and the hyperbolic paraboloid, as well a3 the cone and 
cylinder, are capable of being generated by the motion of a straight 
line. 

But, before giving the analytical representations of the mode 
of generation by straight lines^ a general geometrical discossion 
may be found useful. 

205. Since a surface of the second degree can be inteiBected 
by a straight line in two points only, unless it should turn out 
that the line lies entirely in the surface, as in the case of a cylinder, 
it follows that no straight line can intersect a plane section of 
the surface in more than two points, and that every plane section 
must therefore be a conic. 

Now, if a plane be drawn containing a tangent to the principal 
elliptic section of the hyperboloid of one sheet and perpendicular 
to Its plane, the curve or mtersectidn with the surface will, in con-* 
sequence of the flexure of the surface being in opposite directions, 
be a conic which crosses itself at the point of contact, and the only 
conic havine this property is two intersecting straig;ht Knes. 

Hence, through every point of the elliptic section two strsu^ht 
lines can be drawn which lie entirely in the surface, and by making 
the plane travel round the ellipse, such straight lines sweep round 
the whole surface, which can therefore be generated in two waya 
by the motion of a straight Une. 

206. If we take any two positions of the plane through 
tangents PT, PT to the principal elliptic section APP'A'j their 
line of intersection, which will be perpendicular to the principal 
plane, will intersect the hyperboloid in two points only Q, ^, and 
the two pairs of generating lines will be PQ^ PQ and P'Q, P'C 
since no straight line common to the plane PQQ and the surface 
can meet Q^ except in Q or C, 
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Thas4 the orthogonal projections of generaJting lines on this 
principal plane are tangents to the principal elliptic section ; and 
similarly for the principal hyperbolic sections. 

Also, througn every point such as Q, two straight lines can 
be drawn which lie entirely in the surface; and it is evident 
that generating lines of the same system^ such as FQ and P'Qf 
do not intersect, 

K a plane be drawn in any direction containing a generating 
line PQy the conic of intersection must be two straight lines ; 
hence, the plane will contain another generating line, and these 
two generating lines will be of opposite systems, since they must 
intersect at a finite or infinite distance. 

Since JP'Q is parallel to a generating line of the opposite 
mtem, drawn through the other extremity of the diameter through 
P\ the same conical surface will be generated by lines drawn 
through the centre of the hyperboloid parallel to either system 
of generating lines, and will moreover be of the second degree. 

207. No straight line^ which does not belong to one of the tioo 
systems of generati7ig lines^ lies on an hyperboloid. 

For, if posstble, let a straight line (C) lie entirely on the 
hyperboloid, then since each system generates the whole hyper- 
boloid, (C) must meet an infinite number of straight lines of each 
system ; let two of these {A) and (B) of opposite systems intersect 
((7) in two different points, in which case a plane can be drawn 
through them intersecting the surface in three straight lines ; but 
the section of a surface of the second order by a plane must be 
a curve of the second degree, therefore no such line as ((7) can 
exist. 
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208* We leave it to the student to shew that a hyperbolic 
paraboloid may be generated in a similar way, and that the 
generating lines are all parallel to one or other of two fixed 
planes. 

It will thus be seen that, since no three lines of a cone of the 
second degree can be parallel to the same plane, unless the cone / 
split up into two planes, this forms a complete distinction between 
the two cases in which the generating lines of conicoids are real, 
viz. the hyperboloid of one sheet and the hyperbolic paraboloid. 

209. To find ike surface generated hy a straight line which 
meets three fixed non-interaectina straight lines. 

Let these fixed straight Imes be (A)^ (B)^ (^)i these linea 
obviously lie on the surface in question. 

Now consider anv plane through (A)\ it will meet (E) and 

(0) in points Q, J?, and in these points only, and QR will 

meet Ca) in some point P; so that JPQR is the only straight 

line 01 the system lying in the plane. Hence this plane meets 

the surface in two straight lines PQR and {A\ which form a 

group of the second degree. But the section of a surface by a 

plane is a curve of the same degree as that of the surface. The 

surface in question is, therefore, of the second degree. 

The equation of the locus may be found in a simple form by considering 
the three ^ven lines as edges of a parallelepiped which do not meet and taking 
axes through its centre parallel to those edges, the equations of which become 
y^h,z^-e\ « = c,x = -a; x-a^ y = -ft; now « + tf=a(y-6), »-c = ^(« + a) 
give planes containing the first two edges, and may be taken for the equations 
of the generating line, which intersects the third if e 4 6a + a/3 « 0, 

/. «(x + a)(y-6) + 6(« + c)(« + a) + a(y-6)(«-«) = 0, 

or ays + &Ba? + exy 4- a5e s 0. 

210. To find in what cases a straight line can he drawn through 
a given point of a conicoid^ so as to lie entirely in the surface. 

Let the equation of the conicoid, supposed central, be 
oaj* + 6y*4-ca'=I, and let (/^ g^ h) be the given point, Z, wi, n 
the direction cosines of the straight line supposed to satisnfy the 
condition ; the coordinates of any other point at a distance r from 
(/> ffi ^) arey 4- Zr, g + «ir, A + nr ; hence the equation 

must be satisfied for all values of r; 

.-. aP + 6m' + cn' = 0, (1) 

qfl 4 bgm + chn = 0, (2) 

anda/' + V + cA' = l- (3) 

(i) shews that one or two of the quantities a, 5, c must be negative ; 
let c be negative ; then since, by (I), (2), and (3), 

(aP + bm') [af ' + bg*) - {qfl + bgrn)' = (1 - cV) (- en') - c*AV, 

aJ(5Z-/»i)' + cn>0; (4) 
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faenoe, unless a, bjOr c^ 0, which are cases of cylindrical surfaces, 
ab most be positive, and therefore both a and b will be positive, 
since all three cannot be negative. 

Thas the central surface, on which a straight line can lie 
entirely, must be the hjperboloid of one sheet. 

If the surface be non-central and its equation by^-^-cz' ^x^ the 
equation corresponding to (I) will be ^ -f cn' = 0, which shews 
that the surface must be the hyperbolic paraboloid, since b and c 
must have opposite signs. 

In either case, for every position of the point (/j g^ h) there are 
. two straight lines which lie entirely on the surface. 

The hyperboloid of one sheet, and the hyperbolic paraboloid, can 
therefore be generated in two ways by the motion of a straight line. 

211. The equations (2) and (4) give the directions of the two 
straight lines through (/, ^, i), namely 

I _ ^ _ ^ 

^^ ± V(- cbja) g-cfh-^ V(- ca/A)/- egh- af^-bg'' 

212. Toftnd th§ angle between the generating lines which eroee at a given 
paint. 

By applying the method of Art. 26 to equations (1) and (2) of Art. 210» or 
by using the ratios li min given in the last article, it can be shewn that, ilf yfr 
be the angle between the generating lines of the hyperboloid «VaNyV9'-s'/^sl 
which pass through a point at a distance r from the centre, 

2flic cot^ «|i (r" - a* - 6* + c"), 

where p is the perpendicular from the eentre upon the plane containing the 
generating lines. 

Coa. If the generating lines be at right angles, the points lie in the 
iutersection of the sphere r* s a" -t- 6" - c* with the hyperboloid. 

AnalysiB of Generating Lines* 

213. To find the generating lines of a hyperboloid of one sheet. 

The equation of the hyperboloid a^/a'+y*/^*"^*/^^! ^^7 ^ 
written in the form 

sc'/a* + y*/^* ** (^8 a ± sin a «/c)* + (sin a T cos a elc)\ 

.*• a;/a = cosa± sin a is/c andy/&s=sina7cosa2;/c (1) 

satisfy the equation for all values of a ; hence the two straight lines 
which, for a particular value of a, have these for their equations, 
lie entirely in the surface. 

By the variation of a we obtain two systems of straight Imes, 
which lie entirely in the surface, and either of these systems 
generates the hyperboloid. These equations may also be written 
m the form 

(x — a cosa)/a sina = (y — J 8ina)/(— J cosa) = ± z/c^ 

from which equations it is manifest that straight lines drawn 
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parallel to them through the centre will lie upon the asymptotic 
cone. Hence also, no three generators of the hyperboloid can be 
parallel to the same plane. 

If z = OjX^a cos a, and y » 5 sina ; therefore a is the eccentric 
angle of the point of intersection of the two straight lines (1) with 
the trace of tne hyperboloid On the plane of an/. 

2 14. Any point of the hyperboloid may be represented by the 
coordinates a cob0 sec^, b sin sec^, c tan i^, since these satisfy the 
equation for all values of and ^. 

If the points represented by these coordinates lie in the same 
generating line, and ^ must oe restricted in value ; to shew thi^t 
either ^ + ^9 or 0- <f> must be constant, it is only necessary to 
substitute the values of x^t/jzia the equations of Art. 213 

{x/a — cosa)/ sina = (y/5 — sina)/— cosa » ± «/c, 

where a is some constant angle. ^ 

215. ITie pryectims of the generating lines upon the principal 
planes are tangents to the traces on those planes. 

For, the equations of the trace on the plane of zx^ and of the pro- 
jection of a generating line on the same plane being afjcf-- z^j<? « i^ 
and a;/a = cos a ± sin a 2;/c, the values of z at their points of inter- 
section are given by the equation 1— (cosa±sina2/c)^ + «'/^* = 0, 
which has equal roots, the projection is therefore a tangent to the 
trace. Similarly for the trace on the plane of xy. See Art. 206. 

216. To shew from their equations that two generating lines of 
the same system do not intersect. 

The equations of two generating lines of the same system 

are xfa » cosa ± zjc sin a, ylh = sin a 7 zjc coso, 

and a:/a = cos a' ±«/c sina', yjb ^B>ma'^ zjc cosa'] 

if the two lines meet, we shall have at the points of intersection, 

= cosa — cosa' ± «/c (sina - sina'), 

and s= sina - sin a' T zjc (cosa — cosa') ; 

.•• (cosa — cosa')' + (sin a — sina')' = will be the condition of in- 
tersection, which cannot be satisfied unless a = a'. 

Similarly it may be shewn that the condition that the two 
generators of opposite systems defined by a, a' may intersect is 
cos' a— cos' a' + sin' a — sin' a' = 0, which is identically true. 

217. To^nd the locus of the intersection of two generating lines of opposite 
systems, draton through points in the principal elliptic section^ whose eccentric 
angles differ by a constant angle. 

Let fi^-a, and /3 - a, be the eccentric angles of two points in the principal 
elliptic sectioui differing by a constant angle 2a. 
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The eqiiAtions of the generating lines of opposite systems are 

ar/a B cos (/3 + a) i s/e 8in(/3-f a), y/6 s sin (y3 + a) T c/c cos ()9 -f a), 
and a/a = co8(/3-o) + j/c8in(/3-a), y/6 = sin ()3 - a) + e/c cos (P - a). 
At the points of intersection, by subtracting 

m sinp sin a + ^tf sin^ cosa, or s/(e » :t tan a, 
.'. x/« - seca cos/3 and y/b = seca sin/3 which give jtVo* + yV5' «= sec'o. 

Therefore the locus required is the two elliptic sections, parallel to the 
plane of xy, which intersect the traces on the planes of zx, yz, at points whose 
eccentric angles are ± a. 

218. The generating lines can also be represented by taking 
for the parameter the eccentric angle of one of the principal 
hyperbolic sections instead of that of the elliptic section. Thus the 
equations of any generating lines may be written 

xja ss seca ± tan a yjb^ 
£;/c = tana ± sec a y/&. 

219. Another simple method is to take the equations in the 
form xja + «/c = X (I ± yjb) and x/a — z/c = V* ( 1 T y/J) the double 
eign, both upper or both lower, corresponding to the two systems 
of generators. 

220. In this manner of considering generating lines there are 
two pencils of planes passing respectively through the lines 
ic/a — «/cs=0, 1— y/6 = 0, and ic/a+«/c = 0, l+y/i = 0, and these 
pencils are homographic, since to each plane of one pencil cor- 
responds one and only one plane of the other, therefore : 

Every hyperholotd of one sheet is the locus of the intersection of 
corresponding planes of two homographic pencils of planes. 

221. If any four planes of one pencil be taken and also the 
corresponding four planes of the other, the two sets of four planes 
will have equal anharmonic ratios. For, if \^ \„ X,, X^ be the 
parameters of four planes of the first pencil, their anharmonic ratio 
will be (X, - Xj) (X^ — Xj : (X, - X,) (X^ - Xj, which will be un- 
altered if X"* be written for X. 

222. The accompanying figure is meant to be a representation of the 
positions of sixteen generating lines of each system, corresponding to eccentric 
angles differing by {w, ABah is the principal elliptic section, ABa'h' and 
A"B^a"b*' are the parallel elliptic sections which intersect the conjugate axis of 
the hyperboloid at its extremities C, C", the axes of which sections are in the 
ratio V2 : I to the axes of the principal sections. 

The generating lines through the extremities of the axes Aa, Bh intersect 
these two ellipses at points- X', K% and L'\ X", whose eccentric angles are iir 
and f^r, %.e, at the extremities of equi-^onjugate diameters; and those through 
X, K, the extremities of equi-conjugate diameters of the principal elliptic 
section pass through the extremities of the axes of the two ellipses. 

The two ellipses A'B'a' and A''B"a" are the loci of the intersections of 
opposite systems of generating lines drawn through the extremities of conjugate 
diameters of the principal elliptic section. 
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The figure serves to represent that the intersections of generating lines of 
opposite systems drawn through points in the principal elliptic section, whose 
eccentric angles differ by a constant angle, lie in an ellipse, tne plane of which 
is parallel to the principal plane. As, for example, such pairs of generating 
lines as LB, P'D, and BL\ PP'* 




223. To find the generating tines of a hyperbolic paraboloid. 
The equation of a hjj'perbolic paraboloid, y^jV — s^jc^ = 2a;/a, is 
satisfied for every point in the lines whose equations are 

y/J ± a/c = 2a;/X and y/6T«/c = X/a, (1) 

whatever be the values of X; therefore giving X all values we 
obtain two series of straight lines, all of which lie entirely in the 
surface ; and these are the two systems of lines, which are recti- 
linear generators of the paraboloid. The second *of the equations 
(I) shews that the two systems of generators are parallel respectively 
to the two asymptotic planes whose equations are yjb T zjc = 0. 

O 
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224. To shew that generating lines of a hyperbolic paraboloid 
of the same system do not intersect^ and that those of opposite systems 
do intersect. 

Let the equations of two lines of the same system be 

y[b±zlc = 2x{k^ yjb^zfc^^Xja^ 

and ylb±zlc = 2xl\'j ylbTzjc^X'/a^ 

if the lines could intersect \ = X', which is inadmissible, since the 
lines are supposed distinct. 

A^ain, changing the order of the signs in the second set of 
equations, the lines are of opposite systems ; if they intersect 

(\ + V)/a= 2y/6=: 2aj (\"' + X'"^), 

(X - X')/a = + 2«/c = - 2a; (X"' - X''^, 

the consistency of these equations proves that the lines of opposite 
systems intersect. 

225. To shew that the projections of the generating lines on the 
principal planes are tangents to the principal sections. 

The equations of the generating lines are 

y/6 ± «/c = 2a:/X, y/JT«/c = X/a, • 

and that of the projection on the plane otzx is ±2zlc=2xl\'-'\fa^ which 
meets the trace of the paraboloid on the same plane, viz. z^fc? ^—^xja^ 
in two coincident points. 
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226. The figure on the preceding page is intended to represent the manner 
in which the hyperholic paraboloid is generated by straight lines. 

HAKy K'A'K' are portions of the branches of a hyperbolic section made 
by a plane parallel to that of yt, cutting Ox on the positive side ; ECJ3', DCU 
are the asymptotes of the section. 

FBF't GB'Q' are portions of the branches of a hyperbolic section parallel 
to yz on the negative side of Ox, 

A OA' and BOS' are the traces on the planes of xy and so;. 

The two sections are so chosen that the generating lines through B, an 
extremity of the transverse axis of one section, pass through A^ A'f the 
extremities of the transverse axis of the other. 

dO, d'Ot are the traces of the paraboloid on, the plane yz, where the 
hyperbolic section degenerates into two straight lines. 



XVII. 

(1) Shew, by geometrical considerations, that the locus of intersection of 
two generating lines drawn through two points in the principal elliptic section 
of a hyperboloid of one sheet, whose eccentric angles diner by a constant 
quantity, is two ellipses parallel to the principal plane, at equal distances from it> ^ 

(2) Shew that there are two straight lines, and two only, which intersect 
four straight lines, no three of which are parallel to the same plane^ and no two 
of which intersect. 

(3) The eccentric angles of the points in which the principal hyperbolic 
sections of a hyperboloid of one sheet are met by any generating line are com- 
plementary, and that of the point in which it meets the principal elliptic section 
is equal to one of these. ^ 

(4) Find at what points of the principal elliptic section of a hyperboloid the 
generating lines can be at right angles, and shew that the diameters parallel to 
the tangents at those points are equal to the length of the conjugate axis.^ 

(5) Prove that the points at a finite distance on a hyperbolic paraboloid, at 
which the generating lines are at right angles to each other, lie in a plane 
perpendiciuar to the axis. ^^ 

(6) Prove that, if any straight line intersect three straight lines which are 
all parallel to the same plane without intersecting each other, the intersecting 
straight line will in all positions be parallel to another fixed plane. 

^ (7) The generating lines of the surface yz + so; + ;Ey -f a* ^s 0, through the 
point (0, amt - a/m), are «(I±fn)~ am -y = + {mz -I- a). 

(8) Where the planes a; + y + « = ±a meet the surface «y + y« + »c + a* «» 0, 
the generating lines of the surface are at right angles to each other. 

(9) If a risht circular cone have three generators mutually at right angles, 
the secant of tne vertical angle will be - 3. 

(10) If four generating lines intersect so as to form a quadrilateral, whose 
angular poinU tfUien in order are (^|4>i), {0^4>^i {^t^zit (^i^i)t (see Art 214), 
prove that ^j + ^, = ^:j + 0^ and ^i + ^3 = 02 + <^4« 

(11) A straight line moves so as to intersect each of the parabolas 
y* = ajT, s = ; z* s - 5d?, y a ; and to be always parallel to one of the planes. 
y*/a s zV6 ; shew that its locus is the paraboloid yya - zV6 - x. 
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(12) Generating lines of the hyperboloid a^/a^ ^ j/'/b^ - t^/a^ ^ I are drawn 
tlirough points in the plane of xy, wnose eccentric angles are atfit shew that 
their points of intersection are given by the equations 

X : y :z:l = a cosa :h tina: ±e sin/S : co8/3» 

also that the shortest distance d between two of the same system is given by 

4 8in*/3/a" = sinV«* + cosV** + C08«/3/c«. 



XVIU. 

(1) If three generating lines of the same system on a hyperboloid be 
mutually at right angles, the shortest distance between any two will lie on a 
generating line. 

(2) If two planes be drawn, passing respectively through two generatinff 
lines of the same system at the extremities of the major axis of the principal 
elliptic section, and intersecting in a third generating line, the traces of these 
planes on either of two fixed planes will be at right angles to each other. 

(3) If a ray of light be reflected between two plane mirrors, inclined at any 
finite angle, shew that all the reflected rays will lie on a hyperboloid of revolu- 
tion ; and find its position. 

(4) 04^ + ft^' 4 (s* -I- ale s is a hyperboloid of one sheet, shew that one 
system of generators is represented by any two of the equations la + tnz •■ ny » 0, 
- Is + m& -I- fixsO, and ly - mx 4 nc « 0. What is the other system ? 

(5) The perpendiculars from the origin on the generating lines of the 
paraboloid ic'/o" - yV^ - 2g/c lie upon the cones {x/a ± y/h) {ax±by)-\^ 2s* « 0. 

(6) The perpendiculars from the origin upon the generating lines of the 
hyperboloid «•/» + yV^' ~ ^/^ = 1 lie upon the cone 

(7) The angle between two planes, each passing through the centre, and 
through one of the generating lines at any point of a hyperboloid, is given by 
the equation 2r cot^ « ahc {p* - a"* - 6"* + c"*), r being the distance •f the point, 
and p that of the plane containing the generating lines, from the centre of the 
hyperboloid. 

(8) If 20 be one of the angles between the perpendiculars from the centre 
on the venerating lines of a hyperboloid which pass through the point 
(a cos a, h sin a, 0), then will 

c» {a* - 6«)« cot*^ = a« (6* + c«)« cosec-a + ^ (c» + a")* sec'a. 

(9) The tangent of the angle between the generating lines of the surface 
gi^/a - y'/h <= s, wmch pass through the point (/, ^^), is 

^/{lah 4- bf/a + ag'/b) 
A + l(a-6) 

(10) Prove that if r be the distance of any point of the surface 
yz 4 sx + j:^ -h 2a'a0, from the origin, the cosine of the angle between the two 
generating lines at that point will be (r» - 6a*)/(r* + 2a*). 
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(11) The cosine of the anele between the generating lines through the 
point («, y, z) of the hyperboloid x*/a + yV6 + «Vc =1 is (X, -I- \)/(X, -* Xi), where 
\f \ are the roots of the equation 

arVa (a + \) + y*/6 (6 + X) + z*/c (c + X) = 0. 

(12) The straight line which is orthogonal to each of two non-intersecting 
generators of the hyperboloid a;' + y* - z^ = a', becomes a generator of the 
opposite system when the two non-intersecting generators become consecutive. 

(13^ The generating lines of the hyperboloid <u^ -i- ft^ -t- cs' = 1, at any point 
where it is met by the cone t^x^ + A'y' + €^^= 0, are both perpendicular to some 
other generating line. If the generators be themselves at right angles, the 
point will lie on the sphere x* -f y* + z' « a'^ -f b'^ -i- c''. Shew that these conditions 
cannot coexist unless a + & -f c - 0. 

(11) Shew that the shortest distances between generating lines of the same 
system drawn at the extremities of diameters of the principal elliptic section of 
a hyperboloid, axes 2a, 2b, 2e, lie on the surfaces whose equations are 

cxy/(a* + y") = ± abz/(a* - 6*). 

(15) Shew that, to an eye outside of a hyperboloid of one sheet, every 
generating line will appear to lie on another. 

If the eye be placed upon the surface of the hyperboloid whose equation is 
aa^i-bi^-i-csi^^ I, prove that the points, the generating lines through which 
appear to be perpendicular, will lie on a plane whose equation is 

(a + b + c) {qfx + ^y-l-cAz-l)»2 (a*/z + Vgy + ^hz), 

where (/, g. A) is the position of the eye. 

(16) If three generatina; lines of the same system be the edges of a 
parallelepiped, shew that the angular points of the parallelepiped which are 
not on the hyperboloid will lie on the hyperboloid «Va' + yV6' - «•/<'* + 3 = 0. 
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SIMILAR SUEFACES. PLANE SECTIONS OF CONICOIDS. 

CYCLIC SECTIONS. 

227. We shall now consider the nature of the curves in which 
a plane intersects central and non-central conicoids, and we shall 
at present consider these surfaces as given by equations in the 
simplest form, such as have been discussed in the tenth chapter. 

We shall examine the special cases in which the section 
made by a plane is circular, called a cyclic section, and the 
generation of the central conicoids and of the elliptic paraboloid 
by the motion of a variable circle, the plane of which is parallel 
to a given plane. 

Similar Surfaces. 

228. Def. Two surfaces are similar, say U and U\ when for 
any point determined with regard to ?7, and any two radii OP, 
OQ^ another point 0', and two radii O'P', O'Q can be found 
for U\ such that lFOQ^lP'OQ, and 

OP' I a Q 11 OP: OQ. 

229. From the definition it follows that if OA^ OB, 00 he 
three arbitrary radii at right angles to one another in U, three 
radii 0'A\ OB^ 0' C can be found also at right angles satisfying 
the above proportion, and if the direction cosines of radii OP and 
OP" referred to these as axes, in U and U' respectively, be equal, 
OPi aP':: 0A\ OA. 

The surfaces will be similarly situated when the lines OA, OB, 
00 are parallel to ffA\ OB, OG', and in this case may 
always be chosen so that and 0' coincide, in which case the 
surfaces are said to be similarly situated with respect to ; this 
point will be the intersection of two lines PP', QQ where P', Q'.on 
one surface correspond to any two points P, Q on the other. 

230. The analytical expression is that, li f{x, y, «) = be the 
equation of any surface, that of any similar and similarly situated 
smface will be 

/{X (x - a), X (y - )9), X (j5 - 7)} = 0, where 0P= X OP\ 

The number of conditions, which the coefficients of the equations 
of two surfaces of the n^ degree must satisfy is 

(n + l)(n + 2)(7i + 3)/6-5, 

in order that they may be similar and similarly situated. 



SIMILAR SURFACES. 103 

The terms of the highest degree in the two equations must be 
the same, except for a constant factor. 

Thus, in the case of the hyperboloids, thej are similar if thej 
have similar conical asymptotes. 

It will be seen that, according to the definition, hyperboloids of 
one and two sheets may be similar, as 

o^ + jy — ca* = 1 

— ox* — hy^ + ca* = 1, 

for imaginary radii of one drawn in the same direction as real radii 
of the other will be in the same ratio. 

231. Sections of the same conicoid by parallel planes are similar 
and similarly situated conies. /icrryx<T^-A.C:ti<^ 

Sections of similar and similarly situated conicoids hy ike same 
plane are similar and similarly situated conies. 

These propositions are easily proved by transforming the axes 
of coordinates, so that the plane of xy is parallel to the cutting 
plane, when the projection of any section, found by making z 
constant, will be represented by an equation in x and y^ for which 
the terms of the second degree will the same. 

Hence, we can deduce that a plane section of a hyperboloid 
is a hyperbola if the parallel plane through the centre mtersects 
the conical asymptote in two of its generating lines. 

232. It is of great importance to observe that, when two 
conicoids are similar and similarly situated, the condition that the 
terms of the second degree are the same in each except for a 
constant factor, or, in geometrical language, that their real or 
imaginary asymptotes have their sheets parallel, may be stated ^ - r ^ v- 
as follows : ^' similar and similarly situated conicoids intersect the ^ . c rr 
plane at infinity in the same real or imaginary conic." ^ 

A particular^case of this is that ^^ all spheres pass through the 
same imaginary circle at infinity." 

233. To determine the, nature of the section of a conicoid made 
hy any given plane. 

This may of course be done by the substitutions of Art. 151, 
but for surfaces of the second degree the plane sections will be 
curves of the second degree, so that simpler methods may 
advantageously be employed. If it be required only to discover 
the species of conic to which the section belongs, we may effect 
this immediately, taking any orthogonal projection of the curve 
of section, since an ellipse, parabola, or hyperbola, will be projected 
into a curve of the same species, though in general of different 
eccentricity. The only exception is when the plane of section is 
perpendicular to the plane of projection, but as no plane can be 
perpendicular to all the coordinate planes, there is at least one 
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of the coordinate planes which may, in any proposed case, be taken 
as the plane of projection, and which will not be perpendicular to 
the plane of section. 

As an example of this method, we may take the section of the 
paraboloid 6y* + <»* = a? made by the plane Ix + my + nz^O, The 
equation of the projection of the curve of section on the plane 
of yz is I (iy' + c«') + wy -f «« «= 0, which is always an ellipse, or 
always a hyperbola, according as b and c have like or unlike 
si^s. If Z = 0, the exceptional case above mentioned arises, and 
tuing the projection on zx we have the equation 

or the section is parabolic, unless n'i + «n'c=sO, when it reduces to 
a straight line, the other straight line completing the curve of 
intersection being at an infinite distance. Hence, for the para- 
boloids, all sections parallel to the axis of the principal sections 
are parabolas, and all other sections ellipses for the elliptic 
paraboloid, and hyperbolas for the hyperbolic paraboloid. 

If, however, a more exact determination is required, It will be 
convenient to deal with the problem in the manner we propose. 

Plane Sections. 

234. To find the locus of the centres of all sections of a central 
conicoid made by parallel planes* 

Let asx? + Jy* + c«' = 1 be the equation of the surface, and 
Ix + my -\'nz=sp that of one of the parallel planes. 

Any straight line drawn in this plane through the centre of the 
section will be bisected at that point. 

Let (^, fjy ^) be the centre, r any radius of the section drawn in 
the direction (X, /l(, v), therefore the values of r are given by 

a (f + "^ry + b (17 + firy + c (f + vrY = 1, 

and, since the values of r are equal and of opposite signs, 

a|X 4- brjfi + c^v = 0, 

also, since the direction of r lies in the plane, we have 

t\ 4- mfA + ny = 0, 

which equations being true for an infinite number of values of 
X : /L( : V, we have af/Z = ft«7/w = 0^/71, (1); therefore the equations 
of the locus of centres of sections, made by planes whose direction- 
cosines are Z, m, n, are axjl = byjm = czjn. 

235. The equation for determining r, being 

(aX' + V+ c/)/= 1- af'- &i7'-cC', 

shews that the parallel plane sections are similar, for, If (X', fi\ v) 
be the direction of another radius r , 9^ : r" will be independent of 
jp^ or constant for all the parallel sections, which are therefore 
similar and similarly situated. 
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236. To find the position of the cutting plane when the curve of 
intersection becomes a point-ellipse or line-hyperbola. 

The section becomes a point-ellipse, or line-'hjperbola, when 
r = for all directions which make a\' •+- J/a' -f cv* finite, therefore 
af * + br)* + of * = 1 ; let m be the value of p for the position of the 
plane required, then bj the equations (1) 

flg'-l-V+cg' ^ l^ + my + n^ 
l^ + mi^ + n^ rja + m^jb + n'jc ^ 

/. isT^^ria + m^lb-^n^lc. 

The point'^llipse is when the values of >, /l(, v given by 
aX' + i/A +01^ = 0, and ZX -f vn/i 4 nv = are impossible, and the 
line^hjperbola when they are real. Now, it is not hard to shew 
that (ma\ - Ibfi)* + dbcv^m' = 0, hence, the section degenerates to a 
point-ellipse when abc is positive, or for an ellipsoid and hyperboloid 
of two sheets, and to a line-'hyperbola when cJ>c is negative, or for 
an hyperboloid of one sheet. 

237. To find the magnitude and direction of the axes of any 
central plane section of a central conicoid^ and the area when the 
section is elliptic. 

The equations which connect the direction of any radius of 
the section by a plane, whose equation is 2a; + my + na; = 0, are, 
as in Art. 234, 

(a\* + JAA'+ci^)r' = l=\*4-A** + »'') and ZX + m/A + w = 0, (1) 
.-. n' {(ar* -1) \'+ (Jr' - 1) /**} + (cr'- 1) (ZX-f »i/a)* = 0, (2) 

is an equation which, for a given length r, gives generally two 
values of X : ;t ; but if the given length be that of either semi- 
axis, the two values of X : /i will be equal, the condition for 
which is 

{(ar'- 1) n* + (cr'- 1) Z'} {(Jr'- l)n*+ (cr»- l)7w'} = (cr'- lyPrn', 

.-. Z'(6r'-l)(cr'-l)+...= 0, 

or Vl{ar' - 1) + m'l(br' - 1) + n7(cr* - 1) = 0, (3) 

this quadratic in r* gives the squares of the semi-axes of the section. 
If 2a, 2/9 be the axes of the section, 

a"'^"' = Vbc + m^ca + n^ab^ 

and a'' + /8'' = P(ft + r)4-«i'(c + a) + n'(a + J). 

When the section is elliptic its area 

= Tra/S = w" (Tbc + nfca 4- n'abyK 

Again, the coefficient of X* in (2) is n*(ar*- 1) + P^cr*— 1\ 
which, by (3), is easily reduced to - wi' (cr^ — 1) (ar^-- ^)/lbi^ — 1% 
hence the equation (2) becomes {(ar^ — 1) m\ ^ (Jr' — 1) Z/a}* « 0, 

/. (ar'-l)X/Z»(6rf-l)/A/m«(ci^-.l)y/n, (4) 

p 
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and, if we write a and P for r, these equations, with (1), will 
determine completely the directions of the two axes. 

The equations (3; and (4) might have been formed by making 
r' a maximum or minimum, but we leave this to the student, the 
process adopted being more instructive. 

If only the area of the section be required, the area of its 

E rejection upon one of the coordinate planes, as that of ary, multiplied 
y n~^, will oe the area to be found. 

238. To find the direction of the central plane section whose axes are of 
a given tnagnittuie. 

The equation giving the axes in terms of the direction of the plane section 
is P/{ar* - 1) + m*/{br^ - 1) + n*/(er* - 1) = 0, T^hence, if 7, ^ be the reciprocals 
^^>c^mA^ of the squares of the given 'laxes, 

l*be + m^ca + n'ah « 7^, 

/• (6 + c) + m* (c + a) + n* (a + 6) = 7 + ^ 

/■ + m* + n* = 1; 

ihultiplying the second and third equations by - a, a*, and adding, ve obtain, 
for the determination of I, m, and n, 

/•(a-6) (a-c) = (a-7)(a-a)j ^ 

similarly, m* (6 - c) (6 - a) = (6 - 7) (6 - «), U^ 

and n«(c-a)(c-6) = (c-7)(c-a); ^-^ 

the second equation shews also that if a, 5, e be in order of magnitude, 5 must 
be intermediate between 7 and i. 

Hence, for a circular section, 7 o 6 = d ^} <' > 

.-. m = 0, and r/{a - *) = nV(6 - c) = l/(a - e). ^'^' 

239. To find the angle between the real or imaginary asymptotes 
of enplane section. 

From the equation (aX* + J/t* + cv*) r^ = 1, it follows that when 
r = 00 , oX' -♦- i/*' + cv' = 0, also tK + ?w/* + wv = 0, .'. if to be the 
angle between the asymptotes of the section, supposed hyperbolic, 
it may be shewn by the method of Art. 26 that 

. P(i-fc) + m'(c4a) + n'(«.ffc) 
2 V{- (Phc + m'ca + n'ab)] ' 
or it may be obtained directly from the quadratic in r', Art. 237, 
since tan^icD = - ffla\ .'. cot'w = (a* + ^')7(- ^^W- 

This gives the condition that coto) will be real, infinite, or 
impossible as Pic + m^ca 4 n^ah is negative, zero, or positive, thus 
determining the condition that the section may be hyperbolic, 
parabolic, or elliptic. 

The nature ot the central plane iction may be determined from 
the discriminant of the quadratic (3) Art. 237 by reducing it to the 
form {P(6-c)+m'(c-a)-«*(a- J)}'+4P7ii'(a-c)(6-c); also, 
by the same quadratic, if the section consists of two parallel 
generating lines whose distance is 2rf, d''=P(a-c;6/a+m'(6-c)a/J. 

240. To find the area of any elliptic section of a central conicoid 
made by a plane not passing through the centre. 
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Let the eqnation of the plane be Ix + fny + nz^Bp* the area 
of a central elliptic section has been shewn to be 

TT (Pbc + m'ca + n^ab}^^ 
and any radius Tector of the section considered is given bj 

(aX' + V + CK*) r^= 1 -//tsr*, a 9^ ^ 

where «* = P/a + m'/i + n'/c, w being the value of p when the 
section vanishes, and, since Pbc + m*ca + n'oi is positive, cr is real 
only when abc is positive, or for the ellipsoid and hyperboloid of 
two sheets. 

But if we takccr for the value o( p when the section of the 
hyperboloid of two sheets, which is conjugate to that of one sheet, 
vanishes, since in this case a, b» c have their signs changed 
w'^^PIa-^yib'ti'lc. 

Hence, if A be the area of the parallel central section of 
the ellipsoid and hyperboloid of one sheet, and of the hyperboloid 
conjugate to the hyperboloid of two sheets; and if A' be the 
area of the section by the given plane, since they are in the 
duplicate ratio of homologous lines, 

for the ellipsoid ^' = u4 (1 - //tsr'), 

for the hyperboloid of two sheets A' ^A {p^frsf*- 1), 

for the hyperboloid of one sheet A =^A(\ -¥p*l^'}^ 

241. If we take two conjugate hyperboloids o^ + 6y* + ^ » + 1^ and the 
asymptotic cone to both, asr + by* + cs* » 0, the area of the section of the 
latter may be found, from those of the former, by making a, 6, o infinitely 
large, preserving their ratios. Hence if A^t A^ A^ be the areas of th^ sections 
of the three surfaces made by any plane cutting them all in ellipses, and A 
that of the parallel central section of the hyperboloid of one sheet, we shall 
have A^»A{\^ pV«*)i -^a = A (f^/w* -I), A^^A (;?"/«*), whence A^-^A^^ 2A^ 
or the section of the cone is an arithmetic mean between the sections of the 
two hyperloids. 

Also, if V be the volume of the cone cut off by a plane touching the 
hyperboloid of two sheets, we shall have 

3 F = -43« = Am, :. 3 r=: w/y/{abe), 

which is constant for all positions of the cutting plane. 

242. To find the locus of the centres of all sections <f an elliptic 
cr hyperbolic paraboloid made by parallel planes, 

het by' + cz' = 2a; be the equation of a non^central conicoid, and 
let the equation of one of the planes be lx-\- my -{^nz =^, then 
using the same notation as in the last article, we obtain the 
equation 6(i7 + /*r/ + c(J'+Fr)* = 2(§-hXr), (1), and deduce for an 
infinite number of values of X : /a : i^ 

brjfi + c{V — \ =5 and mfA + nv + Z\ = j 

.\ brjlm-c^ln^-lll^ (2) 

thus, the locus of centres of sections made by planes whose direction- 
cosines are 7, m, n is a straight line parallel to the axis of the 
paraboloid. 
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243. To find the position of the plane for which the seopicn is a 
point^lUpse or line-hyperbola. > 

(f } Vj being the centre of the section, (1) becomes 

(J/i' + CK*) r* = 2f - V - cf* ; also Zf + «ii; + wf=p, 

/. by (2) Zaf-p)-»iVJ + «Vc = P(Ji7*+cn; 

.•. (J/** + cv') r* = 2pll + (w'/ft + n^lcJlF = 2 (j:; - -ar)/? suppose. 

The sections are ellipses, when r cannot be infinite, or when 
I and c are of the same sign ; point-ellipses when p^vr. 

They are hyperbolas where h and c are of opposite signs, and 
the directions of the asymptotes are given by i/t* + cv* = 0, which 
shews that the asymptotes are parallel to the same two planes for 
all values of I, m, and n. 

244. To find the magnitude and direction of the axes of any 
plane section of a paraboloid. 

The equation of the paraboloid being by^ -\-af=^ 2Xj and that 
of the cutting plane Ix + my-hm = o, the equation connecting any 
central radius of the section with its direction (\, /a, v) is 

(J/i* + cv') r^ = 2 (^ — v)/l = p suppose = p (X' + /t* + v*), 

/. P (V ^c^)f^^p {(m^ + nvy + P (/a' + v*)}, (1) 

and if r be the length of either of the semi-axes, this equation will 
give equal values of pt : v, 

. {V (bf^ - p) - m'p} [V (cr^ - p) - «V} ^p'm'n% 

or I' (br^ - p) (cf^ - p) - pm' {C7^ - p) - pn' (br' - p) = 0, (2) 

or Z»icr*-{Z*(6 + c)+w'c-f n'i}pr» + p^ = 0. 

This equation gives the magnitude of the axes 2a, 2)9, and the 
area of the section when elliptic 

^ Trp 27r 

The coefficient of /a' in equation (1), is 

Z»(Jr>-p)-«iV = pn'(6r'-.p)Ac/-p)by (2), 
and the equation becomes (6r* — p) t?M = (<^ — p) wv ; 

/, (Ji^-p)/i/m = (cr*-p)v/n = -pX/Z, ;' 
since ni/i + fiK = — ZX and m7(ir* — p) + «7(^' •" p) = ^/Pj 
which, writing a, )9 for r, completely determine the directions of 
the corresponding axes of the section. 

245. To determine the nature of any plane section of a paraboloid. 
The discriminant of the equation (2), viz. 

{P(b + c) + m'c + n'bY--4Pbc(P-{-m' + n'), (I) 

is reducible to {P (J - c) - m'c + n*J}* + im'n^bc. (2) 
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The two forms (1) and (2) of the discriminant shew that it is 
positive whether be be positive or negative, so that the values of 
r* : p are always real. 

(i) For an elliptic section, he is positive and p positive, therefore 
p — w has the same sign as L 

(ii) For a hyperbolic section, be is negative, since the values 
of r* must be of opposite signs. 

(iii) For a rectangular hyperbola, be is negative, and 

?(i + c) + m*c + n'i = 0. 

(iv) For a circular section, be is positive, and by (2) 

7/1 = and P/b = wV(c - J) = 1/c, 

or n = and P/c = «i V(6 - c) = 1/J, 

only one of which gives a real position. 

(v) The condition Z = 0, which makes one value of r^ infinite 
and the other finite, corresponds to the case of a parabolic section, 
since in this case tj and {f in (2), Art. 242, are infinite, and therefore 
the centre of the section is at an infinite distance. 

Cyelie Sections* 

246. Although we have already determined the positions of 
the planes whose intersections with conicoids are circular, by 
treating such sections as particular cases of ellipses, it will be 
instructive to consider them from another point of view, since they 
have an interest peculiar to themselves in the solution of many 
problems both pure and physical. 

247. To find the cyelie sections of a eonicoid central or non- 
central. 

Let the equation of the eonicoid be 

a^ -\-by' + cz^ + 2dx + e = 0, 

this may be written in the form 

i(x'+y' + «')-(i-a)a;* + (c-ij«' + 2rfaj + e = 0, 

hence, if the eonicoid be cut by a plane whose equation is 

V(i •'a)x± »J{e -b)z^p\l{^e'-'a\ 

the coordinates of the points of the intersection satisfy the equation 

J(aj' + y* + «')+;? V(c - a) [»J(b - a)a? T V(c - b)z] + 2dx + 6 = 0, 

which is the equation of a sphere. 

These plane sections will be real, if a, &, e be in order of 
magnitude when all are positive, if a > ft when c is negative, and 
if c>&, without regard to sign, when b and c are both negative. 
Also if a = 0, the aections are real when b and c are both positive^ 
and e>b. 
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Hence, cyclic sectiods of central surfaces are parallel to the 
mean axis in the ellipsoid, to the greater transverse axis in the 
hyperboloid of one sheet, to the greater conjugate axis in the hyper- 
boloid of t^o sheets. 

If a be the inclination to the principal section (a, b)^ 

sin'a/(6 - a) = co8*a/(c — 6) = l/(c - a). 

Since the equations of the planes of the cyclic sections depend 
only on the differences of a, by and c, the cyclic planes of a system 
of central conicoids whose equations . are, for all values of A;, 
(a + ArJ a* + (J + A)y + (c + A) is' = I, are all parallel. Such a system 
is called a system of concj^Ztc contcoida. 

For the elliptic paraboloid, putting a = 0, 

sin'a/i = cos*a/(c — 6) = l/o, 

hence, cyclic sections of the elliptic paraboloid are parallel to the ^x'^ "^ 
tangent at the vertex of the principal section of greatest latus rectum. 
It is obvious that these are the only cyclic sections, since a 
plane not parallel to one of the axes, as that of y, being of the form 
ic-f wy + n«=;7, could not reduce the expression (J — a)a;'-(c-i)a' 
to a linear form, so as to ensure that the points of intersection with 
the couicoid should lie on a sphere. 

248. Oeneration of a conicoid by the motion of a variable circle. 
From Art. 247 it appears that the central conicoids and the 

elliptic paraboloid can be generated by the motion of a circle, the 
plane of which is parallel to either of two fixed planes, and the 
diameter of which changes so that it is always a chord of the 
principal section which is perpendicular to the line of intersection 
of the two fixed planes. ' 

The centre of the circle of course describes in each case the 
diameter conjugate to the chords which it bisects. 

249. Def. The point-circles in which the variable circle termi-> 
nates are called umbilics ; these are real only for the ellipsoid, the 
hyperboloid of two sheets and the elliptic paraboloid. 

Refemng to Arts. 234 and 236, the coorainates of the four umbilics 
of the conicoid cu^ + by* + ez* ^ l, satisfy the equations ax/i = hy/m = cz/n ^1/9, 
where l^±^/{h-a)/y/{c-a), m = 0, n = ± V(c- A)Mc-a), and//«*=:ac/6; J.J'i^ 
.-. ^ y = and ± ax/V(6 - «) = + cz/^{e - 6) = y/(ac)/^'{b {e - a)}. Also, for the 
elliptic paraboloid, by* + cs* = 2x, Uie coordinates of the two umbilics are given 
by by/m = cz/n = - 1//, Art 242, where I = ± V VV<?, m = and « « ± V(c - S)/V«» 
.'. y = 0, and cf = - »// or « = + yi^ - *)A V^» *^°d 2x = ca« » 6'* - c'K 

250. ^ny bw cyclic sections of opposite systems lie on one sphere. 
The equation^ of the planes of two cyclic sections of opposite 

systems OT^ 

{V(a-i)aj-V(J-c)«-*l{v'(a-.J)a:+v'(J-c)«-A'} = 0; 
or, (a - b) »•- (6 - c) z^- (k -f h') ^{a -*)«-(&- A') V(J- c)z+ kk'=^ 0. 
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Hence they intersect the surface in a sphere whose eqaation is 
^(aj'-fy* + 2')~l + (* + A')V'(a-J)aj + (;fe-AV(^-<5)«-*i' = 0. 

251. It 18 an iDstnictive problem to deduce the positions of the cyclic 
sections directly from the equation obtained in Art. 236. 

This equation may be written aX.* + 6/tt*+ci^=(X* + yu.* + »^/>, and sincci for 
a cytlic section, the values of r, and therefore of />, are equal for all values 
of A, /i, V consistent with the equation IX. + mfi -f 9iv = 0, it foUows that 

(p - a) (mfi + nv)* + /* {(f> - h) ;*• + (/»- c) »«}» 

is true for an infinite number of values of fi: v, the coe£Bcients of yu.', ftv, and »* 
are therefore each eero; .*. (/> - a) mn » 0. 

If /> e a, either I s^O, or p^b^c, in which latter case the surface is spherical, 
and the equation is satisfied for any values of /, m, n, %,e, for any airection 
of the plane. 

Also if m = 0, the coefficient of fi*-p-h^O, and similarly, forn = 0, p = e. 

Hence, if the surface be not spherical) we must have /, m, or n « ; suppose 
f» = 0, then p^bf and the coefficient of <^ = (/>- a) »* + (/> -c)^bO; 

.-. ^/(6-a)»ii^(c-&) = l/(c-a), 

# 

which give real values for / and n only under the same circumstances as are 
already stated in Art. 247. 

The corresponding process for non-central surfaces can be followed out 
by the student. 

252. Geometrical investigation of the direction of a cyclic section 
of an ellipsoid. 

In the ellipsoid let OA^ OBj 0(7 be the semi-axes In order 
of magnitude, and if possible let a central circular section not pass 
through B^ but cut AB and BC in P, Q respectively, OP==OQ, 
being the centre of the section ; but OP is intermediate between 
OA and OB in magnitude, and OQ between OB and 0(7, which 
is absurd; hencCi the central circular section must contain the 
mean axis. 

The inclination of the plane to OAB is the same as the angle 
BOAj OR being that radms vector of the section ^(7 which ^^OB. 

Hence, if a be the inclination to OA of a radius of the ellipse 
(a, c) whose length is i, J'co8'a/a* + 5'sin'a/c'=!l, this equation 
gives the position of the circular sections. 

A similar investigation wilt give the positions of the cyclic sections 
of the hyperboloid of one sheet and a somewhat similar one those 
of the hyperboloid of two sheets. 
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XIX. 

(1) All spheres, which intersect a giyen conicoid in plane sections and pass 
through a fixed point on it, pass also through one of two fixed circles. 

^2) Prove that through any point on an ellipsoid two planes of circular 
section can he drawn ; but that when the circles are equal, the points must lie 
on one of the principal planes passing through the mean axis. 

(3) A plane drawn through the oriein perpendicular to any generatinp^ line 
of the cone a* (o^ - d*) + y* (o* - d*) + r (c» - d*) = 0, will intersect the elhpsoid 
«*/«* + y V^ + «V^ = 1 in a section of constant area. 

(4) The locus of centres of all plane sections of a giyen conicoid drawn 
through a given point is a similar and similarly situated conicoid, of which 
the given point and the centre of the given surface are extremities of a 
diameter. 

(5) The hyperboloid «' + y* - ^i^ » a* is built up of thin circular disks of 
cardboard, strung on a straight wire passing throu^ their centres, prove that, 
if the wire be turned about the origin into the direction (/, m, n) the planes 
of the disks remaining unaltered, the equation of the surface will be 

(fix - hy + (ny - mz)* = n* (<"z* + a*). 

(6) The product of the radii of two circular sections of an elliptic paraboloid 
of opposite systems is constant, shew that the locus of the intersection of their 
planes is a hyperbolic cylinder, the asymptotes of the principal sections of which 
are parallel to the circmar sections. 

(7) In a paraboloid of revolution, the eccentricity of any section is the 
cosine of the inclination of the plane to the axis of the surface, and the foci of 
the section are the points of contact with spheres inscribed in the surface. 

(8) Find the equation of an ellipsoid referred to the planes of its central 
circular sections and a central plane at right angles to them. When these 
are rectangular axes, prove that the squares of the axes are in harmonical 
progression, and that the equation takes the form 

c (Jt 4 z)* 4 a (« - z)* + (o + <?) y* = 2. 

(9) The section of the surface yz-^tx-^ xy^ a\ by the plane Ix + my -f nz = p, 
will be a parabola if / + m -f » « ; and that of the surface 

«• + y* + a* - 2y« - 2«» - 2xy = «* 
will be a parabola, if mn + n/ 4 /m « 0. 



XX. 

(1) The sphere «» + y* + 2« + a* - &• - c" = 2x (a* - &•)* (a« - c») Va meeU the 
ellipsoid arVa* + y*/b* -f zVc* = 1 only at umbilics. 

(2) In the hyperboloid «ya" + (y*-«')/c* = l, (a>c), the spheres, of which 
parallel circular sections are great circles, will have a common radical plane. 

(3) If two circular sections of different systems be such that the sphere on 
which both lie is of constant radius mb, the locus of the centre of the sphere is 
the hyperbola a^/{a* - b*) - 3^/{b* - c*) = 1 - m', y « 0; a,b,e being in descending 
order of magnitude. 

(4) A sphere is described, having for a great circle a plane section of a 
given conicoid; prove that the plane of the circle in which it again meets the 
conicoid intersects the plane of the former circle in a straight line which 
lies in one of two fixed planes. 
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(5) ProYe that the difference of the reciprocals of the squares of the axes of 
a central section is proportional to the product of the sines of the angles which 
it makes with the planes of circular section. 

(6) Shew that, if elliptic paraboloids have one of their cyclic sections coinci- 
dent with a central cyclic section of ax* ■{■by* + cz*~l, a, b, e being in order of 
magnitude, and axes parallel to that of x, the locus of their vertices will haye 
the equations y = 0, and &5* ± 2bxz ^{{b - a)/{c -b)] + (b- a)/{e - a) = 0. Also, 
that the equation of the plane of the other cyclic section common to the conicoid 
and one of the paraboloids will be a; -i- bl/a = ± a \/{(<J - ^)A* - «)}i where / is the 
latus rectum of any section parallel to the plane or xy, 

(7) On a central circular section of the ellipsoid ox* + &y' + cs' » 1 a right 
circular cylinder is constructed, shew that if b be an arithmetic mean between a 
and e, the cylinder will again intersect the ellipsoid in an ellipse, the plane of 
which will be given by (3a - c) x ± (Sc - a) z = 0, and that the area of the ellipse 

will be v {2 (c» + a«) - 36*}V&^. 

(8) The semi-axes of a ceBtral section of the surface ayz + bzx + exy made 
by a plane, whose direction is (/, m, n), are given by the equation 

r* (26cmn +. ..- aV -...)- ^abct* (amn +...) + 4a*^c" = 0. 

(9) The locus of the axes of sections of the surface oj:* -t- &y* -f cs* = 1, which 
contain the line x/a ^ y/fi « 2/7, is the cone 

{b - c) yz (fiz - 7y) + (c - a) ac (7* - az) •¥ {a - b) xy {ay - /3a?) = 0. 

(10) Prove that the section of the surface 

a«» + 5y' + <»" + 2« y« + 25'mj + 2c'xy + 2a*af + 2i"y + 2c"8 + d = 0, 

by the plane Ix 4 my + n r » 0, will be a rectangular hyperbola, if 

?(6 + c) + m* (c + a) + «• (a + 6) = 2a'm« + 2i'n/+ 2c7m = a, 

and a parabola, if T (6c - a'*) +. ..+ 2mn {b'& - aa') +. ..= 0. 

If a'6V « aa^ = bb'* = cc", the last equation is identically true ; explain why 
this must be the case. 

(11) If sections of an ellipsoid «*/»• + y"/^' +«*/«•= 1 be made by planes 
passing through the centre and through another given point (x'y V), the sections 
of matest and least area will be at right angles to each other, and the areas 
wiU be jrabc/^i, wabe/^, Vj, ^g being the semi*axes of the section made by 
the plane xx'/a + yy'/b ^ zz'/e - 0. Shew that the product of the areas will be 
constant if the point lie on the curve of intersection of the ellipsoid and 
a concentric sphere. 

(12) The radius r of the central circular sections of the surface 
ays + bzx + cxy = 1 is given by the equation aber* +.(a*4 b* + c*) r* « 4, and 
the direction cosines of the sections by the equations 

(m» + n«) l/a = {n* + P) m/b = (^ + m*) n/e = - Imnt*. 

the surface by* + c«' - 2ar, 



(13) Shew that the foci of all parabolic sections of tl 
lie on the surface be {2x - by* - cz*) [by* + cz*) = 6y + c*;^. 
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CHAPTER XIIL 



TANGENTS. CONICAL AND CYLINDRICAL BNVBLOPBS. 
N0BMAL8. CONJUGATE DIAMETEES. 

253. On many accounts it U desirable that the student should 
be early acquainted with the chief properties connected with 
tangent lines and tangent planes to conicoids, before he is led to 
consider more general surfaces. We shall therefore give in this 
chapter some of the principal propositions relating to tangency in 
the case of the conicoids as represented by their equations in the 
simplest form. We shall also explain the properties of conjugate 
diameters and diametral planes. 

Tangent Lines and Planei. 

254. To find the condition that a straight line shall tottch a given 
eonicaid^ at a given point. 

Let the equation of the conicoid be oar'-f i^^ + cj^=1, the 
equations of a straight line drawn in a direction (X, ^, y) through 
the given point P, {/j g^ A), are 

(x-/)l\ = (j,-g)l^^iz-h)lv^T, (1) 

the values of r at the points P, Q^ where it meets the conicoid, are 
given by a (/+ Xr)' + 6 Oy + /«r)' + c (A + ft)' = 1. 

If the direction be such that Q coincides with P, the straight 
line will become a tangent, and in this case the two values of r will 
be zero ; therefore a/*' -f i^' + cA* = 1, which only implies that P is 
on the conicoid, and a/\ + &^/L( + cAyaO, (2), the condition of 
contact at the point (/, g^ A). 

255. To find the equation of a tangent plane at a given point of 
a conicoid. 

The locus of all the tangent lines which can be drawn through 
the point (/*, g^ A) is found by eliminating X, /a, y between the 
equations (I) and (2) of the last article, giving 

«/(«-/)+*y(y-^)+cA(«-A)=o, 

or qfx + hgy 4- cAjs = i. 

The locus is therefore a plane, and this plane is called the J 

tangent plane to the surface. 

If j7 be the perpendicular from the centre upon the tangent 
plane, p'* « a*/> + 6y + cW, Art. 71. 
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Cob. 1. The generatine lines of a fajperboloid of one sheet 
tbrough the point (/, g^ n) being two of the tangent lines, the 
tangent plane contains these lines, which together form what we 
have called the line-hyperbola in Art. 236. 

Cor. 2. Since any generating line is intersected at every point by 
Some line of the opposite system, no two of which lie in tne same 
plane, it follows that the tangent plane to the hyperboloid at any 
point in a generating line changes its position as the point moTCS 
along the line. ^ 

256. To find the equation of a tangent plane to a camcoid drawn 
in a given direction. 

Iiet (Z, 971, n] be the given direction of the normal to the tangent 
plane, so that its equation is lx-\-mg + nz ^p ; comparing with the 
^nation a/aj + iyy + cA«» 1, afjl^bglm^chln^ljp^ (1), and, 
since af^ + Jy' + ch' ^l^ p* = ria + ncjh + «'/^) ^^^^ ^^ equations 
of the two tangent planes in the given direction are determmed. 

257. The equation of a tangent plane to a cone aaf-^y'-^ cs^= 
can be deduced from the preceding, in either of the forms, 
(i) aXx + bfiy -f cvz « 0, TX, /i», v) the direction of the line of contact 
taking the place of (/, ^, A) the point of contact, and being 
determined by the eauations aX//=J/A/?n=cWw ; or (ii) Ix+mp+naszO^ 
Ij m^ and n being suDJect to the condition rfa-k- m'jb + n'Ic^O. 

258. To find the equations of an asymptote to a central conicoid. 
Let the equation of the conicoid be ox' + hv^ -^-cz'ss i^^ and let 

(f 1 Vj ^ ^^7 point in the asymptote whose eouations are 
(a? - f )/X «= (y — iy)/l* = (« — ^)/v = r, then the two values of r are 
infinite in the equation a (f + Xr/ + 6 (iy -f firf + c (?+ vrf -1=0; 

.'. aX* + J^' + cv' = 0, and afX + Jiy/tt + cfi' = 0, 

and, if af* + Ji?* + cf* — 1 be noLfimtfi) the straight line lies enthrelj ? ^(j 
in the conicoid. 

Hence, every straight line drawn in a tangent plane to the cone 
<^ + &^' + c;^ = 0, parallel to the line of contact, is an asymptote, 
including the generating lines in which it may intersect the 
conicoid. 

259. To find the nature of the intersection of a central conicoid 
toiih the tangent plane at a given point. 

Let the equation of the conicoid be ax* + hg^ + cs^==lj that of 
the tangent plane at [f g^ h) is afx + hqy + chz = 1, we have also 

At the points of intersection 
(«/'+ V) («»'+ ¥) - («> + %)'= (1 - cA*) (1 -c«') - (1 * chz)'i 
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For the ellipsoid and hyperboloid of two sheets the only solution 
is x/f^y/g = z/h^ 1, since oft, and c are of the same sign; for 
the hyperboloid of one sheet the section is two lines, since ab^ and c 
are of contrary signs. 

260. To find the magnitude and direction of the axes of the section 
of a central conicoid made by a given plane through the centre. 

Let the equations of the conicoid and plane be 

005* + jy + c«' = l, and Ixi-my + ne^O, 

The equation of a sphere of radius ri8a:* + y' + «*«r'; therefore 
the cone {ar^ - 1) aj* + (Jr^ - 1) y* + (cr* - 1) «' = is the locus of 
all diameters of the conicoid which are of equal length 2r; the 
cone, therefore, intersects the given plane in two lines which are 
the direction of equal diameters of the central section, and if r be 
chosen so that these directions coincide, the given plane will be 
a tangent plane to the cone, and the line of contact will be an axis 
of the section ; therefore, by (ii) Art. 257, 

P/{af^ - 1) + wV(J/ - 1) + n7(ci^ - 1) = 0, 

which is the quadratic giving the lengths of the semi-axes as in 
Art. 237. And, by (i) Art. 257, if (X, /i, v) be the direction of 
the axis 2r, 

(ar'- 1)X/Z = (Jr*- l)/A/m = (cr'- 1) v/n. 

261. An important application of this proposition is to the inyestigation 
of the equation of the wave surface, which may oe constructed as follows : 

Take any central section of an ellipsoid and through the centre draw a 
perpendicular to the plane of the section, along which measure lengths equal 
to the semi-axes of the section, the locus of their extremities is the wave surface. 

Let (x, y, z) be the extremity of the length r equal to one of the axes, 
measured in the direction {I, m, n) ; .*. x/l = y/m » z/n, and if the equation 
of the ellipsoid be ^rVa' + y/^* + 276*^1, since the equation which determines 
the axes is c^l'/{r^ - a*) +...= 0, the equation of the wave surface is 

<^;^/(r^ - a*) + by/{f* - 6«) + c*sV{r* - c*) = 0. ^<y^ J- ' 'J . 

262. To find the locus of the points of contact of all tangent planes 
which pass through a given point external to a given conicoid. 

Let (y, g^ h) be the given point, aar* + by* + (»* = 1, the equation 
of the conicoid. 

The equation of a tangent plane at any point (f , 17, ^) on the 
conicoid is a^x-^-bfiy + c^^l^ and if it pass through the given 
point q/f + J^i7 + cAf=l. 

The tangent planes at every point of the conicoid whose coor- 
dinates satisfy this equation pass through the given point, the locus 
Inquired is therefore the section of the conicoid by the plane whose 
equation is afx + bgy + chz = 1. 
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263. Def. The plane containing the points of coiitact of all 
tangents from any point to a conicoid is the Polar Plane of the 
point, and the point is the Pole of the plane, with respect to the 
conicoid. 

This will be a definition whether the point be external or 
internal, if we consider that imaginary tangent planes have a real 
plane containing the imaginary curve of contact. 

Another definition will be given which does not involve the 
consideration of tangency. 

One of the most important propositions connecting the pole and 
polar plane is the following. 

264. If U be the polar plane of any point P with respect to a 
conicoid^ the polar plane of any point Q in the plane U vrill pass 
through P. 

For, if aa? + Jy* + c«' = 1 be the equation of the conicoid, and 
C/} 9i ^} ^^ ^^^ point P, the equation of its polar plane U will be 

afx + bgy + chz = 1, 

and, if (/', g\ h') be any point Q in Z7, off* + hgg* + chh' = 1 ; but 
the equation of the polar plane of Q is afx + hg'y + ch'z = 1, which 
by the last equation contains if^ g^ A), hence the polar plane of Q 
passes through P. 

Conical and Cylindrical Envelopes. 

265. To find the conical envelope of a conicoid the vertex of the 
cone being a given point 

If (/, gj h) be the given vertex, and (/, w, n) the direction of 
any generating line of the cone, the equation 

a(/+Zr)* + &(5r + wr/ + c(A + nr)' = l 
must give equal values of r ; therefore 

(a/* + bg^ + cA' - 1) {aP -hbm'-i- en*) = {afl + bgm + chn)\ 
If {Xf y^ z) be any point in the generating line, 

{x--'f)ll^{y^g)lm^{z-h)ln^ 
hence the equation in 7, ?n, n being homogeneous, 
(«/' + Ji/' + cA'-I){a(aj-/)' + JCy-5ry + c(^-.A)'} 

^{<if(x-f) + bg(j,-g)^ch(z^h)y 

is the equation of the conical envelope. This is readily reducible 
to the form 

For, writing w, v, u^ for ax* + by* + cz*'- 1, afx -h bgy + chz — 1 , 
and 0/** + J^ + cA* — 1 respectively, Wo(t*-2i;4-Wo) = (v- wj'j 
therefore u^u^v*. 
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266. Thia latter form may be obtained directly by Art. 262, 
since it ia a sarface of the second degree which passes through 
{J^ g^ K) and touches the conicoid where the plane afx-^^bgy+chz^l 
cuts it. 

For Au = if is the equation of a surface which touches the 
conicoid i« = where v^O, and, being satisfied by (^f^g^ h\ we 
obtain, by substituting^ » u^^ since v becomes u^. 

Similar considerations shew that the equation of two tangent 
planes to a cone ax* + (^ + <^' ^ which intersect in a line whose 
direction is (\, /a, v) is 

(aX* + J/EA* + cj/*) (pa? ■ihy' + cz')^ {oKx + lfiy-{-cvzy. 

267. To find the equation of a cylinder^ which envelopes a given 
central conicoid^ and has its generating lines in a given direction. 

Let (X, |A, v) be the direction of the generating lines of the 
cylinder, and ax* + iy* + C2* = 1 the equation of the conicoid. 

The equations of a generating line through any point (f , 17, ^) 
of the cylinder are (« — f)/X=(y- 7;)//i = («— {')/v=:r, and 
where this line touches the conicoid the values of r, which are 
equal, are given by a (f + Xr)' + J (17 -f /*r)* + c ({"+ vr)* = 1 ; 

.-. (aX* + i/** + cv*) (af* + Ji;' + cC* - 1) = (aXf -f J/A^ + ci^i:)' ; 

and, since Tf, 17, (f) is any point on the cylinder, this is the equation 
of the enveloping cylinder. 

This equation may also be deduced from that of the conical 
envelope by making {/^ g^ h) pass ,off to infinity in the direction 
(X, fjLj v), so thaty : g : h^X: fi: V. 

Non-central Surfaces, 

268. The corresponding propositions in the case of the non- 
central surfaces whose equations are of the form hy* + cz*s=z2x 
should be obtained by the student. 

i. Condition for the tangency of (a?— /)/Z = (y-j7)/m = (z^K)jn^ 

bgm + chn- Z = 0. 

ii. Equation of the. tangent plane at (y, ^, A), 

i^ff!/ + <^^ = ^ +y* 

iii. Equation of the tangent plane in direction (Z, 9n, n) is 

lx + mg + nz=^'- (m^jb + n*lc)f2h 
iv. Equation of the enveloping cone, vertex (/, (7, h\ 
W+cV-2f) {b (y^gy + c (z^ A)'} « {bg (y^g) + ch (z^h) - (x-/))', 
or Q>g* + cV - 2/) {by* + cz* - 2a:) = (bgy ^chz-^x -/)'. 
V. Equation of the enveloping cylinder, direction (X, /tt, v), 
(V + CV*) (by* + cz* - 2x) = (bfty + cvz - X)'. 
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Normals, 

269. To find the equations of the normal to a conicoid at any 
paint. 

Def. a normal at a point is the straight line drawn perpen* 
dicular to the tangent plane at that point. 

If (/, gj K) be the point, the equation of the tangent plane is 
^fx + bgy + chz = 1 ; therefore the equations of the normal will be 

(^ -/)/«/= (y - ^)/*5' =(«- *)/^* = ± »yi 

if r be the distance between (a;, y, z) and (/, g^ h)^ and p be tho 
perpendicular on the tangent plane from the centre. ^p^ 

270. To shew that six normals can be drawn from a given point 
to a central conicoid. 

Let the equation of the conicoid be aof + hy^ + ca* = 1. 
The equations of a normal at a point (or, y^ z) are 

(i''x)lax^(f)"y)lby=^(^^z)lcz^pj 
if this pass through a given point (/, g^ h) 

/^x{pa + l)y ^=y(pi + l), A = «(pc+1); 
••• «/*/(p<» + 1)' + V/(P^ + 1)' + <^7 (pc + 1)' = 1, 

which gives generally six values of p determining the feet of six 
normals from the given point. 

271. To shew that the locus of a point, from which three normals can hs 
drawn to a central conicoid, which have their feet in a given plane section of the 
conicoid, is a straight line, and to find the condition to whtch the given plane 
section must be subfect* 

Let the equation of the conicoid be «'/a'-f yV^ + i^/c*"!, and that of the 

given intersecting plane Ix/a ■\- my/b i- nt/c ^ 1, (I), and let (f, n, I) be a point 
om which if six normals oe drawn the feet or three of them will lie on the 
given plane section, the other three mu8t then lie on some other plane section 
given Dj I'x/a -f m'y/b + n'a/e = d,(2); hence the six feet lie on the surface 
(ir/a + my/5 + ««/c-l)(ra/a + mV/A + nVc-<i)-«Va'-yV^-«Vc"+l-0,(3)| 

the six feet also lie on each of the three surfaces 

Cr= (&•- «»)y« - 6S« + cTJy -0, 

rH(c» -a«) «« - c^ + a*^z ^ 0, 

1F= (o" - 6") xy - a*ey + fcNx = 0, 
and therefore on the surface XU-\-fAV-¥» W- 0, (4). 

Now we can make (3) and (4) identical b^ writing for the equation (2) 
xfl^ + yimh ^ %/ne +1=0, and equating the remainder of the coefficients, so that 

X (fi" - c«) = (m/n + ii/ot)/&c, &c., i'iN-^=(/-na-\ &o., (5); 

hence it follows that, when the plane (1) is given, the locus of the point 
(€» n, I) is a straight line, since equations (5) are equivalent to two equations 
ui ^, n, { and a relation between /, m, n, which must be satisfied in order that 
normals at some three points of the plane section may meet in a point. 

* Quarterly Journal yd. Till., p. €9. 
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This equation of condition may be written 

(mV-r)(6«-c")*+(nV-m«)(c'-a)*4(/^«-n')(a«-50*«0. 

as in Wolstenholme's Problems, 

Since i/a, m/b, n/c, are the Boothian coordinates of the given plane, thitf 
gives the tangential equation of a surface fixed with reference to the conicoid, 
to which all the planes which satisfy the required condition must be tangents. 

Conjugate Diameters. >^'VM jv 

272. To find the locus of the middle points of a system of parallel 
chords of a given central conicoid. 

Let the equation of the surface be aa:* + Jy*+ c«*= 1, (X, /it, v) 
the direction of each of a series of parallel chords, and (|, 17, ^} the 
middle point of any one of them, whose equation will be 

(a;-f)/\ = (y-i,)//* = («-r)/v = r, 

and we shall have, for the points in which it meets the surface, the 
equation a (f + Xr)* + i (17 + /*r)' + c (f + vr)* = 1 . ^ 

But, since ({, 17, {*) is the middle point of the chord, the values 
of r obtained from this equation will be equal and of opposite signs, 
and therefore the equatibn aXf + J/iti7 + cvf=0 will give the locus 
required. The form of this equation shews that it passes through 
the centre, as it manifestly ought to do. 

Def. The locus of the middle points of a system of parallel 
chords of a conicoid is a plane, which is called a diametral plane. 

We shall have, conversely, that any central plane whose equation 
is lx-\-my + nzszO^ will bisect a series of chords parallel to the 
straight line axjl=^hyjm=czln^ which is called the diameter 
conjugate to the plane. It appears from Art. 2.34 that the locus of 
the centres of a series of sections of the surface parallel to a given 
central plane is the diameter conjugate to that plane. 

273. Def. Three diameters are conjugate^ when each diameter 
is conjugate to the plane containing the other two, and three 
diametral planes are conjugate when each is conjugate to the inter- 
section of the other two. 

Let OP be any radius of a central conicoid, QOR\he. diametral 
plane conjugate to OP, and OQ, OR any conjugate semi-diameters 
of the section QR ; OQ bisects all chords of the section PQ parallel 
to OP, therefore OP is conjugate \o OQ and bisects all chords 
parallel io 0Q\ also, OR bisects all chords parallel to OQ^ therefore 
FOR is the diametral plane conjugate to OQ. Similarly ^OPis 
the diametral plane parsilM to OR. 

Hence, there are an infinite number of systems of three conjugate 
diameters. One can be chosen arbitrarily, and the remaining two 
are any conjugate diameters of the section made by the diametral 
plane conjugate to the first. 
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It should be observed that a diametral plane is the polar plane 
of the point of the eonjagate diameter which is at an infinite 
distance. AIso^ that when the conicoid degenerates into a cone, 
<my point in one of three conjugate diameters is the pole^with 
respect to the conoyof the plane x;ontaining the other two, j£> , lyS *caaX 5 ^ 

274. If a conicoid be referred to a diametral plane, as that of 
a;y, and the corresponding eonjagate diameter as the axis of z^ 
since every straight line parallel to Oz will be bisected by the 
plane of xy^ the equation of the surface can only contain even 
powers of z. Hence, since we can find three planes such that 
the intersection of any two is conjugate to the third, the equa- 
tion of the surface referred to these planes will be of the \qxxA. 

275. To find the conditions that each of three central planes of a 
centred conicoid may he conjugate to the intersection of the other two. 

Let the direction-cosines of normals to the planes be (Z^, nt^, rJ, 
{^.T »»t» w^)j and (^3, ^3, «3). 

The equations of the diameter conjugate to the first will be 
ax\l^^hy\m^^cz\n^^ and if this be the mtersection of the other 
two planes, and therefore lie in each of them, we shall have 

y,/a + 7n3«tj/J + w,w,/e=0, and ljila-^m^mjb'\'n^njci 

hence, if the three conditions 

j\ ljlja^^jnj^'\^j(ijc^ljtja^-m^mjh^^jfijc^^^ 

be satisfied, the planes will be such as required. 

276. To find the relations between the coordinates of the extre^ 
mities of a system of conjugate diameters of a central conicoid. 

The equation of the surface being ax* + &y'+ cz'= 1, and the 
coordinates of the extremities of the semi-diameters r„ r,, r, being 

(?i» y^ ^)) {^^'i y«» ^f)) (^»» ysi ^s) ^® ^^^^ ^^®j ^^^^ ^^^ points 

lie on the surface, 

«^i'-t- hx^-^<^i = «^," + ^," + c«," = «a;,« + Jy," + (»3*= 1, (1) 
and, since the diameters through the points are conjugate, 

ax^^ + byjf^ + cz^z^ = ax^x^ + by^^ + cz^z^ 

= aa?,a?, + by^^ + cz^z^ = 0. (2) 

The systems (1) and (2) shew that 

^1 Va, y, VJ, «, Vc ; aj, Va, y, V^j «i Vc ; x^ V^, yg V*j «3 Vc; 

. are the direction-cosines of three straight lines at right angles 
to each other, and we know therefore, Art. 145, that they are 
equivalent to the systems 

ox," + ax^* + axj* = by' + by^ + by^ = c«j" + C25," + cz^ = 1, 



122 CONJUGATE DIAMETERS. 

Hence, in the ellipsoid x^jc? + y^fV + 2*/^* = 1 , we shall hare 

aj/ + a;/ + x,* = a', yi^ + y^^y.'^V, V + V+V^^'*. W 

or the sum of the squares of the projections of three conjugate 

diameters on one of the axes is equal to the square of that axis ; also, 

If (f, m, n) be the direction of any line, by (3) and (4) 
(Zojj + my^ + my + (£r, + my^ + nz^ + (^ + my^ + nz^ 

= Pa* + wV + nV =/, 

but (ir, + wyi4««,)* and r * — (t», + wy + n«,y are respectively 
feffvjgf the projections of r, upon a line and a plane whose 
directionskw given by (Z, w, w), hence it follows that 

The sum qfthssguares of the projections of three conjugate diameters 
on any line or any plane is constant, 

277. To find the relations which exist between the lengths of a 
system of conjugate diameters of a central conicoid and the angles 
lettoeen them. 

Let the equation of the surface referred to its principal axes 
be a^la^ -^-y'lb^ + s^jc^^ly and, referred to a system of conjugate 
diameters mclined at angles a, /8, 7, a^la' + ^lb^ + z^jc'*^!. 
The invariants derived from h{pi? -Yj^ '\-z^)-^7fjcf — i^lV --sflf?^ 
and the transformed expression, see Art. 157, give the equations 

a'> + J'« + c'' = a' + J' + c', (1) 

J V sin'a + cV sin'/8 + ci'V sin^ = iV + cV + aV, (2) ;'] 
and 
--i^ o'*5' V* (1 - cos'a - cos*/8 - cos'y + 2 cos a cos y9 cos 7) = a* J V. (3) % 

When the surface is an ellipsoid, all these lengths are real, and 
we see from (1) that the sum of the squares of three conjugate 
radii is constant ; from ^2) that the sum of the squares of the faces 
of a parallelepiped having three conjugate radii as conterminous 
edges is constant ; and from (3) that the volume of such a parallele- 
piped is constant. 

In the hyperboloid of one sheet, since a'iV is negative, and 
1 — cos'a — cos*)8 - cos*7 + 2 cos a cosjS cos 7 is always positive, 
a^J^c" must be negative, but a *, i", and c" cannot all be negative, 
hence one and only one is negative ; that is, in a hyperboloid of 
one sheet, two of a system of conjugate diameters meet the surface 
in real points, and the third does not. 

In tne hyperboloid of two sheets, a'iV, and therefore a'*i'*c'* 

18 positive, hence two, or none, of the three a", i'*, c" are negative. 

H If none be negative, writing — J', — c* for J", <? respectively, we 

must have both a^ — b* — <? and 6V - a* (6* + c") positive, which are 
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easllj shewn to be inconsistent Hence two must be negative ; or, 
in the hjperboloid of two sheets, one and only one of a system of 
conjugate diameters meets the surface in real points. co 

278. The relations (I) and (3) may be obtained geometrically. 
We will give the proof in the case of the ellipsoid, and leave the 
other two cases as exercises for the student. 

Let Oxy Oy, Oe be the directions of the axes of the surface, 
Ox\ Oy\ Oz' those of a system of conjugate diameters; -4, 5, C, 
A\ B\ C\ the extremities of the semi-diameters along those 
axes ; a^ h^ c^ a', h\ c their lengths. Also, let the sections AB^ 
A'B' intersect in A^^ let OB^ be the semi-diameter conjugate 
to OA. in the section A*B\ and let GB^ meet AB in B. : 0-4 = a.. 




Then, the plane ^'5* being conjugate to 0G\ OA^y OB^^ OC 
will be a system of conjugate radii, or OA^ will be conjugate to 
the plane CI'B ^ and since OA^ lies in a principal plane, C'OB^ 
will be perpendicular to that plane, and will therefore contain OC] 
and OGj UB^ being the principal semi-axes of the section B.G'^ 
OA^y OB.y OG will be a system of conjugate 4iamet^, and OA^j 
OB will be conjugate in the section A& 

Hence we have the equations 

and from these we obtain the relation a" + i'" + c'* = a* + J* + c\ 

Also, since the parallelogram of which 0-4', OB' are conter- 
minous sides, is equal to that of which 0^„ OB^ are conterminous 
aides, and similarly for the sectiom jS^O', ABy 

vol (a\ J', c') = vol (a„ J„ c) = vol (a^, Jj, c) = vol (a, J, c) ; 

denoting any parallelepiped by three conterminous edges. 
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279. To find the diametral plane hieecUng a given ayetetn of 
parallel chords^ in the case of non-central conicotds. 

Let the equation of the surface be hy^'\'CZ* = 2x^ and let (X, /x, v) 
be the direction of the chords, the equation of the diametral plane 
will be /[iiy + FC0 = X, shewing that all the diametral planes are 
parallel to the common axis of the principal parabolic sections ; a 
fact which might have been anticipated from tne consideration that 
these surfaces have their centre on that axis at an infinite distance. 

280. We cannot in these surfaces, as in the central conicoid, 
have a system of three conjugate planes at a finite distance, but we 
can find an infinite number, such that, for two of them, each bisects 
the chords parallel to the other and to a third plane. By taking 
the origin where the intersection of these two meets the paraboloia, 
and rererring to these three planeS| the equation of the surface will 
assume the form iy* + cz* = 2aj. 

Let the equations of the two diametral planes be 

^,y + n,« = l, (1), w^ + v = l| (2), 
and let the direction of the third plane be (?^, «i«, w,). The direc- 
tion»cosines of the chords bisected oy (1) are m tne ratios 

1 : mjb : n,/c, 

and if these be parallel to (2) and the third plane, we shall have 

m^mjb + ii^njc = 0, /, + mjn^jb + njfijc = 0. 

Similarly, in order that (2) may be conjugate to the intersection 
of the other two, we shall have 

m^mjb + nfljc = 0, Z^ + mjnjb + njfijc = 0. 

One of these is coincident with one of the former, and, there 
being thus only three relations necessary between the four quan- 
tities determining the planes, an infinite number of such systems 
can be determined. 

Polar Plane. 

281. Through a fixed point a straight line is drawn meeting a 
central conicoid^ and on this line a point is taken^ such that its distance 
from the fiaed point is a harmonic mean between the segments of the 

line made by the conicoid; to find the locus of the point. 

Let the equation of the conicoid be aa;* + by* + cz* = l, and let 

the equations of the straight line through the fixed point (f^ g^ A) 

be (x-f)ll^(2f-g)lm = (z-h)ln^r. 

The values of r at the points of intersection are given by the 

equation a (f^ Ir)* + i (5^ + mr)* + c (A + nry =^ 1. 

If r^, r, be the roots of this equation, and r be taken for the 

distance from {/yg^ h) of the point whose locus is required, 

2r-» = r^'* + r,-*s=~2(a/Z+&<7m + cAn)/(a/* + &/ + cA'-l), 
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^ 

•. of ^ + bg* + ch^ - l^(a/l •\' hgm + chn) r liui z=^f-{-lr J &c.; 

.'. qfx + hgy + chz = 1 is the equation required. 

This theorem gives rise to the definition of the polar plane of a 
point alluded to in Art. 263, viz. : 

Def. The polar plane of any fixed point, with respect to a 
given conicoid, is a plane, which, with the conicoid, divides harmoni- 
cally all straight lines passing through the fixed point. 

282. The corresponding locus for an arithmetic mean is a coni- 
coid similar to the given one, of which a diameter is the line joining 
the given point and the centre. 

For a geometric mean, the locus is a similar conicoid, which ^ 
meets the given conicoid in the polar plane of the given point. 



'' > 
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(1) The tangent planes to an ellipsoid at points lying on a plane section 
will intersect any fixed plane in straight lines which touch a conic section. 

(2^ Tangent planes are drawn to an eUipsoid ^/a'4-...«l, and are such 
that their intersections with the plane zz are parallel to the lines 

c« V(^-«')±«V(«*-^ = 0| 
shew that the points of contact all lie on circular sections. 

(3) The locus of the centres of sections of o^-f ^y + ce'al by planes 
which touch ax* + ^y* + 75^ = 1, is 

a^zVa + i^y V/3 + cV/7 = (ac" + fty* + c^\ 

(4) Find the equation of the tangent plane to a conicoid upon the principle 
that no other plane can pass between it and the surface in the neighbourhood 
of the point through which it is drawn. 

(5) Prove that the tangent planes of the cone 

«*/(& + c) + y^/ip + fl) + 2V(a + 6) = 0, 
cut the surface ox* -f 5y' + cs* » 1 in rectangular hyperbolas. 

(6) If the area of the central curve in which a cylinder touches an ellipsoid 
be equal to that of the section containing the greatest and least axes, prove 
that the axis of the cylinder will lie on one of two planes. 

(7) Find the Locus of straight lines which meet the two lines j; » a, y « 0, 
and d;»-a, z=.0, and touch the sphere ar'-t-y'-fs*=e'; shew that when e^a the 
locus reduces to two hyperboloids. 

(8) The normal at any point P of an ellipsoid meets the principal planes in 
^i> ^if ^si pi'ove that FG^.FO^.FO^ varies as the cube of the area of the 
central section made by a plane conjugate to the diameter through P. 

(9) If an ellipsoid be placed on a horizontal plane with an axis 2e vertical, 
shew that the tangent of the altitude of a star which will cast on the plane 
a circular shadow is 2c/d, where d is the distance of the foci of the horixontal 
principal section. 
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(10) If r be measured inwards along the normals to an ellipeoid so that 
/?r a m* a constant, being the perpendicular from the centre on the tangent 
plane, prove that the locus of the point thus obtained will be 

a*xy(a^ - »!■)■ + by/ (6« - m«) + i?z*/{t^ - m«)" - 1. 

What does the locus become when m = 6 ? 

(11) If (xi, yi, «i), (x^ y2f «j), («5, yjt «,) be the extremities of three 
conjugate diameters of the ellipsoid ax* + Sy^ + cz* » 1, the equation of the plane 
passing through these points will be 

aa;(arj + irj + irj) + 6y(yi + yj + y5) + C2(«i + «j + «,)=!. 

If one of the ends {xi, y«, z^ be fixed, shew that the perpendicular from 
the centre on this plane will describe the cone 

x*/a + y*/6 + ^/c = 3 {xx^ + yy^ + tz^)\ 

(12) The locus of the centre of gravity of the triangle formed by joining 
the extremities of three conjugate diameters is ox' + 6y* + cs* « ^, and the 
locus of the intersection of tangent planes drawn through their extremities is 
flj:* + 6y* + c»" = 3. 

(13) Prove that the sum of the products of the perpendiculars from the 
two extremities of each of three conjugate diameters of a conicoid upon 
any tangent plane is equal to twice the square of the perpendicular from 
the centre. 

il4) The locus of points, from which rectilinear asymptotes can be drawn 
le conicoid as^-^^b^-^e^^l, at right angles to each other, is the cone 
a«(6-fc)«» + 6«(c + a)y* + c"(a + 6)«" = 0. 

(16) The six normals to the ellipsoid «"/a" + y*/6' + «Vc* = 1 from the point 
(/, y, h) lie on the cone (5* - c*)// (x -/) +...« 0. 

(16) The locus of the middle points of a chord of a conicoid drawn in a 
given direction, and such that the normals at its ends intersect, is a straight line. 
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il) Find the locus of the feet of the perpendiculars from a point (a, 8, 7) 
le tangent planes to the cone ox* + dy* t cr s ; and prove that if the locus 
i it will be a circle, and Uiat, if & > a ana e negative, the point 
of the lines y » 0, ax*/{b - a) = cs*/(c - 6). 



on 

be a plane curve 

must lie on one 



(2) Two similar and similarly situated concentric ellipsoids have their axes in 
the ratio of 1 : n, n > 1 ; from any point on the exterior as vertex a cone is drawn 
enveloping the interior, shew that the plane of its curve of intersection with 
the exterior ellipsoid touches another similar ellipsoid whose axes are to those 
of the interior as n'w 2 : it. 

(3) The sines of the angles at which a straight line cuts an ellipsoid are 
proportional to the perpendiculars from the centre on the tangent planes at the 
points of intersection. 

(4) Two planes are drawn through the six feet of the normals drawn to an 
ellipsoid from a given point, each plane containing three ; prove that, if (a, /3, 7), 
(a', Pf 7') be the poles of these planes with reference to the ellipsoid 

oo' + a«a/3^ + y = 77' + c* = 0. 

(5) Q is any point from which six normals are drawn to an ellipsoid, centre 
O, and semi-axes a,bfC} and JV^, iV,, ...iV, are projections upon OQ of Pi, Pj^ 
•..P« which are the feet of the normals; shew that 

2 (0P«) - OQ 2 (OJV) B 2 (aN 6' + c«). 
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(6) FroYe that, if n be the length of a normal chord to a surface 
ojj 4- ^* + tfs" a 1 at a point for which r is the distance from the centre, and 
p the perpendicular on the tangent plane 

2/n - (a + 6 + c) p + (a6 + 6c + ca - aher^ p* »= 0. 

(7) Any three equal conjugate diameters of an ellipsoid lie on the cone 

(2fl« - 6« - c^ ««/a« + (26« - c« - «•) y»/6" K2c« - a« - 6») ««/c" = ; 

and the planes containing two of three equal conjugate diameters touch the 
cone a^/a + y*/p + a*/7 = 0, where a^c^ (2a* - ^ - c") &c. 

(8) The locus of the intersection of three tangent planes to the conicoids 
«*/a + y*/b + «*/c a 1 and y*/b + z*/c - 2x, the- planes being mutually at right 
angles, are respectively «* + y' + «* = a + 6 + c and 2a; + ft + c = 0. 

(9) The locus of the intersection of three tangent lines to the conicoid 
g^la\}fl'b\^lc-\i mutually at right angles, is 

(6 + c) a;* + (c + a) y" + (a + 6) a" = 6c + ca + a5. 

(10) ProTe that a normal to the hyperboloid of one sheet (u^\W\^c^^\ 
at a point (/, ^, A), at which the generating lines are at right angles, meeta 
the hyperboloid again at a point (/', ^, A'), where /' :/= 6 + c-«:6 + c + a, &c. 

(11) If three of the generating lines of the enyeloping cone of a paraboloid 
be mutually at right angles, shew that the vertex will be on a paraboloid, and 
that the polar plane of Uie vertex will touch another paraboloid. 

(12) The points on a conicoid, the normals at which intersect the normal 
at a given point, all lie on a cone of the second degree having its vertex at the 
given point. 

(13) The locus of the intersection of two tangent planes to the cone 
0^1 a \ y*/h 4- f?/c b 0, which are at right angles, is the cone 

(6 + c) «■ + (c + a) y* + (a + 6) a" = 0. 

(14) The enveloping cones which have as vertices two points on the same 
diameter of a conicoid intersect in two parallel planes between whose distances 
from the centre that of the tangent plane at the end of the diameter is a 
mean proportional. 

xxni. 

(1) A, Bt C, D are the feet of tbe normals drawn from any point to the 
cone rue* + 6y' + cz" » 0, prove that the perpendiculars from the origin on the 
faces of the tetrahedron A BCD are generators of the cone 

a(6-c)"«« + 6(c-a)»y» + c(a-6)V = 0. 

(2) Two conicoids A and B touch each other along a plane curve, a plan# 
touching ^ in P meets ^ in a conic 8» Shew that the generators of B passing 
through P are tangents to 8, 

(3) If the plane Ix + my ^nz = p cut the hyperboloid aa^ -i- 6y' f cs" «= 1 in a 
parabola, prove that Pa'^ + m*6'' + nV = 0, and that the vertex will lie in the 
plane ax (V* - e^)/l +. ..= 0. 

(4) The normals to the ellipsoid s^/a^ + t^/V + z"/©' = 1 at points on the 
planes «/a + y/h + s/c = ± 1 all intersect the straight line 

fla:(6«-c«)=.fty(c«-a") = C8(fl«-6'). 

(5) The normals to the paraboloid y'/ft 4 t?/c » 2a;, at points on the plane 
px^ qy-vrzm\j will all meet one straight line if 

>»l6-c)«+2p(j«6-f«c)(6-c) = 2(5«6 + r»c). 
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(6) Shew that the cone, whose vertex is (/, g^ A), which enyelopes the 
ellipsoid «*/fl* + y*/6* + ii?/<^ = \y will he cut hy the plane of xy in a rectangular 
hyperbola, if the vertex lie on the spheroid («• + y*J/(o' + 6') + «*/c" =» 1, Also, 
if JP be the centre of this section when V is the vertex, shew that the locus of 
P will be the inverse of the projection on the plane of xy of whatever curve V 
is made to describe upon the spheroid. 

(7) If two planes be drawn at right angles to each other touching the 
central eonicoid OJc' + ^' + ei^al, and having their line of intersection in a 

S'ven direction {I, m, n), shew that the locus of their line of intersection wiU 
> the right circular cylinder 

«• + y* + «■ = (te + my + lis)" 4 (m* + n*)/« + (»* + ^)/& + (^ + »»•)/<?. 

(8) If the non-central eonicoid y'/ft + ^/e = 2;r, be taken in the last problem, 
the loons will be 2/ (Ix^my^ nz) - 2x » & (n' + r) + (^ + m*). 

(9) Prove that a tangent plane to the cone 2jj*/(6 - c) + y*/6 - «*/c « will 
meet the paraboloid j^Jh + sr/e s 2x in points, the normals at which will all 
intersect tne same straight line, and the surface generated by the straight 
line wiU have for its equation 

2(6-«j){«(V-a') + ^(y"-«")r = (V-««)(6y« + c8«)«. 

(10) The generators at a point P of a h}'perboloid of one sheet meet the 
generators at a fixed point O in points D and M, so that the area of the triangle 
ODE is constant, prove that P must lie on a cone of the second degree, whose 
vertex ia at 0, such that the tangent planes to it through the line joining O to 
the centre touch i|; in lines lying in the tangent plane to the hyperboloid at O. 

(11) The tangent plane at an umbilicus meets any enveloping cone in a 
conic of which the umbilicus is a focus, and the intersection of the plane of 
contact and the tangent plane the corresponding directrix. 

(12) A cone whose vertex is any point of the hyperbola :r « 0, /fei^ - Ay's 1, 
envelopes the ellipsoid «'/a' + yV^ + ^/c* « 1, whose least semi-axis is c; and h 
and k satisfy the relation 6' - c" ^W (o" - 6*) + Aic* (o^ - <?^ ; shew that the direc- 
trices of all the sections of the ellipsoid made by the planes of contact lie In one 
or other of two fixed planes. 



CHAPTER XIV. 



CONFOCAL CONICOIDS. ELLIPTIC COORDINATES. FOCAL CONICS. 
BIFOCAL CHORDS. CORRESPONDINa POINTS. 

283. In the preceding chapters we have considered the inter- 
sections of planes and straight lines with conicoids ; in this chapter 
we shall discuss the mutual relations of conicoids grouped in a 
particular manner and called confocal conicoids, and prove certain 
theorems relating to their intersections, which will be useful here- 
after when we treat of the curvature of surfaces and geodesic lines. 

A knowledge of the whole theory of confocal surfaces is essential 
for the solution of many important problems in Physics ; in fact, 
it was in the study of the attraction of ellipsoids that Maclauria 
was first led to consider the properties of this class of surfaces. 

The theory may be said to have been completed by Chasles,* 
although many valuable propositions are due to M^CuUagh.f 

284. Def. Two conicoids are confocal, when the foci, real or 
imaginary, of their principal sections coincide; or, when the 
directions of their principal axes coincide, and their squares differ 
by a constant quantity. 

Another definition will be afterwards given, but for our present 
purpose this definition has the advantage of greater simplicity. 

If a;Va'4yVi'-h«Vc' = l, and aj'/a* + yV6'» + «Vc'* - 1 'be the 
equations of two confocal surfaces, a* — a * = J* — i" = c* - c'*, or 
a»-6» = a"-J'* = /3' and a*-c' = a" -c"-7'- These relations 
have given rise to two methods of stating the equation of a group 
of confocal conicoids, called, for the sake of brevity, confocals. 

In one method a is called the primary semi-axis, and the 
equation of the group is written 

ar'/a'+y»/(a' -/yj + ^Vla'-y) = 1, 

/3 and 7 being constant quantities, viz. half the distance between 
the foci of the principal sections containing the primary axes, the 
individuals of the group being determined by assigning particular 
values to the primary axis. 

• Briot aad Boucjaet, Geometrie Analytique, 
Aper^ HiM<irtqu€j L'Acad. Brax. 1807. 

t With reference to the relative claims of Chasles and M'CuUagh in priority in certain 
inTestigations, see LiouvUle's Journal^ vol. XI., p. 120/ and Proceedtt^s of the Irith 
Academy, toI. li., p. 501. 
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In the other method the equation 

represents all conicolds confocal with a:Va + y'/i + «yc=l, bj 
assigning arbitrary constant values to the parameter k, 

285. To shew that three conicoids can he drawn through a given 
pointy confocal with a given central conicoidj and that these three vnll 
be an ellipsoid and the two hyperboloids.* 

Let s?la + ^jb + z*lc = 1 be the given conicoid in which a>h>c^ 
and (y, g^ K) the given point. Any confocal which contains 
i./} 9% ^) ^^ ^^^ parameter h determined by the equation 

or (* + a)(A + J)(A + c)-/'(* + i^)(* + c) 

-/(* + c)(A-|-a)-**(A; + a)(A + i) = 0. 

If now we write for Ji in the left side of the equation go , ~ c, 
— J, —a successively, the signs of the result will be +»—,+?-, 
hence the equation has three real roots separated by these quantities. 

Also, the quantities a + £, i + A;, c + Ar^ will have the foUowiog 
signs, corresponding to the values of k : 

A;>-c, +»+)-!-, 

-J<A;<-c, +, +, -, 

-a<*<-&, +, -, -, 
which proves the proposition. 

Cor. Two confocal ellipsoids or two confocal hyperholoids of the 
same kind cannot intersect. 

Elliptic coordinates, 

286. The position of a point on an ellipsoid is determined, when 
the octant on which it lies is known, by the primary axes of the 
confocal hyperholoids which pass through it ; these semi^axes were 
taken by Liouville as elliptic coordinates. 

If this description be taken, the Cartesian coordinates of any 
point on the ellipsoid can be expressed in terms of the elliptic 
coordinates as follows. 

Let the equation of the ellipsoid be 

x*ja' + y*/ (a* - /8') + z'j{a* - 7') = 1 , 

QXflr\A, and let p be the primarv/axis of a confocal byperboloid through 
any point (», y, «) ; /^ 

•••«'/p'+y70''-/3') + ^V(p'-7*) = i; 

♦ Apcr, Hist. (80), p. 892 j Proe, Ir, Acad, vol. IL, 496, 
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subtracting, and dividing hj p* — a', since p' is not equal to a*, 
(p'-)8')0>'-7')^'K + p'(p'-70y/(«'-/3') 

or p* + ^p' + ^ V x^l<jf = 0, 

and if a *, a"* be the two values of p', then 

^yaj» = a VV" or (a' - V)ia^ - c») a?* = aW". 

Similar expressions hold for y^ and «' ; and if i'', — c'' and -^J"*, — c"* 
belong to the two confocals, 

287. Another definition of elliptic coordinates used by Cayley,* 
also derived from the two confocal hyperboloids through the point, is 
more symmetrical. 

If the equation of the ellipsoid be in the form 

a:*/a+y7& + «7c=l, 

that of a confocal through (x,^, z) being 

a?V(a + *)+y'/(6 + A)-|-«V(c + *) = l, 

we obtain as before 

(i + A;)(c+A)a;7a + (c + A)(a + A:)y7J + (a + *)(i + A)«Vc = 0, 

fi^ V the values of k for the two hyperboloids are the elliptic 
coordinates of any point {x^ y^ z) on the ellipsoid. 
Solving with respect to a + & as in the last article, 

»'(a- J)(a~c) = a(a + ;*)(a-|-v), cU.-^—-^ ' 

y(J«c)(J-a)-J(i + /*)(ft + v), . -"'• ' 

and z^ {c-a)(c- &)= c(c + /i)(c + »f), 

where, since & + v, c + /x, and c + v are negative, y and z are real. 

Cayley writes a, )3, 7 for i — c, c — a, a — J, which are constant 
for all confocals and satisfy the equation a + /3 + 7 = 0. 

288. These systems of coordinates are chiefly employed in 
investigating the forms of certain curves on ellipsoids, but if X, |i, v 
be the roots of the equation a? /{a + A) 4 y'/(t + A) -f «*/(c + A) -^ 1, 
these may be called the elliptic coordinates of any point in space 
with reference to the fundamental conicoid. 

The equations, in elliptic coordinates, of the two curves of 
intersection of the confocal hyperboloids with the ellipsoid are, by 
the first definition, a* and a" = constant, by the second /a and v 
c= constant. 

289. From the cubio equation in h, ^/(a4^)-i-...sl, the roots of which 
X, fif w are the elliptic coordinates of (^, n, ^), we have 

■~ I _ — - — 

♦ Proc. qfLovdon Math, Soc., toI. iv. 
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;ii> + v\ + \;t = 6c + ca + rt6 - (ft + c) £• -..., (2) 

Xniy = abe (P/a + v'/b + T/c - 1) ; (3) 

by (1) the distance of the point (X, /i, if) from the centre of the system of 
iC^ confocals is given ; 

by (2)aP f Jn" + cr « (^ + A* ^- " + <» + * + «){« + * + <') + ^«' + "^ + V - ^ -••• » 
by (3) r/o + v*/b + l^c = \fiv/abc + 1 ; 

whence the equations in elliptic coordinates of anj conicoids similar to and 
co-axial with the fundamental conicoid, or of its reciprocal with respect to the 
centre can be found. 

290. When three conjocah pass through a point each of the 
normals to the confocals, at that point is perpendicular to the 
other two* 

It will be sufficient to prove that at every point in the curve 
of intersection of two coufocals the normals are at right angles ; 
thus, it (f, ^, ?) be any point common to the confocals »*/«+...= I 
and ix?/(a + k) +...= 1, it follows by subtraction that 

therefore the normals are at right angles. 

291. To find the lengths of the perpendiculars from the centre 
upon the tangent planes at a given point to the three confocals which 
pass through that point in terms of the elliptic coordinates. 

Proceeding as in Art. 287, we have the equation 

(i -h A) (c + k)fla + (c + A) (a + k) g'jb + (a + A) (i + *) h'jc = 0, 
^ or, since p'* -f'lo^' +--7 

J^-\-Ak-\-abclp' = 0; 
.'. aiclp* = fiv={a — a) (a — a"), 

where a , a" are the squares of the primary semi-axes of the con- 
focals, similarly for p and p\ the other perpendiculars. 

292. From the similarity of the expressions for the coordinates, viz. 
aa'a'/x* - (a-b)(a- cu &c., Chaslesf has given the following construction s* 

If with the normals at the point of intersection of three confocals as axes, 
three new confocals be constructed, of which the Fquares of the semi-axes are 
respectively a, a', a'*; b, b\ b^; and c, c\ c"\ the coordinates of their points 
of intersection will be p^ p\ p". Also, the perpendiculars on the three tangent 
planes to the second confocals will be the coordinates of the points of intersection 
of the first. Hence, the second confocals intersect in the common centre of the 
first, and the principal planes of the first are tangent planes to the second. 

293. If two parallel tangent planes be dravm to two confocals^ 
the difference of the squares of the perpendiculars from the common 
centre on these planes will be constant, % 



* Ap^, Hist. (30), p. 392. 
t Aptr. Hist.{:M\),y,'6%\. 
X Aptr. Hist. (37), p. 3^3 ; Proc. Jr. A^d. vol. ll., 491. 
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Let p^ p be the perpendiculars on the tangent planes to the 
confocals ar/a+...= I and a;*/(a + A:)+...= 1, (I^m^n) their common 
direction ; ^'= Pa + m'b + n*c and p"= ? (a + k) + nf (i+Aj + n* (c+ ArJ, i ^ ** 
.-.;>'•-/ = *. 

Cor. i/* an ellipsoid and hyperholoid he confocal, all tangent ^ . 
planes to the ellipsoid drawn parallel to tangent planes to the conical ^ 
asymptote of the hyperboloia loill be at the same distance from the 
centre. 

294. The. poles of a given plane^ taken with reference to each of 

a series of confocals^ lie on a straight line perpendicular to this plane,* ' 

Let x^j{a + 4) 4- y*(i + A:) + «*/(c + i) = 1 be the equation of any 
' one of the confocals, \x + fiy + vz=\ that of the given plane, and 
let (f, 17, ?) be its pole with respect to this contocal, therefore the 
equation of the plane must be the same as 

fj:/(a + *)+i7^/(i4A:) + 5?/(o. + A:) = l, 

.*. f/X = a + A:,&c. and f/X — = 17//:*- i = f/i' — c; 

these are the equations of the locus, which is evidently perpendicular 
to the given plane ; and, since the point of contact of the particular 
confocal which touches the given plane is the pole with reference 
to that confocal, the locus is the normal at the point of contact 
to the confocal to which the given plane is a tangent. 

295. To find the length of the portion oj a normal to a conicoid 
cut off by the polar ^ with respect to any confocal^ of the point from 
which the nohnal is draian. 

Let the normal be drawn from the point (f g^ h) of the conicoid 
x^la-\-y^jb-\-z^lc=ily and let (f, 17, f j be the point in which it meets 
the polar of (f g^ h) with respect to the coniocal x^j{a + *) + ...= 1, 
by the last article it follows that f /(a + k) = \ ^^fja^ 

•' f-/=¥M&c., .-. (S''ff+...^k'(f'la'^...)^k'lp'; 

hence N the length required is k/p^ or Np =» 1 A- = the difference of 
the squares of the primary semi-axes, p being the perpendicular 
from the centre on the tangent plane at {f g^ h), 

296. Three confocals^ A^ A\ A" pass through a point P, and a 
central section of A is made by a plane parallel to the tangent plane 
to it at P. To shew that the axes of this section are parallel to the 
normals at P to A' and A\ also that the squares of the semi-axes 
of the section are equal to the difference of the squares of the primary 
semi-^xes of A^ A and -4, A* respectively.^ 

Let x*/a+...= l and a;'/(a + i)+...= 1 represent the three 
confocals through P(f g^ A), by giving to k the two values k\ k" 
derived from the quadiratic f*l[a(a -f k)] +...= 0. (1) 



Aper, Hist, (50), ^ 397. t Proc. Jr. Acai., vol. Ii. p. 499. 
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If (Z, wi, n\ (r, m', n') be the directions of the normals at P to 
// ^ and -k', then al/f^bmlg^cnl^^ and 

(a + h') ri/= {b + *') m'lff = (c + *') n'/ A ; 

hence, by (1), 

aVI(a + A') -h Jm7(6 + *'j + c/i'/Cc -h *') = 0, 

and {a + k')rial^(b + k')mlbm^(c + k')nl(m] 

/o therefore, by Art. 2|57, — A' or a - (a + A:') is the square of the semi- 
axis of the section of A by the plane Ix-^-my-^-nz^ 0, and its 
direction is (/', m\ n) parallel to tne normal to A\ the proposition 
is therefore true for A\ and similarly for A\ 
^r When A is the ellipsoid, the major axis is parallel to the normal 

^^*^ to the hyperboloid of two sheets. 

Cor. Whm two confocah intersect^ and a diameter of one is 
drawn parallel to a normal to the otker^ at any point P of the curve 
of intersection^ this diameter is of constant lengthy and is one of the 
axes of the central section by a plane parallel to the tangent plane 
atP* 

This leads to the following important proposition. 

297. If p be the perpendicular on the tangent plane to an ellip" 
said at any point of the curve of intersection with a confocal hyperboloid^ 
and D be tne central radium parallel to the tangent to the curve at that 
pointy pD will be constant for all points of the curve. 

For if D' be the central radius of the ellipsoid parallel to the 
normal to the hyperboloid at the point considered, !>, U will be 
the semi-axes of the section by a plane parallel to the tangent 
plane; therefore ^Z)/)' is constant. Art. 276 or 277, and, by the 
corollary of the last article, U is constant for all points of the curve, 
and therefore also pD, 

298. The normals to the eonfocals to an ellipsoid which pass through any 
external point meet the polar plane with respect to the ellipsoid in three points 
which, with the external pointy determine a tetrahedron aelj amjugate with respect 
to the ellijfsoid. 

This can be shewn by means of the theorem of Art. 294. 

Let N^t iV,, iV^, be the points of intersection of the normals at P with the 
polar plane of P, PNiN^ is a tangent plane to a confocal, and its pole with 
regard to the ellipsoid is in the normal PNi, it lies also in the polar plane of 
P, Art 264, therefore Ni is the pole of PJ^^y^. 

299. To shew that the principal axes of a cone^ which envelopes 
a given central conicoid^ are normals to the three eonfocals which 
pass through the vertex. 

Let x^ja-^i^jb + aj'/c^ 1 be the equation of the given conicoid, 
(/, (7, h) the vertex of the cone, then, writing u^ for/*^+^7^+A7^~lf 



• Proc, Ir, Acad, ToL IL p. 499, 
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tbe equation of the enveloping cone referred to parallel axes throngh 

the vertex is t*/a:'/a+y*/ft + «V^) = ^/^/^+^y/* + ^^/^A ^^' 265. 

Let x*l(a + k)-^ y' l(b '\- k) + z* l{c+k)= I be any contbcal through 
(/} Si ^)i ^^^ lx-\-my-\-nz=p the tangent plane at that point, so 
that l/'\- mg + nh =p, and lia-^-k) ^pj[ &c. 

The centre (f, 97, ^) of a section parallel to the tangent plane 
is given, as in (1) Art. 234, by 

(Wof -fo)l'Ut = {u^ri - gv)lmb = (w^?- hv)lnc = - v/j?, 

writing v for f^l(i'\-gvl^'^^KI<^'i 

:, pu^^=-vl(a + k) — vla = vkly 

which proves the theorem, since the normals to the three confocals 
are shewn to be perpendicular conjugate diameters. 

Cor. All cones vnth a fixed vertex enveloping a family of con-' 
focdU are co-axiaL 

800. The theorem of the last article can be shewn by that of 
Art. 298, for, using the same notation, N^NNJ^ is a self-conjugate 
triangle with respect to the section of the cone by the polar plane of P, 
therefore P^„ FN^y P1V3 are a system of conjagate diameters of 
the cone, and, being a rectangular system, they are the axes 
of the cone. 

301. T4 find the equation of the enveloping cone referred to the 
normals to the confocals through the vertex as axes, 

Since these are principal axes the equation of the cone is of the 
form Ax' '\- By^ -hCz' = 0^ and, if Pn J?,? p, be the perpendiculars 
from the centre of the conicoid on the tangent planes to the three 
confocals, the equations of the line joining the centre and vertex 
of the cone, referred to the same axes, will be aj/p, =y/p, = «/p,, 
and since this line passes through the centre of the curve of contact, 
the plane of contact will be parallel to the plane conjugate to this 
line, whose equation is Ap^x + Bpjf + Cp^z = 0, Art. 272, but the 
equation of the plane of contact will be a;/X + y//i+ a/v = 1, 
if X, fly V be the intercepts on the three normals, 

/. Ap^^Bp^ii^Op^v\ 

hence, if a + A., a + A;,, a + A-g be tbe squares of the primary semi- 
axes of the tnree confocals, since ^^X = k^ &c.. Art. 295, the 
equation required will be a'/^i + y V^t + ^V^s ^ ^ * 

Cor. All cones having the same verf£x and enveloping confocals 
are confocalj as well, as coaxial. 

302. To find ike equation of the enveloped conicoid referred to the thre^ 
normaU through the vertex, 

* Soott, Qmrt&rlsf Journal, voL yi., p. 258. 
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Since the equation of the plane of contact is Pi^/k^ ^ p^/hi ' P^/^z- li 
that of the conicoid is of the form 

p (ar'/Aji + yV*.+ «"/fe) = {Px'/K +/Hy/*t ^PaJ^/K- l)*? 
if, therefore, we transform the origin to the centre (- p,, -p^t - P3), by writinj^ 
x-p^ for Xi &Cm the coefficients of x, y, z being: equated to zero, we shall have 
p -pi* / ki + Pi* / hi -^ p$* / k^ + I, the equation required will therefore be 

ip"/K -^phK ^ f^V*s + 1) {x'/k, + yV*2 + ^/h) ^{p,x/ki +...- If. 

203. If from any point of a central conicoid a line he drawn ttmching two 
given confocals, the portion of this line intercepted between the point and tfi/e plane 
through the centre^ parallel to the tangent plane at the pointy will he constant* 

If, with P the given point aA vertex, two cones be described enveloping the 
two confocals, the line under consideration will be one of their common sides. 

Let 01, a,, a. be the squares of the primary axes of the given conicoid, and 
the two confocals through the point P, a^-^k that of either of the confocals to 
which the line through P is a tangent, whose direction referred to the normals 
to the confocals through P is (/, m, n). 

Then /•//? \- m^l{k + a, - Cj) + »"/(* t a, - a^ = 0, Art. 301 

whence A* + Ak 4 (o, - a,) (a, - Aj) /■ = ; (1) 

if A;,, A;, be the two values of A, kji^ = (O) - a,) (a^ - a^) P. 

But, if r be the intercepted portion, rl^p^t where 

/}i* (tti - flj) (fli - tf,) = fl,fc,C|, Art. 291, 

.'. kji^ = fli^i^if or (a, - a) (a, -'a')f*- ci,fe,Cp 

where a, a' are the squares of the primary axes of the two given confocals; r is 
therefore constant 

304. Two conicoids can he drawn eonfocal with a given conicoid and touching 
a given straight line, and the normals at the points of contact will be at right 
angles. 

The first part follows from the equation (1) of the last article, which gives 
only two values for k. 

The second is shewn by considering that if {f, g, h) and (/', g', K) be the 
points of contact with the given straight line which is a common generator of 
the cones x*/k^^,,.^0 and a:*/ ^, •»-...= 0, {f\g\ h') is a point in the tangent 
plane to the first, and (/, ^, A) in the tangent plane to the second; 

.'. jfi^7*i+...«0 and jf/VA;, 4...= 0, 
and, by subtracting, 

which represents that the normals are perpendicular. 

305. If a chord of a given central conicoid tottch two other surfaces confoeal 
with tt, the length of the chord will be proportional to the square of the diameter 
of the first surface parallel to U, 

Let a central section be taken containing the chord PP" ; draw CQ a radius 
of this section parallel to PP^ and produce it to meet the tangent at P in T; 
let CN bisect PP", and PM, parallel to JVC, meet CQ in M. then CM,CT':=CQ'; 
hence, since Cris constant by Art 303, PF:=2CMac CQ\ 

306. When two confocals are viewed by an eye in any position^ their apparent 
bowidaries cut one another at right atigles wherever they appear to intersect.^ 

The boundaries will appear to inter&ect in any line drawn from the eye so 
as to touch both surfaces. 



♦ Proo. Jr. Acad.j vol. II., p. 498. 

t Aper, Bitt,y (33), p. 892. Proe. Ir. Acad., voL II., p. 604. 
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There may be four, two, or no apparent points of intersection, and, when 
they exist, they will be in the direction of the common generating lines of the 
two enveloping cones of which the eye is the common vertex, and the propo- 
sition follows from Art. 304. 

307. The following method of dealing with tangents to confocal surfaces 
is due to Gilbert;* it enabled him to solve with great facility many of the 
problems in this subject, and we give some of them which have been proved 
above. 

He shews that, if P, P* be points on two confocals a:*/o + y'/ft 4 2"/c = 1 
and of I a' + \^ jlf ^7? /& -\, and if Y^, Y^\ 6 be the angles which the normals at 
P, P* make with PP*^ P'P, and one another, and />, p* the central perpen- 
diculars on the tangent planes at P and P', then, the normals being measured 
in the directions of » and p\ {a! -a) cos = PP* {p' conyjr-p cos Yr')- 

Let (/, g, h) and (/', ^, A) be the points P, P', Pr = r, 

/. cos yjr = (/' -/)/r X p//a + . ; 
/. r cos Yr =;? (/'//a ^gy/b + h'h/c - 1). 
Similarly r cos Y^' = p (///a' \^g Ih' ^hh/d -\)', 
/. r ( p' cos Y^ -|> cos ^') = ((f - a) (p//a ^p'f /a' +...) = (a' - a) cos 0. 
Cor. If PP' be a tangent at P', cos Y^' = 0, 

.". (a'-ii) cos^ = rp' cos"^. 

308. If two confocals touch the $ame straight line the normals at the points 
of contact will be at right angles. 

For, cos Y^ = cos Y^' = 0, .•. cos ^ = 0, 

309. To find the equation of the cone Enveloping a given ce^itral conieoul, 
referred to the normals to the three confocals which pass through the vertex 

Let k^y k^t k^ be the values of k for the confocals through P, ^i, yjr^ Y^ the 
angles between any side PQ nf the cone and the three normals at P, ^i, 629 0^ 
those between the normal at Q and the three normals. 

Since cos Y^ » cos 6^ cos Y^, 4 cos 0, cos Y^, -f cos 0^ cos ^3 » $ 

and by Art 307, Cor., Af, cos^j = rpcos^„ &c,; 

.*. co8*^,/A| + cos"Y^,/*, + cos*^,/A;3 = ; 

hence, the equation required is sf/ki + y'/A;^ + «"/*, = 0. 

310. If any point P he taken in a fixed plane Ut and on the nonnals to the 
three confocals passing through P lengths equal to the primary semv<ixes be set 
off, the sum of the sgtiares of the projections of these lengths on a nonnal to the 
plane U will he constant for all positions of P in that plane, viz, the square of 
the primary semi-axis of the conjocnl touching CT.j- 

Let a be the square of the primary semi-axis of the confocal touching U, 
« 4 &ir a + kg, a + ^3 those of the three confocals, 

cos Oi cos ^1 + cos 0^ cos yjr^ + cos ^3 cos "^"3 = } 

.*. Ai co8*^i + A, cos'^2 + A^ cos'^j = or (a + Afi)co8'^i+,..= a. 

Confocal Parabolotda, 

311. The propositions relating to paraboloids can be deduced 
from those relating to central conicoids by removing the origin 
to a vertex, as in Art. 201, but it is well to prove them inde- 
pendently, although the equations of the paraboloids being 

* Nouv, AnnaUty vol vx., p. 529. f Conh JRend.^ vol. xxii., p. 67. 

T 
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nnsymmetrical, the proofs of the theorems correspondiDg to those 
already given for central confocals are not so simple ; the following 
are the principal results. 

312. The equation of any confocal to y^Jh + ^ /c = ^x is 

y7(6-.i) + «7(c-A) = 4(a:-*), (1) 
since the foci coincide. 

313. The three real values of Jc fmr confocals passing through 
(/, g, K) are given by 

00 , &, c, — 00 separating the roots. The confocals are therefore 
two elliptic and one hyperbolic. 

314. The direction-cosines of the normals at (/, g^ Ky are as 
— 2 : gl(b — k) : hUc — k)^ and if ft,, k^ be values of k for tw«^ of 
the confocals, by subtracting the equations derived from (1), 

^/(J - *.) (h - *.) + AV(c - A^ (c - *,) + 4 = 0, 

therefore the three normals are at right angles. 

315. For Art. 2M. Since the polar plane is 

i7y/(& - *) + C«/(c - Ar) - 2aj - 2 (f - 2A) = 0, 
and the given plane Xx-^fAy + yz^^l^ 
we obtain the equations of the line 

316. For Art. 295. Take *' the value of * for the confocal 
touching the given plane at (/, g^ A), the normal has equations 

»-/=2xV/>, yg=--gNpl(b^k'},&c., 

where p-»-4 + (77(6-*7 + A7(c-AT; 

if Jf be the portion of the normal cut off by the pelar with respect 
to any confocal (k)^ shew that Np^^k — k'. 

« 

31T. Tw Art. 299. The conical envelope of y*/b + z*/c = 4a; i& 

«. fyV J + e'/c) = (gt//b -^hz/c' 2x)\ 

if u.^g^lb^Wh-^f, 

Let (Z, m^ n) be the direction of a normal to the confocal 
through (/, g^ A), so that 

Z/(- 2) = »n ( J - k)\g ^n{c- k)\li = {^^ ^9 + «*)/(- ^\ (0 
(f , 17, (^) the centre of the section made by the plane Zx+any+n^B = g^ 
if v = g^lb + h^lc- 2f, is given by 
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•. vlm=^vlu^(2bll+glm)^vlu^.2kll, by (1), 
also v^uj^j2k\ .". Sll^vl^i ^^^ Bimilarly =?/w* 

318. For Art. 301. Let udaj' + ^y" + (?«'«= be the equation 
of the cone, the line through the vertex and the centre of the curve 
of contact is parallel to the original axis of x^ and the direction- 
cosines of this line are - 2/0^, — 2/o„ — 2p„ where 

pr* = 4 + // (* - *.)' + **/ (« - ^i)'. &C-. 

the plane conjugate to this line is Ap^x + Bpj/'\-Cpjs — 0^ and the 
intercepts of the axes made by the plane of contact will be N^^ N^y 
N^j Art. 316; /. AN^p^^ BNj?^^CNj)^y hence the equation of the 
cone is ar*/*i + y^l^^-\- «*/ *, = 0. 

« 

Focal Conies. 

319. Among the surfaces of the system of confocals to an 
ellipsoid, obtained by giving all values to the parameter k in 
the equation 

a? /(a' - *) + y'/{V - A) + «V(c' - k) = 1, 

there are two which have a particular interest. 

If a>b>Cj suppose k to increase from zero, the surfaces will 
change from ellipsoids to hyperboloids of one sheet as k passes 
through c*, and from hyperboloids of one sheet to those of two 
sheets, as it passes througn V. 

Wnen A; is a little less than c*, the confocal is a very flat ellip- 
soid, and when a little greater, a very flat hyperboloid of one sheet, 
the boundary of both being the ellipse 

aV(a'-c') + yV(*'-^0 = i; «=o; 

when k^<?y z*=iOy representing two planes coincident with that 
of xy. 

In the same manner the hyperbola 

0^1 (a* - 6') - «*/(** - cO = 1. y = 0, 
is the boundary of two flat hyperboloids of one and two sheets, for 
which A; is a little less or greater than 6'. 

These conies are called the focal ellipse and hyperbola of any 
of the confocals; they pass through the foci of the two principal 
sections containing respectively the least and the mean axes of the 
ellipsoids of the system. 

The focal hyperbola also passes through the umbilics of the 
ellipsoid, for which 

x'l(a' - b') a' = z'j(b' - c') c' = l/(a' - c'). 

But there are other properties which make the term focal 
conies peculiarly appropriate, which will be discussed in the next 
chapter. 
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320. We may observe here that as these focal cornea belonp 
to the g^roup of confocals, many of the propositions given above 
can be applied to them. For example, a cone on a focal conic 
as base corresponds to an enveloping cone, since the focal conic is 
in this case the curve of contact of a flat ellipsoid enveloped by 
the cone; and the normals to the confoeals throngh the vertex 
are axes of the cone. 

321. Tojind the eenfoeal htfperholatds vjhieh pass throiiffk a point in ihs 
principal section of an ellipsoid which contains the greatest and least ares. 

Let the equation of the ellipsoid be jr*/a" + .v'/(a* -/3')4-«*(a"-7*)=l, and 
(/, 0, A) the point in the principal section, so that /'/a" + A* /(a" - 7') = 1. 
If a' be the primary semi-axis of a confocal hyperboloid, 

.'. a* -fi or /7//1, the first solution gives the focal hyperbola, which must be 
considered as a flat hyperboloid of one or two sheets according to the position 
of the point; the other solution gives the hyperboloid 

^•//V + //(/ V - «W - sV(«* -/") 7* = «-• 
which is of one or two sheets, as/7 > or < a/j, i.e. as the point is on one side or 
the other of the focal hyperbola. 

322. To find the locus of the vertices of all circular cones which 
envelope a aiven conicoid. 

Since the positions of the principal axes of such cones, which 
are perpendicular to their axes of revolution, are indeterminate, we 
roust consider three confocals throngh the vertex of some enveloping 
cone for which the directions of the normals to two of them will 
be indeterminate. It is evident that if we draw normals to a 
conicoid of which one of the axes is infinitely small, these normals 
will be parallel to that axis, unless the points at which they are 
drawn are indefinitely near the edge, and in passing round this 
edge from one side to the other the normals will assume every 
direction in a plane perpendicular to the tangent to the bounding 
focal conic, and this tangent being the normal to the third confocal 
will be the axis of a right cone. Hence, the vertices of right cones 
roust lie in one of the focal conies. 

This locus and that of the next article may be found by making 
the equation of the conical envelope coincide with that of the 
circular cone found in Art. 60. 

323. The locus of the vertices of right cones on a given elliptic base is a 
hyperbola in a plane perpendicular to its plane, and vice vtrsd. 

For any ellipse *"/a* + y*/6* = 1 may be looked upon as the focal ellipse of 
an ellipsoid of which the focal hyperbola is x*/a* - a*/7* =1, if o' - a* = ft* = 7*, 
and the vertex must therefore lie on the focal hyperbola; hence the equations 
of the locus of the vertices are «*/(a" - 6*) - «*/6* = 1, and y =^ 0. 

324. To find the vertical angle of the circular cone enveloping an ellipwtid, 
the vertex being a given point oti the focal hyperbola. 

The squares of the primary semi-axes of the confocals through a point 
(ft ^^ h) of the focal hyperbola, which is the boundary of two flat hyperboloid&» 
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are fl'-5' + X, a* -J", a*-h\ where 

/V(ii«-&«)-^V(6«-c*) = l and /•/(o"-6* + X) + AV(c«-5« + Xl»l, 

whence X =/" (6" - c»)/(a« - ft*) + h* (a« - 6«) /(6« - c») - (a" - ft«) (6" - c*) /p*, 

j9i being the perpendicular from the centre on the tangent to the hyperbola. 

But the equation of the envelopins^ cone referred to the three normals to 
the confocals is :r*/(X-ft')s(y' + 2*)/5"; hence, if 2a be the vertical angle 
of the cone, 6* = (X - ft") tan'a and X = ft* cosecV, 

.'. Pih » V(«* - *') V(ft' - <?*) sin «• 

Bifocal Chords, 

325. Dep. a bifocal chord of a conicoid is a chord which intersects two 
focal conies of the conicoid. 

326. If Ph€ one extremity of a hi focal chord of a conicoidf the portum of the 
chord intercepted between P and a plane thrmtgh the centre, parallel to the tangent 
plane at P, loiJl be equal to the primary semi-axie of the conicoid. 

The focal conies oeing limits of confocals of the conicoid, this is a particular 
case of the theorem of Art 303, in wbich ki = bi, k^ s Ci. 

327. The direction-cosines of the bifocal chords drawn through any point P 
of an ellipsoid and its focal ellipse and hyperbola, referred to the normals to the 
three confocals through P, are ±Pi/ai, tpj^t and tp^la^, where ai, a,, a, are 
the primary semi-axes, and p\^ pt, p^ the perpendiculars from the centre on the 
tangent planes at P. 

328. The length of the bifocal chord of a conicoid is a third proportional to 
the primary axis and a diameter parallel to the chord. 

This is a particular case of Art. 3Ud. 

329. 7h shew that the fottr bifocal chords through any point P of an ellipsoid 
lie in two planes passing through the nortnal at P, and intersecting the primary 
axis of the ellipsoid in the feet of the normals at the umhilios. 

Since, by Art 327', the equations of the four bifocal chords, referred to the 
three normals to the confocals through P, are xa\ /pi « + ya^/p^ « ± M^/pt, they" 
lie in pairs in the two planes yaJp^±fBa%/p^-Qf intersecting in the normal to 
the ellipsoid. 

The coordinates of the feet of the normals at the umbilics, referred to axes 
through P, ( /, ^, A), parallel to the axes of the ellipsoid, are ± fi'^/oi-ft -^, - A ; 
therefore, at the feet of the normals at the umbilics, 

.'. y//>« = + 03/«s-lf Art 286. 
Similarly, t/p^^±at/a^-\, and these points lie one in each of the two 
planes given above. 

330. If a tangent plane be drawn perpendicular to a bifocal chords the 
distance from the centre of the ellipsoid to the point where the chord meets 
this plane tcill be equal to the primary semi-axis, 

ijGX, «"/a* + y*/ft* 4 u^/f^ = 1 be the equation of the ellipsoid, (X, /i, v) the 
direction of the bifocal chord through (/, g, h). Then, by the intersection of 
the two cones standing on the focal conies, 

(>^,(^.l^,., Art 176. Cor. 1. 

and (^-^''l'_<*''-^1'-„.. 
a* - ft' ft* - c' 
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and multiplying by a' ^^ e* and a' - h\ and adding, 

O - h\y + (^\ -ffiY + {hfi - ^v)' = a' - (XV + ^V + rV) ; 

therefore, if CQ be perpendicular from the centre on the chord, It the point 
where the chord meets the tangent plane, C^ = 0,^- QIP, .*. CR = a. 

Correspandtnff Points. 

33L If a, bj c and a , (', c' be the semi-axes of two ellipsoids, 
any two points P and P', whose coordinates are a;, y, e and a; , y, z' 
referred to the axes of the ellipsoids, are said to be corresponding 
pointSj if the following relations hold, xla^x*(a\ yjh^ylh\ and 
zjc^zjc'. 

It is plain that if P be on the first ellipsoid the corresponding 
point F will be on the second. 

Ivory first made nse of points so connected in order to establish 
a relation between the attractions of an ellipsoid on an external 
and on an internal point, proving the following proposition : 

332. If P^ Q he two points on an ellipsoid^ and P*, Q the corre^ 
sponding points on a con/ocal ellipsoid^ PQ = P' Q. 

Let (a?, y, z)^ (f , i/, f ) be the points P, Q on the ellipsoid 
x'ja' + y'lb^'^-z'lt^^l, and let (x\ y\ z% (f, V, ?'^ be corre- 
sponding points P', Q on the con focal x^l a* -f- y j h'^ + z j c* ^ 1. 

Since x/a = x'/a and f /a = f '/a', we have (x - f ')' — (f - «')* 

« (a: - ^a'lay - (f ~ ara'/a)' = (a* - a") (ar'/a' - f/a"), 
and similarly for the other coordinates ; 

or PQ^P'Q. 

333. Since a?' - a;" = (a* - a'») ic'/a*, &c., if be the centre of 
the ellipsoid, then OP* - OP" = a' - a'', 

334. JOfa concentric andcoHucial eUipaoid he drawn through the vertex of a 
eone enveloping a given ellipsoid, the tangent plane at the point corresponding to 
the vertex toiU meet the eUipsoid through the vertex in an ellipse, every point of 
which will correspond to a point in the plane of contact ; and, if the eUipsoids be 
confocal, the lengths of the tangents from the vertex will be equal to the 
corresponding radii of that ellipte, 

^^^ (ft 9t ^) ^6 ^he vertex of the cone enveloping the ellipsoid 
«*/«* + yV*" + «Vc*=1, (1), and let «Va'*-f yV^-' + aV^j** 1, (2), be an ellipsoid 
on which the vertex lies. 

The plane of contact of the cone is /r/a" + ^y/i" + A«/c* = l, in which let 
(£» % I) be any point, then, if (f , n', T) be the corresponding point on (2), and 
(/', g', h') on (1) correspond to the vertex, we have/f =/'f' j 

or (P, »?', r) is on the plane which touches (1) at (/', g'. A')* 

Also, if the ellipsoids be confocal, the latter part of the proposition is 
obvious by Ivory's theorem. 
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335. If three points on an ellipsoid he the extremities of, three 
conjugate diameters^ the three corresponding points on any other 
ellipsoid will be also at the extremities of conjugate diameters. 

For the corresponding points on a concentric sphere are the 
same for both ellipsoids, and these are obviously at the extremities 
of three perpendicular radii. 

336. Confocal ellipsoids are cut hy a fixed amfocal hyperholoid ; 
to shew that if any point be taken on the curve of intersection of 
one of the ellipsoids^ the corresponding point on any other will lie 
on its curve oj intersection. 

If (or, y, z) be a point on the intersection of a;Va*+yVJ*-f-2Vc'= 1 
with the hyperboloid a:7a" + ^j^ + ^'/t* = ^ confocal with it, 

and if (x\ y\ z') be the point corresponding to (x^ y, z) on the 
ellipsoid x%'^-^flb''i-z'lc"=^}, a:7aV + y76V + f7cV = 0, 
and multiplying by a'* — a*, we obtain 

x^la* + y7/8« + z'^ly' = aj'Va « + y'V J" + a^c" - 1, 

therefore the point (x\ y\ z') lies also on the hyperboloid. 

Cor. The point on any ellipsoid which corresponds to an umbUic 
on a confocal ellipsoid will be itself an umbilic. If the hyperboloid 
which cuts the confocal ellipsoids be eithei* of the fiat hyperboloids, 
whose common edge is the confocal hyperbola, all points on thb 
edge will be corresponding points. 

337.' One of the series of ellipsoids in Art 336 is the flat surface bounded 
by the focal ellipse, and the corresponding curve of intersection is the principal 
section of the hyperboloid, which is an ellib^e or hyperbola as the hyperboloid 
is of one or two sheets, being confocal with the principal sections of the ellipsoids. 

If hyperboloids of one and two sheets be confocal with the series or ellip^ 
soids, a, a' their primary semi-axes will be elliptic coordinates of the points on 
any of the ellipsoids in which the curves of intersection with the hyperboloids 
intersect; and if r, f^ be the distances of the corresponding point on the flut 
ellipsoid from the nearer and farther foci of the principal section of the 
ellipsoid, f^ 4 r » 2a and r^- r- 2a', whence the plane curve correspondiijg 
to any curve on the ellipsoid, given in elliptic coordinates, can be found, 
or vice vertd. As an example, take the following ; 

A curve i$ drawn on an ellipsoid stich that, if a central section be taken 
parallel to the tangent plane at any point, the distance of the foci of the section 
will he constant, to find the corresponding curve on the plane of the focal ellipse. 

If a, e! be the elliptic coordinates of a point on the curve, the squares 
on the semi-axes of the section corresponding to this point will be a' - a* and 
a* - ei*, hence a* - a" is constant and the curve required will be rr* » constant ; 
if the given curve nass through the extremity of the least axis, the corre- 
sponding curve will be a lemniscate. 
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XXIV. 



(1) Prove that the locus of the points of intersection of tangent planes to 
three confocals, which are perpendicular to each other, is a sphere. 

(2) If normals be drawn from a fixed point to each of a series of confocals^ 
shew that they will form a cone of the second degree. 

i3) If a, a', a", d'\ be the transverse semi-axes of an ellipsoid, and the three 
bcals which can be drawn through a given point, and if a'* + a"* -f a"* = 3a% 
then three tangent planer mutually at right angles can be drawn from the given 
point to the given ellipsoid. 

(4) Through a straight line in one of the principal planes tangent planes 
are drawn to a series of con focal ellipsoids; prove that the points of contact lie 
on a plane. If a plane be drawn cutting the three principal planes, and through 
each of the lines of section tangent planes be drawn to the series of conicoids. 
prove that the three planes which are the loci of the points of contact will 
intersect in a straight line perpendicular to the cutting plane. 

(5) Prove that the polar of the foot of a normal to an ellipsoid with respect 
to the focal ellipse is the nolar of the foot of the ordinate with respect to the 
principal section of the ellipsoid; also that the line joining the two feet is 
a normal to an ellipse similar to the principal section. 

(6) P, Q are two points on a generator of a hyperboloid, P', Q' corre* 
spending points on a confocal hyperboloid; shew that ^(^ is a generator 
of the latter, and that T'Q^FQ 

(7) Shew that the locus of the point corresponding to a given point of an 
ellipsoid, on a system of confocal ellipsoids, is the intersection of two hyper- 
bolic cylinders. 

(8) The curve on a sphere corresponding to the curve of intersection 
of an ellipsoid and a confocal hyperboloid lies on the asymptotic cone of 
the hyperboloid. 



XXV. 

(1) If »■/«' + y*/^ + «Vc'= 1 be the equation of an ellipsoid, and (/,^, K) 
be any point, a\ h', c', a", 6", c", a"% b"\ c"' the semi-axes of the confocals 
through that point, then 

(2) The points on a series of confocals, at which the normals are parallel, 
lie on an equilateral hyperbola of which one asymptote is parallel to the normals. 

(3) If two cylinders with parallel generators circumscribe confocal conicoids, 
the sections of the cylinders oy any plane perpendicular to the axes of both 
will be confocal. 

(4) When the two confocal hyperboloids through a point degenerate into 
ilat surfaces bounded by the focal hyperbola, explain the perpendicularity of 
the three normals at that point. 

(5) Find the three confocals of an ellipsoid through a point in one of 
the focal conies. Shew that the ellipsoid which passes through a point (/, 0, h) 
on the focal hyperbola of the ellipsoid a^/a + y*/b + zyc - 1 is 

a^V(ft-c)/« + y«(a-c)/{(6-c)«/« + (a-6)«A«} + zV(ii-6)A«=(a-c)/(a-5)(6-c). 

(6) The rectangle contained by the side of a cone of revolution enveloping 
an ellipsoid, intercepted between the vertex and point of contact, and the perpen- 
dicular from the centre upon the tangent plane at that point, in constant. 
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(7) PQ is a tangent at Q to a conicoid; \, /*, v are the primary semi-axes 
of the confocals through P; I, m, n the direction-cosines of FQ referred 
to the normals to the confocals at P; /', fn\ n' those of the perpendicular 
p from the centre on the tangent plane at Q ; prove that, if FQ » r, 

(8) ProTe that the points on the plane of the focal ellipse of an ellipsoid, 
which correspond to those of a circular section, lie also in a circle, whose area 
is to that of the section as 6* - c* : &*. 

(9) A cone is described whose base is a given conic, and one of whose 
axes passes through a fixed point in the plane of the conic, prove that the locus 
of the vertex is a circle. 
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(1) Find the eccentricities of the focal conies of yt f V^ {zx - xy) » 1. 

(2) If » be the perpendicular from the origin on the tangent plane at 
(fc n, I) to the conicoid ^/(« + X) + ri*/(p + \) + r/(7 + X) = 1, prove that 

de^ dn*^ dV' la + X'^/^ + X"*"7 + x/ • 

(3) Prove that the equation in elliptic coordinates of any circular section 
of an ellipsoid is a^ + a"*-2a'a"d/d^ - (a* - c*) rV^*, where r Is the radius of the 
section, and d, d^ are the distances of its centre and of the umbilics from the 
centre of the ellipsoid. 

(4) If a series of confocal paraboloids be touched by parallel planes, the 
points of contact will all lie in a bifocal line. 

(5) The locus of a point, where a tangent plane to a paraboloid is met 
by a bifocal line to which it is perpendicular, is a plane touching the paraboloid 
at the vertex. 

(6) If four curves on an ellipsoid, which are the intersections with four 
confocal h}'perboloids, form a small rectangle of sides ds^ dtf, shew that there 
will be a corresponding rectangle on a sphere, whose sides dc^ d<^ will be 
connected with r/s, ds' by the relations rd$^\'d<r and rd^-\d<r', X" and X'* 
being the differences of the squares of the semi-axes of the ellipsoid and the 
hyperboioids which intersect in di and da respectively. 

(7) If X be the length of a bifocal chord of the paraboloid y*/h 4 e*/c = Xy 
which makes, with the axes of y and z, angles whose cosines are m and n, 

X-i = myft + n*/c. 

(ft) The foci of a series of parallel sections of an ellipsoid, perpendicular ta 
the plane of a focal conic, lie on an ellipse which touches the trace on, that 
plane and the focal conic. 

(9) Any point in the plane of the focal ellipse of an ellipsoid will be the 
focus of two plane sections perpendicular to that plane, which will be real only 
when the point lies within the trace on that plane and without the focal conic 
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CHAPTER XV. 

MODULAR AND UMBILICAL GBNBEATION OF CONICOIDa 
PBOPEETIBS OF CONES AND 8PHEB0-C0NICS. . 

338. The modular and nmbilical methods of generatiDg coni* 
coids, iDvented by MacCuUagh and Salmon respectivelji may be 
stated as follows ; 

For the modular method, ^' The locus of a point whose distance 
from a fixed point is in a constant ratio to its aistance from a fixed 
straight line, measured parallel to a fixed phxne^ is a surface of 
the second degree." 

The fixed point is called a modular /ocu$^ the fixed line, a 
directrix^ the constant ratio the modulus^ and the plane the 
directing plane, 

339. Since this locus contains ten disposable constants, viz. 
three dependent on the position of the fixed point, four on that 
of the nxed straight line, and ttoo on tde direction of the fixed 
plane, and one more, namely the constant ratio, the locus may, 
in general^ be made to coincide with any surface which can be 
represented by an equation of the second degree in an infinite 
number of ways, since there will be only nine equations connecting 
the ten disposable constants. 

If all but the three coordinates of the focus be eliminated, there 
will result two final equations determining a curve locus of such 
points ; such curves are called focal ooniosy being the same as the 
limits of the confocals discussed in the last chapter. 

Again, if all but the four constants which determine the position 
of the directrix be eliminated, there will be three final equations 
which, with the equations of the straight line, will determine a 
ruled surface, called a dirigent cylinder^ the trace of which on 
the phtne of the focal conic is called a dirigent conic, 

340. For the umhilical method, ^^The locus of a point, the 
square of. whose distance from a fixed point bears a constant ratio 
to the rectangle under its perpendicular distances from two directing 
planes, is a surface of the second de&;ree." 

This locus contains ten disposable constants; three dependent 
on the position of the fixed point, three on the position of each 
of the directing planes, and one more, namely the constant ratio. 

The fixed point, therefore, will not generally be unique, but 
may be any point of a curve locus. 
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The fixed poiDt is called an umbilical focus^ the intersection 
of the planes a directrix^ the constant ratio the wmMlical modulus^ 
and the locus of the focus the umbilical focal conic^ the trace of 
the dirigent cylinder on the principal plane being the umbilical 
dirigent conic. ^ 

341. To find the locua of a paint whose distance from a foctis 
is in a constant ratio to its distance from a directrix^ measured 
jparalUl to a given directing plane. 

Let 8 the focus be taken for origin, 8z^ 8y parallel to the 
directrix DN and the directing plane riespectively, and let a, /8 be 
the coordinates of D in xy^ e the modulus, and w the angle of 
inclination of the directing plane to the plane of xy. 




Let PN be diiawn from the point (a?, y, st) to the directrix 
parallel to the directing plane, Nm parallel to 8y^ and PM perpen- 
dicnlar to NM\ then PMN will be parallel to the directing plane. 
Hence we shall have MN=^y — /S, and PM=^{x - a) sec or; and, P 
being a point in the locus, SP^e.PN] 

this is the equation of the locus required, which is a surface of the 
second order. 

Since z^x tan <» + A is the equation of any plane parallel to the 
directing plane, we have, at the points of intersection with the 
surface, a? sec^w + y* =» aj" + y* + (« — A/, which, combined with the 
equation of the locus, shews that the curve of intersection lies 
ou a sphere, except when e»l, in which ease it lies on another 
plane ; hence, all sections parallel to the directing pkne are circles, 
or, when e^ 1, straight lines. 
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342. That the section by a plane tbroagb S parallel to tbe 
directing plane is a circle is obvious geometrically, for, if this plane 
cut the directrix in H^ the section is tbe locus of a point whose 
distances from S and H are in a constant ratio, and is therefore 
a circle, unless €=1, in which case it is a straight line, and the 
surface is a liyperbolic paraboloid. 

343. To find the locus of a pointy the square of whose distance 
from a focus is in a constant ratio to the rectangle under its distances 
from twof^ed directing planes. 

Let the focus 8 be taken for the origin, the planes bisecting 
the angles between tbe directing planes being parallel to the planes 
of xy.yz. 

Let also o) be the inclination of the directing planes to the plane 
of xy^ a, 7 the coordinates in the plane of zx of any point in the 
directrix, and e the constant ratio. 

From any point P, let PQ^ PR be drawn perpendicular to the 
directing planes ; .'. SP^^ePQ.PR'^ therefore since the equations 
of the directing planes are {x - a) sin w ± (« - 7) cos « = ; if ar, y, z 
be the coordinates of P, 

a;* + y + a' = e {(x — a)* sin'w — (z — 7)' cos*©} 

will be tbe equation of the locus, which is of the second degree. 

If the surface be cut by a plane, parallel to either directing 
plane, whose equation is (a; — a) sin« ±(« — 7)cosoi=p, the curve 
of intersection will obviously lie on a sphere, and will therefore 
be a circle. 

344. We have seen in both modes of generation, and it is 
also evident from the consideration of the number of constants, 
that the equation of a conicoid can be put into tbe form S-UVy 
where U= and V=^ are the equations of two real or imaginary 
planes, and £> = is the equation of a point sphere, or the imaginary 
cone having its vertex at a point which we have called a focus, 
and passing through the circle at infinity which is common to all 
spheres, Art. 232. 

The conicoid and cone intersect in two plane curves crossing 
one another in two points P, Q which lie in the line of intersection 
uf the planes Z7, F, called the directrix; a plane containing the 
tangent lines to the two curves at P will be a tangent plaiie to 
both conicoid and cone at P, and will therefore contain a tangent 
to the circle at infinity, which lies on the cone. 

The generating line SP of the cone, whose vertex is the focus 
8j will be the intersection of two consecutive tangent planes to 
both conicoid and cone, each of which tangent planes contains 
a tangent line to the circle at infinity, and since the same argument 
holds for Qj SQ will be another such generating line. 
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If, therefore, a series of planes be drawn which touch both the 
conicoid and circle at infinity, these planes will envelope a torse, 
and a focus will be a point on the torse in which two of its 
generating lines, which are not consecutive, intersect. 

The locus of the foci will therefore lie on a double curve on the 
torse, and this curve will be the same for all conicoids enveloped 
by the same torse, touching also the circle at infinity. 

Ghasles suggested the following definition of confocals. 

Def. Conicoids are confocal when they are capable of being 
enveloped by the same developable surface described so as to touch 
the imaginary circle at infinity. 

345. To find the focal and dirigent conies in the case of central 
conicoids. 

Let (f, 17, 5) be a focus, and (f, 17', 0) be the foot of the corre- 
sponding directrix supposed parallel to the axis of z. 

The equation ot the conicoid x^jof -{-y^jb^ -\-z^jc^ =\^ whether 
generated by the modular or umbilical method, must coincide 
with the equation 

X, /t being of the same or opposite signs. Comparing these 
equations, we have | = A.f', fi = fi7i\ f=0, and 

(l-X)a' = (l-/.)6* = c' = Xr + MV'-f-^"; 
/. X=l-c7a*, /A = l-cV6*, 

and Xf" - f ' = {a'lia' - c'J - 1 } £' = c'jia' - c') f ; 

The focal conic is therefore confocal with the conicoid, and lies in 
the principal plane perpendicular to the directrix. Again, since 

f = (a»-c')r7a*, and ^ = (i*-c'jij"/6», 

the equation of the dirigent cylinder is 

(a' - c') ^'ja' + {V - c') ri'jV = 1. 

346. The focal and dirigent conies are reciprocals of each other 
with respect to the principal section in the plane of which they lie^ 
and the line joining the foot of any directrix with the corresponding 

focus is a normal to the focal conic. 

Since x*l(a* — c*)'\- y*l{b' ''C*)=^l is the equation of a focal 
conic, the equation of the tangent at (f, tf) is 

xil(a'^c')^yvl{b'--c')=^, or x^'ja'-^-yv'Ib'^l; 

whence it is the polar of (f*, V), the foot of the corresponding 
directrix, with respect to the section in xy. 

Also, since a' (|' - f ) = c'f ', and V(rf -7i) — cW the equation 
of the tangent may be written a(|' — f)-|-y (V — «7) = <^*; it is 
therefore perpendicular to the line joining (f , lyj and (f ', f{\ whence 
the second part of the proposition. 
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347. If a section of a cantcoid be made by a plane perpendicular 
to that of a focal conicy so that it contains a directrix^ to shew that 
the distance of any point of the section from the directrix will have a 
constant ratio to the distance from the corresponding focus. 

For if (f , 17, 0) be the focus corresponding to the directrix (f , ff\ 
the equation of the conicoid may be put into the form 

and, if the equation of the plane be (aj— f')/' = fy — •7')/»'* = ^» t^^cn 
for any point P of the section {x - f )' + Cy — "»?)* + 2* = (X? + /urn*) r' ; 
therefore >SPgc PQ^ i( PQ be the perpendicular on the directrix. 

348. Cor. If the plane containing a directrix be perpendicular 
to the focal conic, the corresponding focus 8 will be a point in 
the plane, Art. 346, and will therefore be a focus of the section ; 
hence, Every point of a focal conic of a conicoid is a focus of the 
section made by a plane perpendicular to the focal conic at that point 

349. To^find where a conicoid ia intersected hy its focal conies. 

If the directrix be parallel to Oz, the equations of the focal conic of the 
conicoid «Va" + yV^ + «"/c" = 1. will be xV(a* - «') "^ f/i^* - c*) = 1, « = 0, and it 
will intersect the conicoid if «*/(«* - ^) a* + y*/{h* - o*) i* = give x" : y' positive. 

Hence, if the focal conic and the corresponding principal section be both 
ellipses or both hyperbolas they do not intersect; but, if tney be not of the 
same kind, they will intersect in the umbilics of the conicoid; whence the 
name umbilical focal conic. 

Now, referring to the equations of Art. 341 and 343, we see that in the 
modular method^^f generation the focus cannot lie on the conicoid, but may do 
so in the umbilical method, thus the umbilical focal conies correspond to the 
umbilical method of generalion, and the other focal conies to the modular 
method. '' 

350. I^yi(ncf the focal and dirigent conies for non-central surfaces. 
For the paraboloids, comparing the equation 

with y^jb-k-z^jc^^x^ we have X = l, 6(1- /A) = c = f-f', 

^^m\ ?=0, and r + ^' = r + /*V'; 
.-. /A = l-c/6, and c(f+f') = i7'{6/(i-c)-l}; 

The focal conic is therefore a parabola, which has its vertex 
at the focus of the parabolic section parallel to the directrix, and 
is confocal with the section in its plane, since the abscissa of its 
focus is ^c + i (6 - c) = \b. 

Also, the equation of the dirigent conic is (J— c)?7'*=2J'(f+ Jc), 
which is the reciprocal of the focal parabola with respect to the 
section y' = 26a?. 

It will be found that the focal conic of an elliptic or hyperbolic 
cylinder is the two straight lines containing the foci of the principal 
sections ; and that that of a parabolic cylinder is two straight lines, 
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one of which is at an infinite distance and the other contains the 
foci of the principal sections. 

351* In order to apply the modular method of generation to the investi- 
gation of properties of conieoids, the modulus and directing plane must be real, 
as well as the focal and dirigent conicSi and, referring to Arts. 331 and 336, we 
obtain the following conditions : 

i. For the ellipsoid af*/a + y*/h + zVc = 1, a > 6 > c, 

(1 - •• seo'o)) a* « { 1 - «•) y = c«, 

the only focal conic which is applicable beinc d:y(a*-c') + y*/(6'-c") = 1. 

For an oblate spheroid a-h and oj-O, The prolate spheroid, for which 
h-Cf cannot be generated by the modular method. 

ii. For the hyperboloid of one sheet «ya*t ^/h*- «■/<;'= 1, 5 > a, the directing 
plane is parallel to Oy, and both the focal conies a^/(a* + c*) + yV(6' + c") = 1 
and yV(^-<>')~>V(c' + a')a 1 are applicable, the corresponding moduli «, «' 
being given by (e* - 1) 6* = c* and (1 - «'*) V = a% where cos'w/a* + sinV/e" = 1, 
80 that the hvperboloid of one sheet can be generated by means of foci lying 
in a focal ellipse or a focal hyperbola, the greater modulus corresponding 
to the ellipse. 

iii. For the hyperboloid of two sheets irVa'-i/V6'-ayc*= l,6>c, the 
directing plane is parallel to Oy, and the focal conic is a?y(a*+«*) -yV(6'- c*)«= 1, 
the modulus being given by (1 - «*) b* = c'. 

The hyperboloid of revolution of two sheets, where 6 = 0, cannot be con- 
structed by the modular method. 

iv. For the elliptic paraboloid ^76 + sf/c » 2«, 5>c, 

0SCOSW, 6(1 -«■) = « = 6 sin'w, 

the focal conic is y' = 2 (6 - c) (ar - }c). 

V. For the hyperbolic paraboloid yV6 - ^/o = 2x, 

« = 1, 6(1 - sec"«y)«-c, or 6tan'<i;BC; 

the focal parabolas are y" = (6 + c) (2x + c) and «* = - (6 + c) {fix - 6), each of which 
satisfies the modular method. 

352. To trace the changes of the surfaces and real focal conies corresponding 
to changes of the modulus from to co . 

If we transfer the origin used in the equation of Art. 331 to the centre, 
and have regard to the sign of the constant term, we shall obtain the 
following results: 
e<cosfi;, Surface an ellipsoid, including an oblate spheroid. 

Focal conic an ellipse, 
tfscositf, Surface an elliptic paraboloid. 

Focal conic a parabola. 
e>eosa7aQd<l, Surface at first a hyperboloid of two sheets, passing through 

a cone, to a hyperboloid of one sheet, conjugate axis 
perpendicular to the directrix. 
Focal conic at first a hyperbola, transverse axis perpendicular 
to the directive axis, passing through the asymptotic limit, 
viz. two straight lines, to a hyperbola, transverse axis 
parallel to the directive axis. 
e^l, Surface a hyperbolic paraboloid* 

Focal conies two parabolas. 
e>lf Surface a hyperboloid of one sheet, conjugate axis parallel 

to the directrix, including a hyperboloid of revolution. 
Focal conic an ellipse, transverse axis parallel to the direc- 
tive axis. 
The hyperboloid of revolution of two sheets is lost between e^l and e=cosa>. 
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353. The directrix in the umhilical method of generation heing parallel to 
the intersections of the two series of circular sections, the plane of the focal 
conic is known, and by Art. 343 the umbilical modulus can be found in the 
same manner as in the modular method, and it will be seen that all surfaces 
can be generated, except the h3rperboIoid of one sheet, the hyperbolic para- 
boloid, and the oblate spheroid. 

Properties of Conicoids deduced by the modular and umbilical methods. 

354. Every plane section of a conicoidf which is normal to a foopX conic at 
any point, has that point for a focus. 

For, if S be the point through which the plane section passes, the corre- 
sponding directrix also will be in the plane; let PQ be perpendicular to this 
directrix from a point P on the section. 

If the focal conic be modular, let P^ parallel to a directing plane meet the 
directrix in H, then the ratios SP : PE and PR : PQ will be constant for 
eyery point in the section; and, therefore, SP : PQ will be a constant ratio. 

If the focal conic be umbilical, let PM, PN be perpendiculars on the planes 
through the directrix parallel to cyclic sections; then oP* x PM. PN, and for 
all points of the section PM: PQ and PN: PQ will be constant ratios, 
therefore SPac^PQ. 

355. If a section of a conieoid he made by a plans perpendicular to the plane 
Of a focal conic, it will contain two directrices ; to shew that the sum or difference 
of the distances of any point of the section from the two corresponding foci will 
be constant. 

Let QD, QD be the two directrices, and 8, 8' the corresponding foci, 
which in this case will not be necessarily in the plane of the section ; draw 
through any point P of the section QPQ perpendicular to the directrices. 

If the focal conic be modular, draw ItPR' parallel to a directing plane 
meeting the directrices in J2 and R. 

Since the modulus is the same for both foci, 

8P:PR::8'P:PISi 

:. SP : SP:: PR:PR::PQ: PQ\ 

and SP t 8'P :PQi PQ'::SP: PQ. 

Now PQ^^PQ' or PQ^PQ' is constant, according as P is or is not 
between the directrices, and SP : PQ is constant, since PR : PQ is so; 
therefore SP Z 8'P is constant. 

If the focal curve be umbilical, draw PM, PK perpendicular to the planes 
through QD parallel to the cyclic sections, and let PM\ PN' be corresponding 
perpendiculars for QD'; then PM: PQ :: PM' : PQ' and PN: PQ :: PN': PQ', 

also SP'^^e.PM.PN, S'P^^e.PM'.QN'; 

.-. SPiS'P:: PQiPQ, 

and the argument proceeds as before. 

356. If a chord of a conieoid meet a directrix, the line Joining the point in 
the directrix with the corresponding focus will bisect the angle between tfie focal 
distances of the extremities of the chord or its supplement. 

Let the chord PP" meet a directrix in Q, and let 8 be the corresponding 
focus, then SP : PQ::SP': P'Q; .\ SP : SP' :: PQ : FQ, which proves 
the proposition. 

857. Cor. If PQ be a tangent to a conieoid at P, meeting a directrix in 
Q, and let 8 be the corresponding focus, the angle PSQ will be a right angle. 

358. A straight line touching a conieoid makes equal angles with the lines 
drawn from the point of contact to the foci which correspond to the dirtclrxces 
which the line intersects. 
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For, if P he the point of contact, Q, Q the pointa in which the tangent 
meets the directrices, S, S' the foci since the modulus is the same for both 
foci, we shall have SP : PQ :: S'P : PQ\ 

Also the angles PSQ, PS'Q' are right angles, therefore the triangles are 
similar, and the angles QPS, QPS' are equal. 

359. If a eone, having its vertex in any directrix, envelope a eonicoid, the 
plane of contact tcill pose through the corresponding focus, and be perpendicular 
to the line joining the focus with the vertex. 

If F* be the vertex and 8 the focus, and VP be any side of the cone touching 
the surface in P, PSV will be a right angle. Hence the locus of P, which wifi 
be the curve of contact, will be in a plane through S perpendicular to V8, 

360. ijf the vertex of a cone he any point in a focal curve of a conieeid, 
and the hose he any plane section of the conicoid, the line joining the vertex 
with the point in which the corresponding directrix meets tne plane of section 
wiU be an axis of the cone. 

Let i^ be the vertex, and let the plane section cut the directrix in S, and 
EP, EP* be tangents to the section at P, P, then 8P, SP* will be perpen- 
dictdar to 8E, the intersection of two tangent planes to the cone through 
iSP, 8P'\ therefore 8E will be an axis. 

COE. 1. I'he second plane of section of the cone and coniooid wiU intersect 
the corresponding directrix in the same point as the first plane. 

CSoR. 2. If the first plane of secdon pass through the directrix, the second 
will do so also, and in this case, since there will be an infinite number of axes 
of the cone, it will be one of revolution. 

361. Iff the vertex of an enveloving cone of a conieoid he a foint on a focal 
conic of the conieoid, ihe cone will be one of revolution, and its internal axis will 
he the tangent to the focal curve at the vertex. 

Let V be the vertex of the cone, VP, VP* the tangents to the trace of the 
conieoid on the plane of the focal curve, then PP* will be a tangent to the 
dirigent conic at the foot of the corresponding directrix, Art. 316; and since 
the plane of contact is perpendicular to the plane of the focal curve, it will 
contain the corresponding directrix, the cone therefore will be one of revolution, 
Art. 360, Cor. 2.f 

Also, since the tangent at V to the focal conic is perpendicular to the 
directrix, and to the line joining V and the foot of the directrix, Art. 346, it 
will be perpendicular to the plane of circular section, and will be the internal 
axis of the cone. 

Cones and Sphero-Conica. 

362. The properties of cones of the second degree, and of their 
intersections with a sphere whose centre is at the yerteX| called 
sphero^xmicSy have been discussed in an elaborate manner in two 
memoirs by Chaslcs.* In these investigations he has made use 
of certain reciprocal properties of the cyclic sections and focal lines, 
by which any theorem relating to cyclic sections involves a corre- 
sponding theorem concerning focal lines. 

We can only make a selection of some of the innumerable 
propositions given by Chasles, in the proof of which we shall 
generally employ the properties of focal lines, in place of the 



* Nouv, Men. de VAcad. Roy. do Brwcettes, vol. vi. 
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reciprocal properties of the cyclic RectioDs, employed with so much 
skill in those memoirs, for which we refer the student to a valuable 
translation by Graves. 

363. Focal conies 0/ cones. 

Since a cone may be considered as the limit of either of the 
hyperboloids when the axes are made indefinitely small, if a, b^ c 
be finite quantities proportional to the principal semi-axes of a 
hyperboloid, supposed indefinitely diminisned, we obtain the equa- 
tions of the cone x^jcf^-y^lV— «7c*= 0, a > i, and the corresponding 
focal conies, viz. 

aj'/Ca'-i')-: »•/(*• + o») = 0. 

The same consideration shews that the line joining any focus 
with the foot of the corresponding directrix is perpendicular to the 
focal line containing the focus. 

The student should obtain these results by a direct comparison 
of the equation of the cone with such an equation as 

(«-f)'+/+(«-r)'=x(«-f')'+v(e-r/, 

which will give the focal and dirigent lines 
r/(a*-i')-?7(i* + c')-0, and (a*- J'jfVa^-Ci'+c'jf'/c^^O. 
If he compare with the equation 

he will obtain the equation ^V(a* + c') + i77(^*+^^-) = ^j hence, when 
the directrix is in the axis, tne vertex is a modular focus, \ and 
X' are the squares of the moduli in the two cases, and are equal to 
l-i'/a* and l + c'/a*. 

Tne cone has therefore the property that all the three focal conies 
are real, having a common point m the vertex, two of them being 
ellipses evanescent in the transition between real and imaginary 
existence, and the third the limit of a hyperbola consisting of two 
right lines intersecting in the vertex. 

The vertex is therefore not only modular, but doubly modular, 
since it is a point in two modular focal curves, and it is also 
an umbilical focus, as we see from the fact that the cone is the 
limit of two hyperboloids, for both of which the real focal hyper- 
bola is modular, and for one the real focal ellipse is modular, while 
for the other it is umbilical. 

Of the two moduli in the modular generation of the cone, the 
less modulus belongs to the focal lines, and is called by MacCuUagh 
the linear modulus^ while the other, to which only a single focus 
corresponds, is called the singuhr modulus. 
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364. The foeal Unea of the cone envelopuig a central conicoid are generators 
of the confocal hyperbohid of one eheet which passes through the vertex,* 

Let a, Oi, Os, a, be the squares of the primary semi-axes of the enveloped 
conicoid and of the three confocals through the yertex. The equation, referred 
to the three normals, of the cone is xy{a^ - a) + yV(^ - «) + «*/(a, - a) = 0, and 
of its focal lines «VlOi-Oa) = 2V(a,-fl3), and «,-«„ a^-e^ are the squares of 
the semi-axes of the section of the hyperbolic section of the h^perboloid of one 
sheet by a plane through the centre parallel to zx, the focal Imes are therefore 
parallel to the asymptotes of this section, and therefore are the generators 
through the vertex, which form a line-hyperbola similar to the hyperbolic 
section. ' 

365. In the same way it can be shewn that the focal lines of the cone 
enveloping a paraboloid are generators qf the confoeal hyperhoUc paraboloid 
which passei &rough the vertex, 

366. Cyclic sections of a cone. 

The equation of a cone x*lcf-\-y^lV^z*j(? may be written 

a}'-i-y* + «*=Cl +a70^*"'(^7**"" ^)y*5 therefore, any plane section 
which is parallel to one of the planes (H-a7c*)«*«(a7J' — l)y*j 
lies on a sphere and is circular. 

The planes through the vertex, to which circular sections are 
parallel, are called cyclic planes. 

367. A sphere^ which passes through the vertex of a cone and 
any circular section touches the cyclic plane of the opposite system. 

A sphere can be described through any two circular sections 
parallel respectively to the two cyclic planes ; let the plane of one 
of the circles approach indefinitely near to the vertex, in which case 
the circle degenerates into a point-circle lying on a cyclic plane, 
which is therefore a tangent plane to the sphere. 

Conjugate Diameters of a Cone. 

368. Take any line VA through the vertex of a cone, let VJBC 
be its polar plane, and VAC any plane through VA intersecting 
VBC in VGj then VB the polar line of VAC mil lie in VBG; 
also VC will be the polar line of the plane through VA^ VB. 
Thus, if any plane cut K4, FjB, Ft7, in Ay J5, and C, the triangle 
ABC will be self-conjugate with respect to the section by the 
plane. If then a section be made by a plane parallel to VBG^ the 
polar of the point in which this plane will cut VA will be at 
infinity, and the point will be the centre of the section. VA is 
therefore the locus of the centres of all sections by planes parallel 
to VBC] and KB, VC have the same relation to VAC^ VAB 
respectively. VA^ FJ?, FC, therefore, form a system of conjugate 
diameters of the cone. 

Cor. If a plane cut a system of conjugate diametral planes of 
a cone, the triangle formed by the lines of intersection is self- 
conjugate with respect to the section of the cone by the plane. 

* Jacobi, Crtlki vol XII. p. 187. McCullagb, ColUUed WorMd, p. 811. 
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Reciprocal Cones* 

369. If a cone he constructed whose sides are perpendicular to 
the tangent planes of any given cone^ the tangent planes to it will he 
perpendicular to the sides of the given cone. 

Let any two tangent planes be drawn to a cone A^ then two 
corresponding sides of tne other cone B^ perpendicular to those 
tangent planes, will be perpendicular to their line of intersection ; 
the line of intersection of the tangent planes to A is, therefore, per- 
pendicular to the plane containing the corresponding sides of B* 

Proceeding to the limit, the line of intersection becomes ulti- 
mately a side of the cone A^ and the plane containmg the sides of 
B a tangent plane to JB; whence the truth of the proposition. 

From this reciprocal property the cones are called reciprocal 
cones. 

If x^ja^-^-y^jV -z'jc'^^O be the equation of a cone, a'a?-\-Vy* 
— cV = will be that of the reciprocal cone. 

370. Any plane through the common vertex, having relations 
to one of the cones, has perpendicular to it a line which has 
reciprocal relations to the other cone, and the plane and line are 
said to correspond. 

If two lines correspond respectively to two planes, they will 
each be perpendicular to the line of intersection of the planes, and 
the plane containing the two lines will correspond to the line of 
intersection of the two planes ; also the angle between the planes 
will be equal to the angle between the corresponding lines. 

371. The student will have no difficulty in 'establishing the 
following theorems: 

To a line through the vertex of a cone and its polar plane with 
reference to the concj correspond a plane and its polar line toith 
reference to the reciprocal cone. 

To three conjugate diameters of a cane correspond three conjugate 
diametral planes of the reciprocal cone. 

372. The cyclic planes of a cone correspond to the focal lines 
of the reciprocal cone. 

The equation of the cyclic planes of the cone a V + h*y* = {?*«* is 
fa* — 6')a: =(ft* + c*)«*, and that of the focal lines of the reciprocal 
cone it'/a' + y'jV = z*l<f is a^l(a* - 6') = z'J^b^ + c*) ; these focal lines 
are therefore perpendicular to the cyclic planes of the reciprocal 
cone. 

The relation between the focal lines of one cone and the cyclic 
planes of the reciprocal cone is deduced geometrically thus : 

To a cyclic plane corresponds a line VS perpendicular to it; 
any two conjugate axes in the cyclic plane are at right angles; 
therefore any two conjugate diametral planes of the reciprocal cone 
through VS are at right angles. 
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Let a plane be drawn perpendicular to V8 through any point 
8^ this plane will meet the two diametral planes in two perpen- 
dicular hnes, and, by Art. 368, Cor., the pole of one of these lines 
with respect to the section of the cone will lie on the other line ; 
therefore this pole is on the directrix, and 8 is the focus of the 
conic section; V8 is therefore a focal line, having the focal 
property proved for any conicoid in Arts. 354 and 348. 

The locus of these directrices is called a dirigent plane by 
McCuUagh and a director plane by Chasles, and this plane, with 
the perpendicular planes torough the focal line, forms a system 
of conjugate planes ; it corresponds, therefore, with the third axis, 
conjugate to two perpendicular lines in a cyclic section, which 
contains the centres of circular sections parallel to that cyclic 
section. 

373. Equation of th$ eone reciprocal to a cone enveloping a central conicoid, 
^^ {ft ^) A) be the Tertex, Ix -t^ my -^nz-p the equation of a tangent plane 

to the enTeloping cone, which also touches the conicoid a^/a ^ y*/h + ^/c - 1 ; 

/. (f + m^ + fiA =/>, and a/* + Inn^ + en* ■ p*, 

and (/, m, n) is the direction of a generating line of the reciprocal cone, therefore 
its e<]uation referred to axes through the vertex parallel to the axes of the coni- 
coid IS ax* + 6y* + «B* a {fx -^gy-^ hz)\ 

374. Thejplanes of the two cyclic sections of this cone can be obtained by 
combining this equation with that of a sphere, therefore, for some value of a, 

a«* + V + <^«»"(/* + .<^y + *«)' + <'(«* + y' + «*)». 
is the product of two linear factors, and those factors equated to xero are the 
equations of the planes of the cyclic sections. 

The corresponding cone for any confocal JcV(a-f X)-f...»l gives the same 
planes, vix. those obtained from the same product 

hence, if cones, having a common vertex, envelope a series of confo€€ils, the 
reciprocal cones are concyclic and co^xiaL 

lience the cones themselves are confocal and co-axial. 

375. The normals to the confocals which pass through the common vertex are 
the principal axes of the enveloping eones. 

The enveloping cone to any confocal which passes through the vertex 
becomes coincident with the tangent plane, and the reciprocal cone then 
becomes an indefinitely thin cone, one of whose axes is the normal, hence 
all the reciprocal cones being co-axial, this normal is one of the three principal 
axes, and since cones and their reciprocals are co-axial, the proposition is 
proved. In Art. 299 the proposition was proved independently and the co- 
axiality deduced from it. 

376. Eqiuztton of a cone enveloping the conicoid »*/a +•.•«= 1| 
referred to the normals to the confocals through the vertex. 

The equation of the cone reciprocal to the envelope, referred to 
the normals to the confocals through the vertex, is of the form 
0^*+ /8y*+ 74;* = 0, by Art. 299 or the last article, and that of the cone 
corresponding to any confocal x^l(a — k)'{-..,^ I will therefore be 
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Let this confocal be one of the confocals passing through the 
vertex, say that the normal to which is the axis of x^ and for which 
k » ATj, the reciprocal cone then becomes coincident with the normal ; 
.*. a = A-,, similarly /8 = /-,, 7 = ^,, and the equation of the reciprocal 
cone is k^x" -¥ k^y* -{■ l\z* = 0^ and therefore that of the enveloping 
cone is x Ik^^-y jh\ + z^j\ = 0, as in Art. 301. 

377. The method of dealing with propositions connected with 
focal lines, by the modular and umbilical methods, may be seen by 
the following, in which we shall state the reciprocal theorems. 

Properties of Cones of the Second Degree* 

378. The sines of the angles, which any side q/* a cone makes with a focal 
line and the corresponding dirigent plane, are in a constant ratio. 

Let a plane pass through any directrix DQ and the corresponding focus S, 
and let P be any point in the section of the cone made by this plane ; V the 
vertex of the cone. 

Draw PR, PQ perpendicular to the dirigent plane and directrix. 

Then SP : PQ and PH : PQ, and therefore 8P : PR are constant ratios; 
and 1>S being perpendicular to VS, VS is perpendicular to the plane of section, 
and PSV is a right angle. 

Hence, the ratio of the sines proposed is PS/PV: PR/PV, and is 
therefore constant. 

Reciprocal theorem. The ratio of the sines of the angles made by tangent 
planes with a cyclic plafic and with the polar line oj this cyclic plane is constant 

379. The product of the sines of the angles which any side of a cone makes 
with the directing or cyclir. planes is constant. 

If F be the vertex of a cone, P any point on the cone, PL, PL' perpen- 
dicular on the directing planes through F, then by the umbilical generation 
of the cone. Art 343, PF* is proportional to PL,PL\ or PL/PV.PL'/PV 
is constant, which is the property enunciated. 

Pedprocal theorem. The product of the sines of the angles which each 
tangent plane to a cone makes with the two focal lines is coftstant, 

380. ji tangent plane to a cone makes equal angles with the planes through 
the side of contact and each of the focal lines. 

For, let the tangent QPQ perpendicular to the side VP meet the dirigent 
planes in the points Q, Q, and take 8, S' the foci corresponding to the direc- 
trices through Q, Q ; then 8Q is perpendicular to VS, and also to Pis', and 
therefore to the plane VP8\ also VP is perpendicular to 8Q and PQ, and 
therefore to 8P\ hence 8PQ is the inclination of the planes VP8, VPQ, 
and being equal to 8'PQ, Art. 358, the proposition is proved. 

Reciprocal theorem. A tangent plane to a cone intersects the two cyclic 
planes in two straight lines, which make equal angles with the side of the cone 
along which it is touched by the Utngent plane, 

381. The last theorems are particular cases of the two following: 

The planes passing through the two focal lines of a cone, and through the 
intersection of two tangent planes to the cone, make equal angles with these 
tangent planes. 

And the reciprocal theorem : 

A plane containing two sides of a cone intersects the cyclic planes in two 
straight lines, which respectively make equal angles with the two sides. 

We give Chasles' proof of the reciprocal theorem as a sood example of the 
geometrical treatment of problems connected with cyclic planes. 
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Take two circular sections of opposite systems of the cone» the plane of 
the two sides cuts the planes of the two circles in two chords, which, with the 
portions of the sides of the cone intercepted, form a quadrilateral inscribed in 
the circle in which the sphere containing the circular sections is cut by the 
plane of the two sides ,* two opposite aneles of this quadrilateral are supple- 
mentarVf hence the chords make equal aneles with the sides of the cone, and, 
since they are parallel to the sections by the cyclic planes, the theorem is 
proved. 

882. Simple propositions for the circle can be transformed into others 
relating to tne cone with the same facility as in plane geometry properties 
of conies are obtained. 

This is effected by considering the lines and points in the circle as the 
intersections of planes and straight lines, passing through the vertex of a cone, 
with the plane which outs the cone in this circle. 

It will be sufficient to give two examples of this transformation. 

383. Two tangents to a circle make equal angles with the chord which 
joins the two points of contact, hence 

l\oo tangent planes to a cone and the plane of the two tides of contact 
intersect a cyclic olane in tliree straight lines, the third of which makes e^al 
angles with the other two. 

The reciprocal theorem is, 

If planes be drawn through afoeal line of a cone, and two sides of the cone, and 
through tlie line of intersection of two planes touching the cone along these sides, 
the third plane will bisect the angle between the first two, 

384. Two tangents to a circle make equal angles with the line joining their 
point of intersection with the centre of the circle, hence 

Two tangent planes to a cone, and the plane passing through tlieir line of 
intersection, and through the conjugate of a cyclic plane, meet t/iat cyclic plane 
in three lines, one of which bisects tlie angle between the other two. 

The reciprocal theorem is, 

The planes passing through a focal line of a cone and two sides of the cone 
make equal angles with the plane passing through the same focal line and 
the straight line in which the plane containing the two sides intersects the 
dirigant plane. 

Spher(hconic8» 

385. If a cone of the second degree be cut by a sphere whose 
centre is at the vertex of the cone, the complete curve of intersection 
will be two closed curves, which will be plane curves if the cone be 
one of revolution. 

Chasles observes that we obtain three distinct curves If we 
consider the portions of the complete curve of intersection contained 
on the three hemispheres cut off by the three principal planes of 
the cone. 

First, consider the hemisphere whose base is perpendicular to the 
interior or principal axis of the cone, the figure is then a closed 
curve, and may be called a spherical ellipse^ the foci of which are 
the points where the focal lines cut the hemisphere, having, it 
will be seen, properties in all respects corresponding to the foci of 
a plane ellipse. 
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Secondly, coDsIder the hemisphere whose base is the other 
prinoipal plane perpendicular to that containing the focal lines, 
the figure is then composed of two halves of spherical ellipses, 
which may together be called a spherical hyperbola whose foci lie 
within the concave portions, and it will be seen that sections of the 
sphere by the cyclic planes have properties similar to those of 
asymptotes. 

Thirdly, consider the hemisphere whose base is the plane con- 
taining the focal lines, the figure is then formed by two halves of 
spherical ellipses and has four foci and a centre where the minor 
axis of the cone meets the hemisphere. 

We shall consider a sphero-conic to be one of the first two of 
these curves, viz. the spherical ellipse or hyperbola. 

The curves in which a sphere cuts two reciprocal cones, of 
which its centre is the common vertex, are called reciprocal sphero^ 
conies. 

The principal reciprocal property connecting the two may be 
stated thus : 

E\>eTy point of a sphero^onic is the pole of a great circle which 
touches the reciprocal spher(hConic. 

386. The intersection of a central conicoid tdth a concentric 
sphere is a sphero-^ionic. 

For, if ax^ + Jy" -f C2* = 1 and a;* + y' + e* = r* be their equations^ 
the curve of intersection lies on the cone 

this cone is evidently concyclic with the conicoid. 

387. We give below two or three of the numerous properties of sphero- 
conica, which are the counterparts of properties of plane comes, each of which 
has its duplicate obtained by forming the reciprocal proposition. The proofs 
of these can be gathered from the preTious articles; but as exercises in 
spherical trigonometry the student may take almost any ordinary property 
in plane comes relating to foci and directrices, and to asymptotes of hyperbolas, 
which correspond to the cyclic arcs, and find analogues to them in sphero-conics; 
he may sJso find equations corresponding to the polar equation of a conie or 
of a tangent to a conic, or of the auxiliary circle, or of the locus of the 
intersection of perpendicular tangents. Many properties of sphero-conics are 
given by Routh in his Dynamics, vol. ll. p. 108, ed. 1884. 

A tangent to a sphero-conic makes An arc of a great circle which 

equal angles with the radii vectores touches a sphero-conic and is cut off 

drawn from the foci to the point of by the cyclic arcs is bisected at the 

contact, Art 380. ^ point of contact. 

The sum or difference of two radii The sum or difference of the angles 

drawn from the foci to any point of a which a tangent to a sphero-conic 

sphero-conic is constant. makes with the cyclic arcs is constant. 

The first theorem is proved by limits as in plane conies. 

The product of the sines of arcs The product of the sines of arcs 

drawn perpendicular to the cyclic arcs drawn from the foci at ri^ht angles to 

from any point of a sphero-conic is a tangent to a sphero-conicis constant, 
constant, Art 379. 
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We gire the following as an example of the mode of applying spherioal 
trigonometry. 

388. Tke hcu$ of the inUr$eeHon of pmrpendieuhr tangenU to a 8pher<hconie 
ia another ephero-eoniejbr which theproduet of the oodnee of ihe didatieee from 
thefoei of Me first iphenhconie te oonetanL 

Let tangents at P, P" intersect at right angles in Q, 2a the major axis, 
27 the distance of the foci 8, S*, SQ^p, S'Q^p'uSQPmiS'QFm'^, then 

COS 2ey a eo9p COS/)' + sin/i siup' 8in2'^, 
and if |>, p' be perpendiculars on J?Q from 8, S% 

sin/) • sin Y^ sin p, sin/)' s cos Y^ sin/)', 

and nnp sinp', being constant, is equal to sin (a - 7) sin (a + 7) ; 

/. cos/) C08/)'a cos 27-2 8in(a-7) 8in(a + 7)B cos 2a, 

from which the equation of the cone determining the sphero-conic may be 
easUy deduced, yiz, (c"-5*)a* + (c»-<i')^-(a* + 6^s' = 0. 

This equation may be obtained as follows : 

The equation of two tangent planes to a cone 02* 4 6|f* 4 cs^ « 0, drawn 
through a point ((, 11, I) is 

(aP + 6i|« + cI«)(««" + V + ««*)-(«?« + % + <««)'•» 0, 

or (lr + my + ns)(^d; + m'y4n's)«0; 

/. a (W + cV)/ff « 6 (oj* + ap)/mm' - c (aP + W)/nn\ 

and, when the tangent planes are at right angles, 

a(W + cJ^+J(^ + «fO+«(«P+*'»^«0| 

whence £Va + iiV6 + p/c-(a-i+d-»+0(P+ii«+r^ 



xxvn. 

(1) In every hyperboloid of one sheet two circular cylinders can be in- 
scribed. 

^2) Two tangent planes to a cone intersect its two cyclic planes in four 
straight lines which are sides of the same cone of revolution, whose axis is 
perpendicular to the plane of the two sides of contact 

(3) If #, e' be the eccentricities of the principal sections (a, h'S and (a, e) 
of an ellipsoid, shew that the distance of two points /9, 8' on tiie focal conies 
in these pluies, whose distances from the section (6, e) are «', «", will be 
{dt^oT - ^af)/e^, and that the shortest distance of the corresponding directrices 
wiU vary as 88'. 

(4) If from a point upon a focal line of a cone, perpendiculars be let 
fall upon the tangent planes to this cone, their feet will be upon a circle, 
the plane of which will be perpendicular to the other focal line. 

(5) The focal ellipse of an ellipsoid corresponds on the flat confocal 
ellipsoid to the principal section in its plane, and the focus of the principal 
section corresponds to the umbilic 

(6) If PO be a normal to an ellipsoid, O the foot of the normal on the 
plane of the focal ellipse, F* the point of the flat confocal, bounded by the 
local ellipse, which corresponds to F, 0^ the point on the ellipsoid corre- 
sponding to G' on the flat confocal, F& will be perpendicular^ to tne plane of 
the focal ellipse and be equal to FQ, 

(7) A spherical triangle has a given area and two sides lie on two fixed 
circles, prove that its base touches a sphero-conic, and is bisected by the point 
of contact. 
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xxvra. 

(1^ The plane of any oyolio leetion of an ellipaoid will inteneet the dirigent 
cylinoer in an dlipse limilar to the principal section in which the focal conic 
lies; if the nlane touch at an lunbilic, the umbilio will be a focus of the section 
of theoylinaer. 

(2) If two oonicoids haye a common focus 8t and a common directrix, and 
if a tangent to one of the sur&ees at P meet the other surface in Q, Q', and ^ 
directrix in 22, 8P will bisect the interior or exterior angle QSQ. 

(3) The square of the distance between a focus and the corresponding 
directrix of the section of an ellipsoid, made bv the plane of contact with any 
enveloping cone of rcTolution, is fi^/Ko* - &^ (&* - c*)}. 

(4) In any hyperboloid there are two diameters, such that any two conju^ 

Ste planes passing through either of them are at right angles, and these 
imeters are the focal lines of the asymptotic cone of the hyperboloid. 

(6) Shew that the equation of the cone eontainlng the locus of the 
foot of the perpendicular from a focus of a sphero-conic upon a tangent is 
(a* + e^):r' + (V + e^)y'-a'(:E' + y*-f-s'); and that its c;fclic sections are the 
same as those of the cone containing the locus of the intersection of perpen- 
dicular tangents. 

(6) Two fixed tanpients to a sphero-conic are intersected by any third tangent ; 
shew that the arcs joming the focus and the two points of intersection include 
a constant angle. Shew also that this angle will be a right angle if the fixed 
tangents intersect on the directrix arc of the sphero«conic 

State the reciprocal theorem. 

(7) If the arc joining two points of a sphero-conic pass through a focus, 
the sum of the cotangents of the arcs between the focus and the two points 
will be constant. 

State the reciprocal theorem. 



%\t 



CHAPTER XVL 



GENEBAL EQUATION OF THE SECOND DEGBEE. 

389. OuB obiect in this chapter is to investigate the position 
of the origin, andf the directions of the axes (which we shall suppose 
to be a rectangular sjstem) by transformation to which any pro- 
posed equation of the second degree will assume its simplest form ; 
and also to find the relations among the coeflScients of tne general 
eauation which discriminate the various kinds of surfaces capable 
of being represented by the equation, 

890. The general equation of the second degree will be written 

JF (», y, ») = a»* + 8y" + cs* + 2a' yB + 2Vax + 2o'xy 

+ 2a"aj 4 2V'y + 2o"» + rf = 
or vEi»,+ Uj + rf = 0; 

this equation will sometimes be made homogeneous by the intro- 
duction of w for the unit-length, which will enable us to employ 
the blown properties of homogeneous functions; in this case we 
shall have 

u^aof + hy^'¥af'¥dvf + i(iyn + 2&'m + io'ofy + 3a"xuf 

+ 2b"yw + 2c"«w. 

891. IHKrminant qf u^. 

a, c\ V 

c\ 6, a' 

denote it by H{u^ or A, and its minors with reference to a, a\ 
viz. ho-a''. Vc'-aa', ..., by -4, A\ B, B\ 0, C. 

It is easily shewn that WG'-AA^dtk and -BO-^'» = aA; and 
it follows that, when A = 0, B'O'^AA^ BO^A'*^ &c, also that 
A^B^ (7 are all of the same sign. 

892. Diacrminani of u. 

e'fbjo', h" 

b J G J C ^ c" 

a I y'l c"| d 
noted'^by n(u) ; expanded it becomes 

-W' + ^"* + (^"\ + 2-4'6 V + 2jB 'cV + 2 Ca'T) + Ad } 



The discriminant of u, is 



; it will be convenient to 



The discriminant of u^ viz. 



will be de- 
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and if A»0, by the last.article, rinoe A^^BO^ &c.| JE[(u) is a 
complete aqoarei viz. ^'^ 

- (Aa"+0'V: + B'dJjA, or - (a" ^A + J" V-B+ o" V(7/, 

where V-^, V-Sf *J0 most have all the same Bignfl as il, 0', B'^ or 
all diflferent. 

393. Before we examine the relations among the constants, 
which correspond to the different forms which the locus of the 
general equation can assume, it will be useful to state the most 
mnportant prepositions relating^ to the tangency of lines and planes, 
while the equation retains its most general form as given in 
Art. 390. 

The proofs of these prepositions will be given concisely, the 
processes as well as the notation being much the same as those 
used in Chapter XIII. 

394. Ocndition that a straight line may touch a oonioaid at a 
given point (/. g^ A). 

The line being {x^f)j\^...^T^ meets the surface at points 
given by i^C/+ Xr, jr + /nr, A + vr) = 0, and since the two values of 
r are zero, Uie coefficient of r must vanish, and the condition is 

395. Equation cfAe tangent plane at (f, g^ h)» 

The locus of the tangent lines is, from the condition (1), 

this is the equation of the tangent plane which, written full, is 
(a/+ c'g + Vh + a")x + (c'f+ hg + a'h + i")y 
+ (fty+a> + c* + O« + «7+*V + <5"A + ^«0, (2) 
smce/, jT, h satisfy the equation JF(x, y, e) » 0. 

396. Condition that the general equation may represent a cone. 
The vertex of a cone is a point at which the tangent plane is 

indeterminate. Therefore, if the surface be a cone, there must be 
a point (/, ^, h) upon it, for which the coefficients in the equation 
(2) vanish simultaneously, hence the condition H{u)=^0. 

397. The discriminant of u is an invariant ^ ^ 
This is shewn in Salmon's Higher Algebra^ p. 20. but it can be 

shewn frem the preperty of the vertex of a cone as follows. 

Let p have such a value that w + /> («*+ y*+ «'+ 1) « represents 
a cone, and, after a transformation of coordinates to any new set 

of rectangular axes with any origin such that 



-r-w 
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let tf become aa9''+***+3a'yV-f..,+ 2aV+.«.+ 3 or u\ 
then u+p(a5*+y*+«* + 1) becomes 

ti'+pK^'+fZ+Cy'+iyy+C^'+O'+i}. 

The discriminants of each of these quadrics vanish with the same 
four Taines of />, and, since the coefficient of p* is nnitj in each, 
the coefficieDts of p% p*, p, and the last terms are invariants, that 
is H(u)^H(u). = ^^ ' .'U.-^ , ,^ . . c 

CoK. If « be reduced by transformation to ox* + /8j^ + <y8^ + 2a"x ■¥ ^, 

ir(tt)aa)3<yd-d^/37; hence, 

i. for a central eonicoid referred to the centre S(u) « apr^^ s ^d, 

iL for a paraboloid referred to the Tertex JEr(f«) » - a'^fiff, 

iiL for a cylinder referred to a point in the axis JEr(f«}BO, a cylinder 
being a particmar case of a cone. 

398. JEjuatum of the polar plane of a point (/, ^, A). 
Bj (2), the equation of a tangent plane at (a;, y, z) is 

{ax + e'ff + Vz + a") f +...« 0, 

and since this plane passes through (/, g^ A), 

(oo: + c'y + Vz + a")/+...= ; 

hence, the locus of the points of contact of all tangent planes through 
(/, ^, A), is the plane whose equation is (2) Art. 395, whidi is the 
polar plane of (/, ^, h). 

Cob. The polar plane of the origin is given by 

The definition of a polar plane g^ven in Art. 280 is proved to 
hold for anv eonicoid by taking the fixed point as origin, so that, if 
«« 6-, &a, r,-* + r,-^ = - 2 (a'7+ b"m + c"n)ld. 

399. The equation of the enveloping cone may be found 
precisely as in Art. 265 or 266. 

400. Condition that £e + 9n^ + n« » j> may be the equation qf a 
tangent plane to a eonicoid. 

Comparing with the equation (2) Art. 895, 

af^-dg + Vh-^ol'^lp^ &a, and ^+wiflr + »A-p«Oj 






. . 



a , c', 


V, a", 


I 


c',6, 


a', i", 


m 


J', a', 




n 


a", J", 


0", d, 


-P 


I , vn^ 


«>-^> 





= 0. 



In the expansion of this determinant the coefficients of —2*, — 2Zfn, 
2Zp, &c., are the minors of a, o', a", &c. in the determinant H{u). 



J 



."^^ 



= 0, 
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401. JEqiuOion of the cone reciprocal to the cone whose eqwOXxA 

{$ Mas 0. 

The tangent plane at (/^ g^ h) is («/+ dg + Vh) a: 4 ...= 0, and i 
(Zy m| n) be the direction of a normal to this plane, 

qf+c'g + Vhtalp^&c. and If+mg+nh^Oi 

a, c'l 5| I 

V^ otj 0) n 
Z, m, n, , 

In the expansion of this determinaot^the coefficients of '-?|-Zm,«.. ^ ^^ 
are the minors of a, c , &c. in the determinant A. 

The reciprocal cone is the locus of lines through the ori^n 
drawn perpendicular to the tangent planes to u^^O^ hencei with 
the notation of Art. 391, its equation is 

By Art 891. the reciprocal of this cone is reducible to tis a 0, as ought to 
be the case. 

402. Chne r$eiproeal to th» cone enveloping a conieoid af/a •)- ^/h + if/e « 1. 
The equation of the enyeloping cone referred to axes through the vertex 

(/» ffi ^) parallel to those of the oonicoid, if /'/a +. ..- 1 = ««» is (Art. X6S 

u. («Va + yV6 + %ye) = (/«/« + gy/h + ht/e)\ 
In this case Jl » {ujh - f^/V) {uje - V/c») - /*•/&"««, 

A' ^Pghiaie + K/« 'p/i;?)gh/he, 
and the equation of the reciprocal cone is 

(/•-a)«*+...+ 2jrAy»+...»0, 
or eu^^h/'^e^^ifx-k^gy^hiff as in Art 373. 

Analgsia of the Cfeneral Equation. 

403. We now proceed to the classification of the different 
surfaces which can be represented by the general equation ; the first 
step being to examine wnether there is a single centre or a locus 
of centres ; after this to shew how the equation may be reduced 
to the forms included in the equation 

404. To find the centre or the locus of centres of a surfaoe of 
the second degree. 

^ Let (fy f/, ^) be a centre of the locus of u»0, and let the 

origin be transformed to this point; the transformed equation is 

/(« + i\y +«?>« + 1) = ^» *nd, since the new oriem is the point 

of bisection of all chords drawn through it, each of the coefficients 

of 0^1 y, z must vanish ; 

.-. af+c'i; + yf+a" = 0, '^ 

c'f+ &i7+a'f+ft" = 0, -- ^ (1) 



1 
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Considermg {, 17, ( as current coordinates, these three equations 
represent three planes in each of which the centre lies. 

The three planes generallj intersect in one point (I), but they 
may have one line common to them all (II), or they may all three 
coincide (III). 

I. In the first case, there will be one centre which may be at 
a finite (i) or an infinite distance (ii). 

L If the centre be at a finite distance, its coordinates will be 
given by A^^A"^ Ari^B"^ At=> 0*\ and A must be finite. 

Cor. If the centre be upon the surface, the surface will be a 
cone. Multiplying the equations (1) by {, 17, and 1^^ since t« = we 
obtain a fourth equation a"^ + &"i7 + c"(^+e^=:0, and eliminating 
f, 17, and (^from these four equations, we obtain H(u)^0 for the 
condition that the surface may be a cone, as in Art. 396. 

ii. The centre will be at an infinite distance if any of its coordi- 
nates be infinite ; thus, if f be infinite, A » 0, and A! or 

must be finite ; and we may notice that 17 cannot at the same time 
be finite unless JJa 0. 

II. In the second case there will be a line of centres, which 
may be at a finite (i), or an infinite distance (ii). 

L The coordinates of the centre must be indeterminate, for 
which we have the conditions that A = and that the minors / 
A\ i5", 0" all vanish, or a" ^|A + ft" V5+ c" V/- ; this condition ^C? 
may be written, if A\ J?', 0' be finite, ci'lA' + 6"/ J?' + c'VO' = 0. 

iL The line of centres will be at an infinite distance in four cases. 

(a) If the three planes be parallel, and not mere than two of 
them coincident; the conditions for this are ajd^dlh^Vja' and r^ 
c'lV^bja'^a'lc^ and that aV, W, c'c" shall not be all equal, - 1 
hence in this case all the minors Aj A!^ &c. vanish. 

(5) If one plane be at an infinite distance, and the other two 
be parallel or coincident ; in this case, if the first plane be that at an 
infinite distance, a, c', V must all vanish and a" be finite, also 
bla'^a'lc and tnese must not be equal to b"lo" if the two planes 
be parallel, but will be equal to Vjc' if they be coincident. 

(c^ If one be indeterminate and the others parallel but not 
coincident; suppose the first to be that which is indeterminate, 
ayc\ &', and a" must all vanish, and aV, cb" must be unequal. 

((f) If two be at an infinite distance, or if one be at an infinite 
distance and a second be indeterminate; in this case all the 
quantities a, ft, c, a', ft', 0' vanish except one of the first three ; if 
c be finite, a" and ft" will be either one or both finite. 

Hence, for every case of (ii), A'^ B\ and C all vamsh. 
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III. In the third case there will be a plane of centres, which 
may be at an infinite distance. 

In order that the three planes may coincide, we must have 

a/c'«c7ft«y/a' = a7y' and cV6' = ft/a'«a7c = 67c"; 

therefore all the minors vanish, and aV » Vh" » c'c!\ 

If the plane be at an infinite distance, all the coefficients of 
tt, must vanish, while one at least of a", 6", c" is ^^t^rkjy . "/lafarV'^''^^ 

405. We have shewn that when A or B^^ is finite, the 
terms included in u, may be removed by transtormation. without 
altering the directions of the axes, but that tor every cieparture 
from the general case, in which there is a single centre at a finite 
distance, ohe of the conditions is that A shall vanish, and this 
condition is independent of all coefficients of u except those of 
terms of the second degree ; it is also the condition that the part 
tf, containing the terms of the second degree shall be the proauct 
of two factors, real or imaginary, see Art. 91. So that, in every 
case except where there is a single centre at a finite distance, by 
choosing coordinate planes, two of which bisect the angles between 
the planes u, » 0, the general equation can be reduced to the form 

This is further reducible to fi^+ys^ + 2a"x + 8 = 0, bv movmg 
the origin in the plane of yz ; and if a" be not zero, this finally 
reduces to /^ + 7«* + 2a"aj = 0, or to /8y' + 7«*+8«0 if a" = 0. 
If the two meters of ti, be equal, the equation is reducible to 
7«* + 2a"aj=s0 or 7«" + S«0. 

406. The loci of equations of the second degree may therefore 
be classified according to the nature of their centres. 

I. Single Centre. 

i. At a finite distance. 
Ellipsoid. 

Hyperboloids of one and two sheets. 
Cone, real. 
Cone, imaginary (or point-ellipsoid). 

ii. At an infinite distance. 

Paraboloids, elliptic and hyperbolic 

II. Line of Centres. 

i. At a finite distance. 

Cylinders, elliptic and hvperbolic 

Lme cylinder (limit of ellip. cylinder). 

Two planes, intersecting (limit of hyperb. cylinder), 
ii. At an infinite distance. ' 

Cylinder, parabolic 
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III. Plane of Centres. 

L At a finite distance. 

. Two planes, parallel (limit of parab. cylinder). 

ii. At an infinite distance. 

Two planes, one at an infinite distance. 
Two planes, both at an infinite distance. 

407. We have now to shew that it is always possible to choose 
such directions of the axes, that the transformed equation shall 
contain no terms involving yz^ zx^ and xy^ the axes being in both 
cases supposed to be rectangular. 

408. Since our objects in this chapter are, either to determine 
what kinds of surfaces can be the loci of the general equation ; or, 
given a particular equation, to identify the surface which is its 
locus, we may avoid complications by considering that if only one 
of the rectangles, say xy^ appear in the equation, we can by 
rotation of the axes of x and y make this term disappear, so that 
the equation will be reduced to the form 

«»• + /8y* + 7^' + 2a"a? + 2/8"y + 27 '2 + 8 = 0, 

and the nature and position of the locus will be at once determined. 
In dealing with the general case we shall not therefore always 
examine the particular modification of the formuln which would 
be required if two of the three quantities a', V and d were to 
vanish. 

409. To shew that u, can alrvays be reduced to the form 
^ + Py* + 7^ iy transformation of coordinates^ a, /8 and 7 being 
real quantities. 

Ihe quadric ^(0?* + y* + «*) - m, will become the product of two 
linear factors, real or imaginary, if s satisfy the equation 

/(0 = (5-a)(.-J)(5-c) 

-a"(«-a)-i"(«-J)--c"(5-c)-2a'iV = 0, Art. 91. 

Since the equation is a cubic, one of the values of s must be real, 
and for this value «(aj* + y* + «*)— w, = is the equation of two 
planes which, whether real or imaginary, have a real line of 
intersection ; let this line be the axis of 2; in a new system of 
coordinates, so that «(a;* + y' + «*) — m, becomes Ax' + 2Bxy+ Ct^ 
on transformation, since Ao^ + 2Bxy -bCy^ » represents two planes 
passing through the axis of Zy and, from the formulas for trans- 
formation, A^ Bj C are real; the term ocy may then be made to 
disappear by simple, rotation of the axes of x and y.* 

* This method was adopted by Archibald Smith ia his Notes on the *' Undnlatoiy 
Theoiy of Light."— C^m6. Maik, Jour., vol. I., p. 5. 
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Hence, referred to these new axes, u^ would be reduced to 
ax* + 0y' + 7«', in which a, /8, 7 are real, although any one or 
two maj Tanish, the corresponding cubic being 

X, P *"* ^i^) 410. The cubic given in the last article is called the dtscrimt" 
^^^^^vO"^^ nating cuhic^ the coefficients of which, as we have seen in Art. 156, 

are invariants. 

Since the last term is - A, it follows that whenever all the roots 

of the discriminating cubic are different from zero, the locus of the 

general equation is a central surface, Art. 404. 

/ ^ . 411. 7b separate the roots of tine discriminaiing cubic, 

.« "^ " ^ The discriminating cubic is 

/(5)=(5-a)(5-J)(5-c)-a"(a-a)-...-2aiV = 0; 

suppose a', b' and c' all finite, then, if a-^b'cja! ^\ b- ca'jb'^fi^ 
c-ab'jc' = Vy this cubic equation becomes, by writing X-i-b'c'ja 
for a &c., 

/WE(5-X)(«-/i)(5-v)-.C«-/i)(^-v)JV/a'-...= 0, 

.-. / (X) = - (X - /i) (X - v) ab'cla\ &c. ; (1) 

hence, if X, /ia, v be in descending order, these quantities separate 
the roots. 

If one of the quantities, as a', vanish 

/(5)E(5-a)(a-JX«-c)-ft''(«-ftJ-c"(«-c), 

suppose b > c,/(ao ), /(J), /(c), and /(- 00 ) have signs +, -, +, -, 
.'. and c separate the roots. 

Note. If two roots of the cubic be equal, two of the three X, ^ » must 
be equal to each of the equal roots by (1). Suppose \~fh /(«) is divisible by 
(s - Xf ; /. \ = V, and a - h'c'/a' = ft - c'a'/b' = c - a'b'/ff. 

412. Cauchy's method of proof that the three roots of the 
discriminating cubic are real, is more simple although not so 
symmetrical ; it may be stated as follows : 

Write the cubic in the form 

/(5)=(«-a){(«-J)(«-c)-a"}-5''(5-5)-c'«(«-c)-2a'iV«0. 
liCt s' be a value of s which makes (s — i) (« — c) = a'* ; 

.-. (* - ft)/(0 = - 6" («' - */- 2a'6V(«'- J)-aV=- {&'(«'- J)4 ac^ ; 

but since (s - */ + (5 - c)(s - ft) - a" = 0, the two values of a' -h 
are real and of opposite signs, let s^y s^ be the values of 3' greater 
and less than b respectively ; hence y( 00 ), /(8^\ f{s^\ /{— <x> ) are 
alternately + and — , and the equation has its three real roots 
separated by s^ and «,. 
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413. CoMeqttencei of the vanishing ofihtfirtt and second invariants derived 
from the discriminating cubic* 

Write the cubic in the form i^ - Iit^ + 1^ - A ^ 0, /i, /21 and ^ being the 
three invariants. 

i. If J| H a 4 6 4 c = 0, let a straight line which lies in the surface be taken 
for the axis of x, so that the coefficients of x* and x and the constant term 
disappear; /. a = and 6 4 c = 0, and the equation of the surface is 

ft (y* - s') + 2a ya + 2b'zx 4 2e'xg 4 2b"y 4 2c"« = 0, 
which, by turning the axes of g and z into positions parallel to the asymptotes 
of the rectangular hyperbola 6 (y*- s") 4 2a*yz « constant, and moving the origin 
to a point (- b"/c', 0, 0), assumes the form ayz 4 /3 (or - A) s 4 ^xg » 0, shewing 
that two sets of perpendicular lines lie on the surface, 

viz. y = 0, « = 0; z = 0, x = 0; iC = A, y = 0; 

and ag^phf azst" rgh; az--r^h9 x = h; x^O,ay^ph. 

Conversely, to find the condition that three perpendicular lines may lie 
on the surface, take the axis of x parallel to one of them, then, for some values 
of g and z, the equation is true for all values of x, .'. a = 0, and similarly 
h and c = ; .-. J, = 0. 

ii. If Jj^O, and a, /3, 7 be the roots of the discriminating cubic, 
o"* 4 /3"* 4 7'* = 0, which shews that the cone reciprocal to the cone ^ ^^ 
aa^ 4 /3y' 4 72" a has three perpendicular generating lines, and therefore 
that the original cone has three perpendicular tangent planes. The vanishing 
of this invariant shews that the cone u^^O has three perpendicular tangent 
planes. 

Conversely, if the cone u^^O have three perpendicular tangent planes, 
taking these for coordinate • planes, s^O makes aa^^bg' + 2cxg a complete 
square ; .'. ab - c'', and similarly be => a'' and ea^b'*\ .'. /, s 0. 

414. To find the conditions that the discriminating cubic may 
have two equal raote,t or that the corresponding surface may he one 
of revolution. 

Let the roots of the cubic be a, )9, 7, then since fi(aj'+y*+«*)— m,' 
is transformed to s (x' 4- y' + «') - {ax' + fi(y'-¥ «')}, and each 
becomes the product of two linear factors when 5 is a root pf the 
cubic, (wC* + y'+ z') - w, becomes by transformation (/8 — a) x*, and 
is therefore a complete square, viz. {(0 — a^x-^cy — VzY[{B — a), 
and equating the coefficients of yz^ — (^ — a) a = b'c ; 

.-. /3 = a - Vc'la' = i - cV/J' ^ c - a'h'(c\ 

which are the conditions when a, b\ and c' are finite. 

If a = 0, then b'c must = 0, suppose a and V = 0, then P — c^ 
and (c — a) a* + (c — J) y* - 2c xy must be a complete square ; 

.-. c''^(c''a)(c^b). 

415. To find the equations of the coordinate axes which make 
the terms in u^ involving yz^ zx^ xy disappear. 

When tt, has been reduced by transformation to aa? + I3y''\'ys^^ 
one of the new axes is the intersection of the two planes whose 

* These were first noticed by Booth. 

t This method is given in Wolf tenholme^ PreilemSf p. 854. 
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equation is, referred to the original axes, 

w, — j?(ic* + y* + 2*) = 0, where « = «, /8 or 7; 

therefore, by Art. 92, the equations of the axes are found by 
writing a, >3, 7 successively for a in 

X [Vc' - (a - 5) a\ =y {cV - (i - «) V] = z {alV - (c - 5) c }. 

These equations do not give the position of the axes directly, 
if two of the three quantities a\ h\ c' vanish ; but, if a, V be the 
two which vanish, it is obvious, from the original equation, that 
the axis of z will be in the direction of one of the axes. 

416. The method just described is the most direct for obtaining 
the necessary transformation of coordinates, but the following 
investigation of the position of the principal planes is very easy 
of application. 

417. To find the equation of the locus of middle points of a 
system of parallel chords of a central conicoid determined by the 
general equation^ m, + c? = 0. 

Let the equation of the conicoid be fipC'^ y, £^) = 0, and let 
(\, /i, v) be the direction of the chords to be bisected, (f , 17, (^) the 
middle point of any chord. 

Then the equation y(f + \r, «7 + /tAr, 5'+vr) = must have ita 
roots equal and of opposite signs. 

This gives the condition ^;ji + /*^ + ^ji-=^> 

which is the equation of the diametral plane. 

418. To determine the principal planes of a central conicoid. 

A principal plane being perpendicular to the chords which 
it bisects, we shall have the direction^osines given by the three 
equations 

\ck' t a\ + c'/i + JV = s\ 

c'\ -f 5ft + a'y = «/i, (1) 

b'\ + a'fjb + cv =5 5V, 

where « is a constant given by the cubic 

(5«a)(«-J)(«-c)-a"(«-a)-J"Ov-J)~c"(5-c)-2a'iV=0, 

the discriminating cubic which has been already discussed. There 
are, in general, three and only three principal planes, since to each 
of the three values of s there corresponds one system of values 
of \ : M : V ; namely, those given by 

as in Art. 415. 
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If, as In the case of a surface of revolution, there are an Infinite 
number of values of X : ^ : v, we obtain from equations (1) 

(a-«)/c' = c7(J-5) = i7a', and c7J' = (J-«)/a =a7(c-«); 

/. « = a - Vcfa = J - cajj) = c - ab*jc^ as in Art^ 414. 

419. To shew that the three principal planes cf any conicoid are 
mutimlly at right angles. 

Let «^, «,, e^ be the three roots of the discriminating cubic, 
and let the corresponding values of \ fi^ v be denoted by the 
same suffixes ; we shall then have 

a\ + cX + i'^i = «,^ij 

c\ + iA*i + aV, = 5^Mi, (1) 

Multiplying by X„ /i,, v, and adding, we obtain 

(a\ + c>, + iV,) X, + (c'X, + V, + «'0 /^i + (*'\ + ^ V, + cv,) v, 

whence («,-0(W + A*l^« + ^^) = ^• 

Hence, if two roots of the cubic be unequal the corresponding 
principal planes will be at right angles. 

We may make use of equations (1) to shew that the equation of the surface 
referred to the principal planes as coordinate planes will be of the form 
«*' + i3y* + 7s' + d « 0, in which a, /3, 7 are the roots of the discriminating 
cubic, for, on transformation, the coefficient of x* will be 

aXj* + 6;4,« + cv/ + 2tf'/4xi'j + 26'i'i\ + 2c^i/Aj«=«j, by (1), 

and similarly, /^ = '2, 7 => a,. 

420. To distinguish the surfaces represented by an equation for 
which the roots of the discriminating cubic are finite. 

In this case there is a centre at a finite distance, to which if the 
origin be transferred, the direction of a new system of axes can be 
chosen. Art. 409, such that the equation 

+ ^a'yz + ib*zx + 2c a;y + 2a!' xw + 2b"yw + 2c" zw « 

will become by transformation cub' + /%' + 7«* + Sm?* « 0, w being 
written for the unit. 

The transformation will be efi^ected by substituting ic + wiy + 
nz + (w for X, and similar expressions for y and Zy w bemg 
unchanged ; the discriminants, being invariants. Art. 397, are there- 
fore equal, since the modulus of transformation » 1 ; .*. H(u)=^al3yS^ 
and the transformed equation is ax^ + /8y* + 7^* = — H{u)lai3y, 

Hence, we have the following table for the case in which a/87 
or A 18 finite, and a>fi>% by wliich it may be seen how the" 

^" ^" '-" ^/ 

/. J o ) 
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loci are distinguished : 



a 

4- 
4- 
+ 

4- 
+ 


/3 

4 

4- 

4- 

4- 
4- 


y 

4- 


ff{u) 

4- 




4- 




EUipeoid 


Hyperboloid, one sheet 


Hyperboloidy two sheets 


Cone, real 


Cone, imaginaiy, or point 


Imaginary locas 



A-- 
./ 



/ J j^ In order that a, 0^ aud 7 may be all positive, a + h + c and 

A{^d*^ A must be positive. If the locus be a point, or rather an indefi- 

^ nitelj small ellipsoid, the section of u, = by each coordinate plane 

mast be a point-ellipse; therefore each of the quantities bc — a'^j 

ca — J", and ab - c" must be positive. 

421. To distinguish the surfaces represented by an equation^ for 
which one of the roots of the cubic vanishes^ and the centre is single 
and at an infinite distance. 

The conditions that the centre may be at an infinite distance 
are that A « 0, and that one or more of the three quantities below 
shall be finite, 

a"C-\-V'B +d'A\ 

a"B' + b"A' + c"a 

The surfaces "will be the elliptic or hyperbolic paraboloid, 
- / according as the roots of A* — (a + 6 + c)A + -k+ B+ C/=0 have 
' the same or opposite signs, i.e. as -4 4 j?+ (7 is + or — ; but, by 
Art. 391, A J Bj C have the same sign, hence 

A J Bj and C+ gives an elliptic paraboloid, 

jil, J5, andO- „ hyperbolic paraboloid, 

422. To distinguish the surfaces represented by the general 
equation when there is a line of centres at a finite distance. 

The conditions that there may be a line of centres are A = 
and ir(w) = -{a'V^ + i'V5+c'VCr = 0; or, if A\ B\ C 
be finite, a^jA' -^-b'^jB' -j-c^'IC'^O. The equations of the line of 
centres are A^'-a'a^^B''q^W'^C'}^-^c'c'^==p suppose; therefore, 
if we transfer the origin to any point in the line of centres defined 
by some value of p, the equation of the surface will become ^' 

or u^-Va'a^'^IA' ^-bT'lB' -^-c'c'^'lC •\'d^0, 
since the coefficient of p vanishes. 



/( 



<.-,! i r. i 



■\ 



-.^j 



ANALYSIS OF THE GENERAL EQUATION. 175 

If a', V, c' be all finite, A\ B', 0' will be so also, but if a\ 
for instance, vanish, the other two being finite, A' will be finite, and, 
by Art. 391, if B' = 0, then -4 = 0, and C = 0, and I and c vanish ; 
hence, recurring to the original equations for determining the centre, 
we easily obtain the equation u^''2a'b''l c + ab^'^jc' •{- d='Oj and 
the condition h')^'^c'c'\ 

If two roots of the discriminating cubic be finite, since u^ is 
reducible to the form i3y* + yz*^ the surfaces represented by the 
equation will be in the general case in which 

i. aV/^' + yy^'IB' + cV'/O' + dis finite, 
Ay Bj and C+, an elliptic cylinder, 
Aj Bj and C— , a hyperbolic cylinder; 

ii. when aV7^'+...+cZ=0, 

A^ By and (7+, a line cylinder. 
Ay By and C— , two intersecting planes. 

If only one root be finite, u^ is reducible to 7«*, but in this case, 
since A + B-j- (7=0, -4, jB, C being all of the same sign, must 
vanish separately, from which it follows that -4', B\ C also vanish^ 
and there cannot be a line of centres at a finite distance. 

423. To distinguish the surfaces when there is a line of centres 
at an infinite distance. 

In this case u4' = J?' = C = ; therefore u4 = 5 = (7 - ; two 
of the roots of the discriminating cubic must therefore vanish ; also 
aV\ VV\ cd' must not be all equal. 

Since aa' ^Vc'y &c., u^ can be put into the form 

a'Vc\xla'^ylV+zlcJy 
and the only surface represented is a parabolic cylinder. 

424. To distinguish the surfaces for which there is a plane 
of centres. 

In this case, as in the last, the minors all vanish, and we have 
in addition aV= i'i''= cV ; the equation may therefore be written 

The surface represented consists of two parallel planes unless 
a'iV^=a'V'», or J =a'7a = i"7i = c''7c, in which case they are 
coincident. 

One of the planes will be at an infinite distance if a, 3, Cy 
Jy Vy d all vanish, while one at least of the other quantities 
remains finite. 

425. The results in the general case may be tabulated as 
follows, if V be written for aV7^' + i'^'^V^' + cV'/O' + J, and v' 
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J")» +(&'6"-c'c")*, where/ denotes * finite ' and o, /9, 7 
of the discriminating cubic, a > /8 > 7. 



A 
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4- 
+ 
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+ 
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4- 
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+ 
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+ 




/ 
/ 









A,B, 
C 

+ 
+ 

+ 
+ 





u 

/ 


/ 




• 

/ 





Ellipsoid 


H^-perboloid, one sheet 


Hyperboloid, two sheets 


Cone, real 


Cone, imaginary, or point-ellipsoid 


Paraboloid, elliptic 


Paraboloid, hyperbolic 


Cylinder, elliptic 


Cylinder, line 


Cylinder, hyperbolic 


Planes, intersecting 


Cylinder,, parabolic 


Planes, parallel 



-0, 



For coincident planes d = a"7a = i''7* = ^''7^- 

For two planes, one at an infinite distance^ a, bj c^ a\ V^ c' 

one at least of a", V\ d' finite. 

For two planes at an infinite distance, d alone finite. 

426. Troctztit for finding ih» loeus of any ghen equation. 
When a particular equation of the second degree is preseivted to ue, in 
order to discover what species of surface it represents, we would recommend 
the student first to form the discriminating cubic, and it will then be seen 
whether the last term a vanishes or not 

L If A be different from zero, we must find the centre, transfer the origin 
to it, and by changing the directions of the axes redaee the equation to 
the form cue" + /3^ -i- 72* -I- ^ » 0, where a, p, 7 are the roots of the discriminating 
cubic, which can always be found approximately, at all events their signs can 
be determined by Des Cartes' rule; and ^ has been shewn to be H{u)/^^ 
or in particiilar cases may be found more easily without the use of the 
determinants. ^-.o 

II. If A = 0, and ^ 4 ^ 4 C be not zero, in which case the two roots B^ 7 
will be finite, it will be best to determine the directions of the axes wnich 
correspond to the three roots 0, /3, 7, and to suppose the origin so chosen that 
the equation becomes either /3y* 4 78* 4 20"^ = 0, (1 ), or )8y* 4 71" 4 ^ « 0, (2). 
If we do not require the position of the vertex, the absolute value of a" in (1) 
can be found by equating the discriminants, by which we obtain 

^a"" = - (a" A 4 h"C' 4 c"ByjA, 

and if we find that a" vanishes, we take case (2). 

If more particulars be required it is perhaps the simplest to transfer to 
some point (f, n, I), viz. the vertex in (1) or a point on the axis in (2), in 
which cases -F(« + f, y4n, « + i^) = W2 + 2a"(te4wy + «s) or t*,4*, (t m, n) 



u 
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being the direction of the new aiis of x. We thus have equations 

flf + c'rj + b% + a" = I", or 0, for (1) or (2), 

c'^ + ii 4 o'S + h" = ffia", or 0, 

Ve + «'»» + cr + c" = na", or 0. 

In case (1) a"f + 6"»; + c'T * rf + (/£ + w»i + nO ^" = 0> «nce (f, n, S) i« the 
Tertex, and therefore on the surface ; 

.-. a" A 4 5" C + c"^ = (/^ + w C + nB') a", 

whence the latera recta - 2a"/ fi and - 2a77 are known, and the fourth equation 
with two of the former give the vertex. 

In case (2) /(f, n, J) = a"B + ft^if c'X + d=i, and, since a"^ + &"C' 4 c"j&' = 0, 
the first three equations are equivalent to two, giving the axis of the cylinder ; 
and the fourth equation comhined with two of the first three gives, for f 
determining i, 

S (aV - hV) = 6" (6'6" - aV) 4 c" (^a" - ch") 4 d {a'd - W). ^ N 

IIL If A = 0, and ^4 54C=0, by Art. 422, aar^h'o\ &c., and the 
original equation will appear in the form 

dh'fi {x/a 4 y/h' 4 z/c')" 4 2 {a"x 4 h"y 4 c"z) 4^ = 0. 

i. If a*a"t h'b", c'c" are equal the surface is obviously two parallel planes. 

ii. If a*a'\ Vh*\ c'c" are not all equal the suiface is a parabolic cylinder. 

When the line of vertices and latus rectum of the principal parabolic section 
are required, let (/, m, »), (/', m\ n') be the directions of the new axes of x and z, 
in order that the equation may be reduced to the form 72' 4 2a^x = 0, and, as 
in case II, transferring the origin to one of the vertices (^, n, ^), u becomes 

7 (Px 4 m'y 4 n'z)* 4 2a" (Jz 4 wy 4 nz), 

and it can be shewn, as before, that 

a'^ = a'* 4 h"* 4 «"• - (a''/' 4 6^m' 4 e"ny, 

and that the locus of the vertices is given by 

7 (/'f 4 m'n 4 n%) 4 a"l' 4 ft'W 4 &'n = 0, 

2 (a"f 4 b"fj 4 (f r) 4 (o"^ 4 6''m' 4 c^fi')V7 4 rf = 0, 

where I'a' = m'6' = nV = 'J[aVc/{a 464 c)}. 

lY. The condition for a surface of revolution being 

a - ftV/a' = 6 - c'a'/y = c - a'ft'/c' = fi, 

the equation assumes the form 

)8 (x* 4 y« 4 «■) 4 a'6 V (z/a' 4 y/V 4 z/c')* 4 ^a^x 4 2i"y 4 2c"« 4 rf = 0, 

which may be written 

/3 {(« - f)" 4 (y - »»)" 4 (« - 5)«} 4 a'h'c' {Jtldi 4 y/ft' 4 «/C 4 <r)« = 0, (1) 

if - /3e 4 J'c <r = a", - /5ii 4 cV<r = 6", - /Si: 4 a'iV = c", 

and /5(P4»i'4r)4a'6V<r« = <?, 

eliminating f, «i, and t, we have a quadratic in o-, 

and d (/3f 4 a") = 6' (/S*? 4 h") = c' (/3r 4 «") = rt'^'cV, 

which determine the coordinates of two points which are, as the form (1) shews, 
the foci of the generating curve. 

427. It should be noticed that if the general form only of the surface be 
required, this can always be found b^ the simple process of expressing u^ in the 
form of three, two, or one square, m which cases the equation appears in one 
of the forms «• ± t?' ± «?• = ^, t»* 4 «■ = «;, or u^^w, when «, v, to are linear 
expressions. 

For example, ati2 = (or 4 c'y 4 6'«)«4Cy'- 2A'yz 4 Bs?, where Cy*- 2^'y2 4 Bz* 
may vanish, or be a square, or the sum of two squares. 

AA 
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426. Tojind ike ntrface whose elation is 

32a^ + y* + «•+ 6ya - 16m: -.16jry-6«-12y-12« + 18-0. 

The discriminating cubic is 

(»-82)(»-l)*-9(«-32)-12S(»-l)-6.64 = 0, 

the last term of which is and the roots 0, 36, - 2. 

The directions of the axes corresponding to these roots are given by 
the equations of Art 415, viz. 

{64 + 3(s-32)}« = {-24-8(«-l)}y=*{-24-8(s-l)}z, 

which give 2x = y = z; x = -iy--it; x^O, y^sz; the direction-cosines being 

The eouation is reducible to 36y' - 22* + 2a'x ^ 0, since the centre is at an 
infinite distance, and (J, |, }) being the direction of the axis of x, the 
equation is, when transformed to axes parallel to the original directions^ 

W2+K'(ar + 2y + 2f) = or J'Car -^ C, y + »i, « + J) = 0, 

where {^, *?, I) is the yertex of the paraboloid, 

/. 32£~8»f-8r- 3 =Ja" 

-8f+ n + 35- 6 =|a« 

-85 + 3n+ £-6=}«" „ 

-3e-6n-65^;^18 = 0; ^Cf-fX^f^'i)^ 

/. a"--9 and 25 = n = I-}. 

429. Tojlnd the surface iohose eqtiatum is 

«• - 2/ + 2z" t 3«; - jry - 2x + 7y - 62 - 3 = 0. 

As an illustration of Art. 427, the form of the surface may be found by 
anranging the terms of the second degree in the form of squares 

«»+{3s-y)a; + i(3s-y)«-}(s»-6y« + 9y«), 

and those of the first degree being 

-2(x-Jy + is)-2(«-3y), 

(zy«y + f2-l)«-(j2-|y + 2)«-»0. ? 

The surface represented is the two planes 

(x - 2y + ^« + 1) (« + y + « - 3) « 0. 

By the general method, the discriminating cubic is s(s*~s- 13/2) = 0, and 
the centre has a locus ^ - - 4ii + 7 = f (- 4^ + 6), the equation may therefore be 
reduced to /3y" + 7a' + ^ = 0, and referring to axes through (^, n, I) parallel to 
the original axes this is identical with jP(« + ^, y + ni 2 + ^) « ; hence, equaling 
coefficients, we find that ^ = - f + J-ii - iS - 3 = 0. The surface is therefore 
two planes, since fi, 7 have opposite signs. 

430. To find the equation of any confoeal of a central conicoid given by 
the general equation^ 

Let the general equation be U2=l, and when the coordinate axes are 
transformed to the principal axes, let w, become x*/a + y*/^ + a^/rf, the equation 
of any confoeal must become x*/{a + A) + yV(/3 + A;) + sV(7 + A;) = I, 

or a:"03 + A)(7-+*) + y'(7 + *)(« + *) + «'(« + A;)(/3 + *) = (a + A)(^ + ;fc)(7 + A;). 

The invariants Ji, /,, n of the quadric t^ are the coefficients of k^ k\ and A* 
in(l+Aj/a)(l+A//3)(H-A/7)and(/3 + A-)(7 4*)«a/37/a + (a4/3 4-7)Ah&«-;fea, 
hence, the equation of the confoeal, referred to the principal axes, is 

«•/« + yVP + «V7 + (^^ + ^^') (*"+ y*+ 2") - ^h (oa:»+ /3yV 7a») = 1 f IJc + IJc\ A**, 
and referring back to the original axes, by Art. 401, 

«, + {IJt + ^h*) («• + y* + «•) - h {Aa!" +. . .+ 2^'ya f . . .) « 1 + Ji* 4 W + ^A*. 
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P 481. To find ihe/beal eonicB of the conicoid given by the general eqtuitum. 

The focal conic corresponding to ^ = -7 may be obtained by writing 
-7 + 0- for A; in the equation 

«*G8 + *)(7 + *)fy«(7 + Aj)(a+A) + «»(a + *)(/3 + Aj)«(a + Aj)(/8 + *)(7 + *), 

and equating to sero the coefficients of o- and the term independent of o-, hence 
the equations of the focal conic are, since 1 - J17 4- 727* - ^7^ = 0, 

«3 - (/i - 7'*) («■ + y* + «•) + 7 {-^^ +. . .+ 2^ y« +...)* 0, 
and (/a - 2A7) (aj« + y* + «•) - -4a:* -...- 2A*gz -...« L - 27J, + A7*. 



XXIX. 

(1) Fhid the nature of the surfaces represented by the following equations t 

^ 2. yz + tt? + a?y = o'. 

3. a:" + y» + j^+2ay + 2y« + 4«iral. 
>^4. «» + y» + 2(ay + y« + wr) = a*. 

6. 2i^-6a:"-2y*+10xy + 4y« + 4y+16«+16 = 0. 

6. «* + 2(y« + M; + iBy) + 2(a-y-l) = 0. 

7. «* + y* + 32*+3y« + ac + ay-7«-14y-25« + <l»0'. 
^8. 6y*-2a:"-f"-4ay-6y« + 8ac = l. 

Prove the following results : 

1. Hyperboloid of one sheet 2. Hyperboloid of revolution ^eccentricity of 
generating hyperbola - Vf • ^- Hyperboloid of one sheet, axes V8 + V^^ &i^d 2 ; 
direction^cosines of axes in the ratios 1, ± V3- 1| 1 and 1, 0, 1. 4. Hyper* 
bolic cylinder. 5. Hyperboloid of one sheet, centre (6, 6, - 10). 6. Cone, 
direction-cosines of axes (0, J V2, - J ^2), (+ J V2, J, J). 7. Ellipsoid, point 
or impossible, according as <?< = > 55. 8. Hyperbolic cylinder. 

(2) The equation (ey-hz)*^(at-exf + (bx-ayy=i represents a right 
circular cylinder, the equations of whose axis are x/a a p/b = zje^ 

(3) The surface represented by the equation ~ 

a V + 6y + c'z* - 2bcyz - 2cazx - 2ahxg = 1 

is a hyperboloid of one sheet, and the sum of the squares on its real axes 
is equal to the square on its conjugate axis. 

(4) Prove that, when 6&' = c'o', and e(/ = a'b\ the equation 

««■+...+ 2a'yz+...+ 2a"a: +...+ rf= 0, 

represents in general a paraboloid, whose axis is parallel to the straight 
Hue x-0, cy + 6'2 = 0. 

(5) The equation 

iiiB* + 4y" + 92*+ I2y2 + 6aar + 4jjy + 2a"a; + 26"y + 2c''» + rf= O 

will in general represent an elliptic paraboloid, a parabolic cylinder, on a 
hyperbolic paraboloid, according as a>B<l. What surfaces will it repre- 
sent in the following cases: 

L 3r=2<r, o>=or<l. ii. 6«" = 3i''=2c", «=1. 

(6) Find the equation of the hyperboloid, three of whose generating lines 
are ar = 0, y = a; y = 0,2=sfl; and 2 = 0, x-a\ shew that it is a surface of 
revolution, and find the eccentricity of a meridian section. 

(7) Find the position and magnitude of the axes o{ yz-\- ^/S{z-y)x^X, 
and shew that the eccentricities of Uie focal conies are reciprocals of each other. 
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(8) Find the locus of the centres of the surfaces represented by the 
equation je* -i- y* - s" + 2pzx 4 2qyz - 2ax - 2hy + 2c2 » 0, a, d, c being given -positive 
numbers, and p and a variable parameters, i. When /» and ^ vary in every 
possible manner, ii. When they vary in such a manner that the equation may 
always represent a cone. 

(9) If the equation ««*+ &y*+ «•+ 2h'zx + 2e'xy + 2af'x = represent a parabo- 
loid of revolution, prove that e-h±a. Taking the upper sign, prove that the 
axis is 2 a 0, a; Va + y V6 » 0. 

XXX. 

(1) If ax* + fty* + c2* + 2a y% + 2h'tus 4 2e'xy = represent two planes, shew 
that the two planes which bisect the angles contained by the former planes 
will be given by 

«, ax 4- c'y 4- 6 «, (aa* - h'c')'^ 

y, tfx-v hy^-^azt (W - cV)'* aO. 
8, 6'* 4 a y + cz, {ec' - a'6')"* 

(2) Prove that the direction-cosines of the axis corresponding to the root 
a 01 the discriminating cubic can be put in the symmetrical form 

(« - 6) (a - c) - «'• = (a - /3) (a - (y) /«, &c. 

(3) If the surface represented by the general equation be a hyperbolic 
paraboloid, prove that the tangent of the angle between the planes to which the 
generators are parallel will be 2 VCo** + 6'* 4- c'* - <i6 - ac - be)/{a + 6 4 c). 

(4) u = is the equation of a conicoid in rectangular coordinates, shew 
that the equation of the locus of points, from which three tangent lines 
mutually at right angles can be drawn, is 

d*u^ d*u^ d*u^ 

da*'^ dy* '^ de 

(6) The equation a (y - s)' 4 5 (z - xf ^c(x-yfrid represents a cylinder, 
which is hyperbolic when 5c 4 ca 4 ah is negative; and which, when he^ca^ah 
is positive and less than | (a 4 6 4 c)', is elliptic or impossible according as 
a\h\c is positive or negative; if a4& + C30, the principal section will be 
a rectangular hyperbola. 

(6) The equation hje* + &v* + cs* 4 2a'ys 4 26'u; + 2c':ry = will represent a 
right cone, whose vertical angle is ^, if 

a - 6V/a' = 6 - c a'/J' = c - a'h'le* = (a 4- 6 4 c) (1 4 cos^)/(l 4- 3 cos e\ 

(7) If a cone whose vertex is the origin and base a plane section of the 
surface ax* 4 &y' + cs* » 1 be a cone of revolution, the plane must touch one 
of the cylinders 

(ft-a)y"4(c-fl)z" = l, (c-J)«"4(a-J)2;« = l, (a-c)a^4(*-c)y«l. 

(8) The area of the section of the conicoid 

oo:" 4 Ay" 4- C2* 4 2a ys + 211 tx 4 2c' xy = 1 
by a plane through the extremities of its principal axes is 

2gr // g-f t + c \ 

3 va V \«*c 4 2dh'c - aa** - W - ce^) " 

(9) The surface whose equation, referred to axes inclined at angles a, jS, 7, 
is ayz 4- bzx 4 cxy = 1, will be one of revolution if (± 1 + cos a) /a = (± 1 4 cos/3)/6 
B (4 1 4 co87)/c, one or three of the ambiguities being taken negative. 

(10) Apply the methods of Art. 409 and 415 to find the directions of the 
axes of a cone enveloping an ellipsoid ; and, independently, of the reciprocal 
cone, Art. 402. 
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XXXI. 

(1) Biaoasfi the different surfaces represented by the equation 

Q^ 4 (2m"+ 1) (y* + «")- 2 (ya + sx + xy) = 2m*- 3»» + 1, 

as m varies from - oo to + x ; considering particularly the critical yalues 
-1, ^, and 1. 

(2) The radius r of the central circular sections of the surface ayt\hzX'^cxy^\ 
is given by the ^uation ahcr^ + (a" + 6" + c*) r* = 4 ; and the direction-cosines of 
the sections by the equations (m" + n*) Ija = (n*+ T) mlh = (/•+ m*) n/e^- knnt*, 

(3) The equation of every surface of revolution of the second de^ee which 
passes through the two lines jr = 0, y a 0, and y « a, s = is included m 

cos^ (y* - «y + *«) + sin {yr ± « (y - a)} = arz. 

(4) The surface whose equation, referred to axes inclined at angles X, fi, v, 
i« £M:* + 6y" + c«'= 1, will be one of revolution if 

a GOSX/(COSX - cos fl cos v) « &C08^/(C0S fl - COS V cos \) - C cos v/(C0Sy > COSX COSfl), 

(5) The equation 4U^ + &^ + rz* = 1, may, when referred to oblique axes, be 
transformed into the equation 2m (yz + zx + xy) = 1 in an infinite number of 
ways. If a , b', c* be the cosines of the angles between the axes, shew that 

ml a + w/6 + m/o = a + 6' + c' - }, 

m^a + h\ <i)/ahc = 6V + cV + a'6' - a' - 6' - c', 

and 2j»Va6c = 1 - a" - 5'* - c'" + 2a'6V. 

If the oblique axes be mutually inclined at angles of 60°, shew that either 
- 2a = 6 a «, a s - 26 s e, or a = 6 » - 2e. 

(6) Shew that the hyperboloid, whose equation, referred to oblique axes 
inclined at angles whose cosines are a\ h\ c\ is 

( 1 - i**) yz + ( 1 - 5') za: + ( 1 - c') ary = rf, 

is a hyperboloid of revolution, whose equation, referred to its principal axes, 
b eu:"-y'-z^=2J, where 

a = 2 (1 - a') (1 - y) (1 - c^)/(l - «*•- *'* - c" + 2a'5'0. 

(7) If two conicoids 2^iyz + 26zr + 2exy » 1 and 2a'yz + 26'z« + 2e'xy s 1 can 
be placed so as to be confocal, 

<Ael{a^ + 6« + c«) + a'6V/(a'« + J'* + c'^ = 0, 

and 21a*h*eV(€i' + 6* + c«)' + a'*6'V/(a'» + 6" + c'V » 1 . 

(8) When the general equation represents a paraboloid of revolution, its 
focus and directrix plane are given by the equations 

a' («* 4 a") = y («y + h") = c' (<z + O = J (a"« + 6"« + c"« - 9d)/{a"/a' + ft'yi' + c7c'), 

and 

2 {a"/ a' + 676' + c7c') [x/a' + y /6' + z/c') + (a"* + 6"« + c*^ - <fo)/a'6'C = 0. 

where 2» s a + 6 -}■ c, and a', h\ c' are finite. 

(9) Three fixed rectangular axes are taken, and a fixed line through 
the origin whose direction-cosines are X, ft, y. If any rigid surface be turned 
about this line through an angle ^, the equation of such a surface in its new 
position may be derived from its equation in the old one by changing x into 
xco^O^X (X« + /uy -1- yz) (1 - cos 0) + {jiz - vy) sin ^, with similar changes for 
y and z. 

Hence, defining an axis of a conicoid as a diameter, such that by revolution 
about it through two right angles every point of the surface returns to the 
surface again, deduce the ordinary cubic equation for ttie determination of 
the axes. 



CHAPTER XVIL 



DEGREES AND CLASSES OF SURFACES. DEGREES OF CURVES 

AND TORSES. COMPLETE AND PARTIAL 

INTERSECTIONS OP SURFACES. 

432. Having already fully investigated the nature of the 
surfaces represented by the general equation of the second degree, 
we will proceed to the loci of equations of higher degrees, which 
we raay consider as equations either in three-plane or four-plane 
coordinates: in the latter case we may suppose the equations 
homogeneous, without loss of generality. 

433. Surfaces which are represented by rational and integral 
algebraical equations are arranged according to the degrees of 
these equations when plane coordinates are used, and according 
to classes when tangential or point coordinates are used. 

A surface is of the n*^ degree when the equation of which it is 
the locus is of the n}^ degree in the coordinates of any point of 
the locus; the geometrical equivalent being that a surface is of 
the 71^ degree when an arbitrary straight line intersects it in n 
points, real or imaginary. 

A surface is of the rfi^ class when n tangent planes, real or 
imaginary, can be drawn to it through an arbitrary straight line. 

If p^ J , /, 8 and p\ q"j r", s" be the point coordinates of two 
planes, the coordinates of any plane passing through their line of 
intersection will be Ip-^-mp'^ Iq' •\-mq\..^ Art. 128, l:m being 
an arbitrary ratio, and the particular planes which touch a surface 
whose tangential equation is F{pj q^ r, s) = 0, supposed a homo- 
geneous algebraical equation of the rfi^ degree, will be determined 
by the values oilim which satisfy the equation F{Jp-\-mp'\ ...) = ; 
the number of values of the ratio will be r?, and this will therefore 
be the class of the surface. 

434. Curves and Torses are arranged according to their degrees. 
A curve of the n^ .degree is one which intersects an arbitrary 

plane in n points, rea] or imaginary. 

A torse of the n^ degree is one to which n tangent planes, real 
or imaginary, can be drawn through an arbitrary point. 

435. Among the various methods of treating of curves which 
have been proposed, one is to consider them as the intersection 
of surfaces whose equations are given. In this method the difiS- 
eulty arises, to which allusion has been made in Art. 14, viz. that 
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extraneous curves may be introduced which are not the subjects 
of investigation. 

If wj curve be supposed to be given in space, it is impossible 
generally to determine two surfaces which shall contain no other 
common points but points which lie on the proposed curve; but 
among all the surfaces which may be drawn through a curve, it is 
desirable to obtain the simplest forms of surfaces of which the curve 
shall be the partial intersection. 

436. The number of points in which three surfaces intersect, 
which are of the 7n}\ n}\ and p^ degrees respectively, is mnpy 
unless they intersect in a common curve, in which case it is infinite. 

For the proof of this proposition, the student is referred to 
Salmon's Treatise on Higher Algebra, Lesson Vlil., on the number 
of solutions of three equations in three unknown quantities. 

The student may be able to satisfy himself of the truth of the 
proposition, by considering that the number of points in which 
the surfaces intersect will, by the law of continuity, be unaltered, 
if we substitute particular instead of the general forms of the 
surfaces. If the surfaces respectively consist of w, n, p arbitrary 
planes, it is obvious that the number of their common points of 
mtersection will be mnp, each point being the intersection of three 
planes, taken one from each system. 

437. 27ie complete intersection of ttoo surfaces of the rrfi^ and 
n^ degrees respectively, is a curve of the mn^^ degree. 

Let a plane intersect the surfaces, the number of points of 
intersection of the plane with the surfaces is mn, this is therefore 
the number of points in which the plane cuts the curve, and the 
curve is of the mn^ degree. 

438. To find the number of conditions which a surface of the 
nth degree may be made to satisfy. 

The number of constants in the general equation of the n*^ 
degree is evidently the number of homogeneous products of four 
things of n dimensions, and is therefore (n+ 1) (n + 2) (n + 3)/6; 
but in estimating the number of constants with reference to the 
number of conditions which the locus can be made to satisfy, we 
must diminish this number by one, since the generality of the 
equation is unaltered if we divide by any one of the constants. 

The number of disposable constants, so obtained, is 

i(n-hl)(w + 2)(n-h3)-.l=Jw(n'-h6w + ll) = <^(n), 

thus 4> (2) = 9, <^ (3) = 19, (4) = 34, (5) = 55, (6) = 83. 

Since, when a point is given, we may substitute its coordinates 
in the general equation of a given degree, and thus obtain a linear 
equation of condition between the constants, a surface of the third 
degree may be made to pass through 19 arbitrarily chosen points, 
ana one of the fourth through 34, &c., and ^ (n) arbitrarily chosen 
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points Will completely determine the position and dimensions of a^ 
surface of the rfi^ degree. 

A surface of the n}^ degree is also determined by <f} {n) inde- 
pendent linear equations of any kind between its coefficients. 

439. All surfaces of the n^ degree which pass Hirough <^ (n) — 1 
given points have a common curve of intersection. 

If K =: 0, V = be the equation of two surfaces passing through 
the given points, Xu + /l(v = will be the equation of another 
surface of the «^ degree which passes through the ^ (w) — 1 given 
points; and since, by giving proper values to the ratio X : /bi, 
this surface may be made to pass through any additional point 
which is not common to the two surfaces !/• = 0, t; = 0, this equation 
will be the general equation of all surfaces which contain the 
<f> (n) — 1 given points. But this equation is also satisfied by the 
coordinates of all points which lie on the curve of intersection 
of u = and i;=:0; this curve, which is of the degree n', is 
therefore the common curve of intersection of all surfaces con- 
taining the ^ («) - 1 points. 

440. By reasoning similar to the above, it can be seen that, if 
a surface be of such a nature that m points or ra linear equations 
of condition completely determine it, we may assert, that if m — 1 
such conditions be given, all surfaces of this kind which satisfy 
these conditions will have a common curve of intersection. 

441. We shall give the name of cluster to the series of surfaces 
of the 71^ degree determined by the equation Xi* + ftv = 0, and call 
the curve of the degree n', which is the common intersection of 
the surfaces, the base of the cluster. 

We have adopted cluster as the equivalent of the term faisceau 
used by French writers. 

442. We may remark that, if ^ (n) - 1 points be given it will 
be possible to eliminate from the general equation of the surface 
of the n^ degree all the constants but one, which will enter into 
the resulting equation in the first power only. This equation will 
then be of the form m + Xv = 0, where t«, v are of the n^ degree, 
and X an undetermined constant. All surfaces represented by this 
equation will pass through the curve given by the equations u = 0, 
t;«0, which curve is therefore completely determined. For 
example, eight points determine a curve which is the complete 
intersection of two conicoids. 

In the case of complete intersections of surfaces the nature of 
the curve is not given when the degree is given, except in the case 
of prime numbers, when it must be a plane curve. 

For example, a curve of the twelfth degree might be the com- 
plete intersection of pairs of surfaces of the degrees (1, 12), (2, 6), 
(3, 4)} and these different species^ belonging to the same degree^ 
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would require a different number of given points to determine 
completely the surfaces. 

The following proposition serves to obtain the number of given 
points sufficient to determine a surface of the n^ degree which, by 
its complete intersection with a surface of a lower degree, gives 
a cufcve of the nq^ degree : this is given by Flucker, but may also 
be proved directly by a theorem given by Cayley.* 

443. All surfaces of the n^^ degree eoniaining (n) - ^(n-^) - 1 given 
points of a surface of the q^ degree cut this last surface in one and the same curve. 

Of <> (n) - 1 points, ^ (n - q) lie on a surface of the p^ degree, where n-p{q^ 
-whose equation is Up => 0, and if 4^{n)-\-<P{p) gWen points lie on a surface 
of the q^ degree, ti, = 0, upUq^O is one of the surfaces of the n^ degree whioh 
contain ^ (n) - 1 points. Therefore,r if tf = 0, t; = be any two surfaces con* 
taining these ^(n)-l points, since u^u^^O is one of the cluster of surfaces 
represented by Xm + /to = 0, the base of the duster will be a ciirve whieh lies on 
the two surfaces t4^ = and Ug = O. 

Hence if ^ (n) - (i» - 9) - 1 points be taken on any fixed surface Uq - 0, all 
surfaces of the n^ degree, which pass through these points, will intersect the 
surface of the ^^ degree in the same curve. 

Thus, if 9 a 2, the proposition is reduced to the following.: 

AU surfaces of the n^^ degree which pass through n (n + 2) points on a eonv* 
eoid intersect the conicoid in the same curve. 

444. When it is said that a curve or surface is dietermined By 
a certain number of points, these points must be supposed arbi^ 
trarily taken, for it is possible so to select the points that this 
number would not be sufficient. Thus, a plane cubic is generally 
determined by 9 points, but, if those be the nine points of inter- 
section of two of such curves, an infinite number may be drawn 
through them. A curve of the fourth degree of one species, 
namely the intersectfon of two conicoids, can be determined 
completely by 8 arbitrary points, but if these given< points be the 
intersections of three conicoids which have not a common curve 
of intersection, taking these surfaces two and two, we may obtain 
three curves of that species passing through the same eight points. 

445. If two surfaces of the- w*** degree pass through a curve of tfie 
nr^ degree situated on a surface of the r^ degree, they will also 
intersect in a curve of the 71 (n — r)* degree, situated on a surface 
of the (n — ry^ degree, because one of the surfaces which passes 
through the intersection of the two rfi^ surfaces will be the complex 
surface formed of two of the degrees r and n — r respectively. 

Thus, if a conicoid intersect a cubic surface in three conies, the 
planes of each of these will intersect the cubic in a straight line, 
the conic and straight line forming the plane cubic curve which 
is the complete intersection; and since the three planes form a 
cubic surface, part of whose curve of intersection with the original 
cubic surface lies on a conicoid, the three straight lines will lie 
in one plane. 

♦ Xouveiles Annalssj xii., p. 396. 

BB 
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446. The theory of par tial intersections of surfaces was first 
discussed by Salmon.* Without an examination of such partial 
intersections it is not possible to analyse different species of curves 
of the same degree. If we considered only complete intersections 
of surfaces, curves of the third degree could only be considered 
as plane curves, whereas it will be seen that they may also be 
partial intersections of conicoids. 

447. To find the surfaces of which a given curve is the partial 
intersection. 

In order to find the surfaces which may contain a curve of the 
m^ degree, it is observed that a surface of the k^^ degree can be 
made to pass through 4>(Jc) points. Now, the total number of 
points which are common to a proper curve of the nfi^ degree and 
such a surface, supposing the curve not to lie entirely on the 
surface, is mk^ since this is the number of points in which k planes 
intersect the curve ; and the law of continuity makes the statement 
general. If more than mk points lie on the surface, the curve will 
lie entirely on the surface. 

If (Jc) = mk + 1, one such surface can be drawn containing the 
curve; if <f>(k)>mk-{-l^ two surfaces of the k^ degree can be 
drawn, and therefore an infinite number. Thus, for a curve of the 
third degree, if k^2^ <f>(Jc)=^9>^.2-\- l^ hence an infinite number 
of conicoids may be drawn containing any curve of the third 
degree. 

When ^(A) = 9wi + 1, one surface of the kP^ degree contains 
the curve, and another of the (A;+l)^^ must also contain it, for 
^(*+l)-0(Jfc) = i(i + 2)(A; + 3), therefore 

<^(*+l)-{m(fc+l) + l}=i(i + 2)(A+3)-wi, 

which is always positive, since »i = J (A" + 64 + 11) — A"*. 

Modifications are required when the surfaces are not proper 
surfaces. Salmon gives as examples of this modification a plane 
curve of the third degree through which it is possible to describe 
an infinite number of conicoids, but since each conicoid must neces- 
sarily consist of the plane of the curve and an arbitrary plane, the 
intersection of the plane and conicoid will not determine the curve. 
Again, if a curve of the fifth degree, which, according to the above 
laws, ought necessarily to be determined by surfaces of the third 
degree, lie entirely on a conicoid, every surface of the third degree 
which contains the curve may be a compound of the conicoid and 
a plane, and we must advance to surfaces of the fourth degree to 
determine the curve. 

If a curve be given of the nfi^ degree, and A, I be the lowest 
degrees of surfaces upon which it can lie, any surface of the k^ 
.._^ — ■ ' 

♦ Quarterly Journal, voL v. 
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degree constrncted to pass through mk + l points will contain the 
curve, and similarly for the other surface. 

If ml+1 points known to lie on the curve be given, and l>ky 
all the rest can be found. 

448. The number of arbitrary points through which a curve of 
the m^ degree can be drawn cannot exceed a certain superior 
limit which is easily determined, for suppose k arbitrary points to 
be given, and a cone to be constructed containing the curve, and 
having its vertex in one of the assumed points, the degree of this 
cone will be m — 1, since any plane through the vertex must 
contain m — 1 points of the curve besides the vertex, and therefore 
m^l generating lines of the cone, and the number of its generating 
lines sufficient for its complete determination is the same as that 
of the number of points necessary to determine a plane curve 
of the (m - 1)*^ degree, via. ^wi (wiH- 1) - 1. 

The greatest value of k for which such a cone can be con- 
structed is i^m (m + 1) ; this is therefore a superior limit, although 
lower limits to the number k may be obtained in general from 
other consideratioDS. 

Thus, a curve of the third degree cannot be made to pass 
through more than six arbitrarily chosen points. 

449. If <f> (n) — 2 points be given^ all surfaces of the r^ degree^ 
which can be dravm through these points^ will pass through n*— ^n)+2 
additional fixed points. 

Let us=0, t; = 0, tc7»0be the eouations of three surfaces of the 
n^ degree which pass through ^ (n) — 2 points, and which have not 
a common curve of intersection, they will pass through n* common 
points, and Xu + ^v + vi^ == is the equation of another surface of 
the n^ degree, which passes through the same points, and by 
giving different values to \ : /i : v we can obtain alt surfaces which 
pass through these points. Any surface will be particularized when 
two points are given which do not lie on all three of the surfaces, 
or both on the same two; and all such surfaces will contain 
n* — (n) + 2 common points besides the given points. 

Thus, all conicoids which pass through seven points will pass 
through a fixed eighth, as is easily seen when each conicoid 
consists of two parallel planes, the seven points being angular 
points of a parallelepiped. 

A surface of the third degree, drawn through 17 points, passes 
through 10 others. 

460. The following propositions, connected with this part of the subject, 
are of importance in sorae InTestisations in which it is required to determine 
the number of points of intersection of three surfaces: the surfaces under 
consideration in particular cases may have common lines in any degree of 
multiplicity, and it becomes necessary to determine to how many points of 
intersection these lines are equiTalenU 
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451. Three iurfacee of the m^, n^^, and p^ degrees, contain a mtdtipU 
straight line in the degrees of multiplicity jul, v, and ir reepectively ; to find the 
number of points of intersection to which this multiple Une /corresponds. 

The number of points of intersection of three surfaces will be unaltered, 
if we suppose each surface to degenerate into a set of proper surfaces of inferior 
degrees, so long as the sum of the degrees of the set is the degree of the 
surface so broken up. 

We will, therefore, suppose the surface of the m^ degree to consist of 
fi planes, and of a proper surface of the (m - /A)th degree ; and similarly foi 
the others. 

The whole number mnp of points of intersection will then be made up of 
intersections, (i) of the three proper surfaces, (ii) of proper surfaces from two 
systems with planes from the remaining system, (iii) of a proper surface of 
one system with planes from the two remaining systems, and (iv) of planes 
from the three systems ; the numbers of these intersections are 

i. (m-^)(n-i')(|>-ar), ii. (n- v) (;?-3r) /*+..., 

iii. (m-/t) »»»•+..., iv. fjLW. 

If now we suppose all the planes to pass through the same straight line, 
we shall have the case of surfaces with multiple lines; and those of the 
mnp points, which will lie on the multiple line, will be clearly taken from 
the groups (iii) and (iv). 

The multiple line therefore corresponds to the number of points (m-fi)w 
4 (« - v) tt;* + ( /J - w) ftv + fitnr = mw + nvfA + pfAM - 2p^w, which coincides with 
the particular case given by Salmon.* 

452. Three surfaces of the m^^ n^\ and pth degrees have a common curve 
line of the fjL^\ »^, w^h degrees of multiplicity respectively^ the curve being the 
intersection of two surfaces of the degrees k and I ; to find the number of points 
to which this multiple line corresponds. 

Let the surfaces be broken up into proper surfaces, and the multiple lines 
be thrown out of gear. 

The first shall be composed of fi surfaces of the degree A; and one of the 
degree m - pk, the second of v surfaces of the degree k, » of degree I and one 
of the degree n-ifk- W, the third of tt of the degree /, and one of the degree 
p-vL 

The number of points which lie on the intersection of surfaces of the degrees 
k and J will be {m - fik) ^Aj.tt/ + (n - »/ - vk) pk, 7rl+(p-7rl) pkM + irLfJt.^fk + W) 
= lk{mw-^n7rfi-¥pfAV- fivird-^^k}], which is the number of points required, 
coinciding with the result of the preceding proposition when i = A = 1. 

Application to the Four^point 6t/stem. 

453. It is easy to express in the language of four-point coordi- 
nates the results of this chapter. 

Thus, a surface of the n^ class is determined if (j) (n) tangent 
planes be given. 

If surfaces of the rfi^ class be drawn touching <f) (n) - 1 tangent 
planes, they will be touched by one common developable surface. 

If three surfaces of the rfi^ class touch (f> (n) — 2 given planes, 
they will touch n*— <f> (n) + 2 additional fixied planes. 

Similarly for other theorems. 

In illustration of the points which have been considered in this 
chapter, relating to the intersection of surfaces, we give here some 
elementary properties of cubic and quartic curves. 

* Comb, and J}ub, Math, Jour, ii. p. 71. 
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Cubic Curves. 

454. If two coBicoids have a common generating line, any 
plane which does not contain this generating line will Intersect thie 
two coniooids in two conies which have four points in common, one 
of which will be in the generating line; hence the curve which 
with the generating line forms the complete intersection of the 
conicoids, being met by an arbitrary plane in three points, is a 
curve of the third degree ; such a curve is called a cubic curve. 

Conversely, if we take any seven points upon a given cubic 
curve and an eighth on any chord of the curve, we can make an 
infinite number of conicoids pass through these eight points, which 
will have for their common curve of intersection the cubic curve 
and the chord, for each conicoid meets the curve in seven points 
and the chord in three, and therefore contains both entirely. 

455. A cubic curve^ which i$ the intersection of two conicoids 
having a common generating line^ intersects all the generating lines 
of the same system as the common line in two points^ and those of the 
opposite system in one point only. 

Call the two conicoids A and J?, and the common line L. Any 
generating line of A intersects B in two points, neither of which 
will lie on Z, if it be of the same system as i, but one will lie 
on i, if it be of the system opposite to that of L\ but the points 
which do not lie on L must lie on the cubic curve, which proves 
the proposition. 

456. The common generating line of two conicoids which deter- 
mine a cubic curoe is twice crossed by the curve, 

A plane which contains the common generating line intersects 
each of the conicoids in a generating line of the opposite system, 
and these two lines intersect in one point only ; but the plane 
contains three points of the curve ; hence two of the three points 
must lie on the common generating line. 

457. When two cubic aurves lie on a giten conicoid, to find the number of 

points in which they intersect. 

£ach of the cubic curves is the partial intersection of the given conicoid 
with another which has a common generating line with it. 

Call the three conicoids A, B, and B*, and the curves C, C*, and let 
the complete intersection of A and ^ be the curve C and the line X, and let 
that of A and B* be the curve C and the line L\ 

The eight points which are common to A, B, and B must be the inter- 
sections of the complex curves CL and C'L'; and two distinct cases arise 
according as X. L' are of the same or of opposite systems. 

If they be of the same system, L will meet B* in two points both of which 
will be on C ; L' and C will intersect in two points, therefore C and C will 
intersect in four points. 

If they be of opposite systems the two points in which L intersects B* will 
lie one on L' and the other on C"; hence Z, X'; X, C; and X', C will inter- 
sect in three points, and therefore C and C in the five remaining points. 

If X and X' Coincide, by Art. 451, the coincidence is equivalent to four 
points of intersection, and C, C will intersect in four points. 
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Quartie Curves. 

458. The intersection of two conicoids is a quartic curve, since 
a plane must meet the two conicoids in two conies which intersect 
in four points ; but this is a particular kind of quartic curve. An 
arbitrary quartic curve will intersect an arbitrary conicoid in 2 x 4 
points, and only one conicoid can be constructed which will contain 
nine points of the curve, and therefore the entire curve. 

The general quartic curve may therefore be considered as the 
partial intersection of a conicoid and a cubic surface drawn through 
3x4+1 points of the curve, and the remaining portion of the 
complete mtersection must be either (i) two straignt lines which 
do not intersect, or (ii) a conic which may be two intersecting 
straight lines. 

i. In the first case a generating line of the conicoid which 
is of the same system as the two straight lines common to the 
two surfaces, meets the cubic surface in three points which must 
be on the quartic curve, while one of the opposite system meets 
the cubic surface in one point only, besides the points in which 
it cuts the two common lines, and therefore intersects the quartic 
curve once. 

ii. In the second case every generator of the conicoid meets the 
common conic in one point, therefore two of the three points in 
which it intersects the cubic surface lie on the quartic curve. 

If u, = be the equation of a conicoid containing the quartic 
curve, Uj = that of tne plane of the common conic, the equation 
of the cubic surface must be of the form v^u^ + u^v = 0, and the 
quartic curve, in this case, must be of the particular kind which is 
the base of a cluster of conicoids, viz. that determined by the 
equation \M, + ft?;, = for all arbitrary values of \ and /i. 

459. To find the number of points of intersection of two quartie curves 

which both lie on the same cubic surface. 

Let the surface be denoted hj S^ and the conicoids which contain the two 
curves by S^ and 8^\ the remaining parts of the complete intersections may be 
two non-intersecting lines, or a conic, denote these by L. itf, and C,. 

i. Let the complete intersections of S^ and S2 be C«, X, M, and that of 
S^ and 8f be C^f L\ M.'\ the three surfaces 8^^ 82, 82' intersect in 12 points, 
of which two lie on Z', L, viz.. the points in which L and 8^' intersect, and 
similarly two lie on X, Jf, and M', and there remain only 4 which must be the 
intersections of C4 and C/. 

This supposes that the lines L, U do not intersect, but if they intersect, the 
modification is easily made; for example, if the four lines form a skew 
quadiilateral, the number of points belonging to these lines will be reduced 
to four, and C4, C/ will intersect in eight points. 

ii. Let the complete intersection be C^, C„ and C/, Ci\ the section of 
^^2' made by the plane of C, is a conic which intersects C, in 4 points, therefore 
8 of the 12 points lie on the two curves C2, Cj', leaving 4 for the number 
of intersections of C4 and C/. 

If the three surfaces all contain the same conic, this will, by Art. 452, count 
as 8 points of intersection, and C4, C/ will intersect, as before^ in four. 
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XXXIL 

(1) Every cone containing a curve of the third degree, in which the vertex 
lies, is of the second degree. 

(2) No straight line can cut a curve of the n^ degree, not plane, in more 
than n - 1 points. 

(3) If the base of a cluster of conicoids cross itself, all the conicoids will 
touch at the point of crossing, and if it cross itseli' twice it will consist of 
two conies. 

(4) Through a curve of the third degree, and a straight line meeting the 
curve in one point only, a conicoid can be drawn, of which the generating Iines» 
which intersect the given line, meet the curve each in two points. 

(5) If P, Q be two points on a cubic curve, all the conicoids which contain 
the curve and the chord FQ have common tangent planes at P and Q. 

(6) Prove that an infinite number of curves of the third degree can be 
drawn through five points arbitrarily chosen in space, but that six defermine 
the curve ; what limitations are necessary that such a curve shall pass through 
the points f 

(7) Through any point in space a straight line can be drawn which meets 
a curve of the third degree, not a plane curve, in two points. 

(8) The projection upon any plane of a curve of the third degree, not 
plane, by straight lines dntwn from a given point, is a eurve of the third degree 
naving a double point. 



XXXIEL 

(1) A conicoid can be drawn through a given chord of a cubic curve 
containing the curve and touching a given plane through the chord at a given 
point of the chord. 

(2) lliree^ conicoids which have a common generating line meet only in 
four points besides the generating line. 

(3) Through five points of a conicoid, we can draw two curves of the third 
degree lying entirely in the conicoid. 

(4) The locus of the centres of a cluster of conicoids is a cubic curve. 

(5) A quartio curve is the intersection of two conicoids, prove that a cubic 
surface can be constructed which contains the curve and two given conies, one 
on each conicoid, if these conies do not lie in the same plane. 

(6} Shew that, if normals be drawn to a conicoid from every point of 
a straight line, their feet will lie on a quartic curve. 

(7) Among the conicoids forming a cluster there are four cones, real or 
imaginary ; each of these cones has four of its sides tangents to the curve which 
is the base of the cluster, and the four points of contact are in one plane. 

(8) The projection of the base of a cluster of conicoids on a plane is a curve 
of the fourth degree having two double points, real or imaginary. 
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XXXIV. 

(1) The eight points gireh hy the equations h^ = tn^ = ns? = rw*, are so 
related that any conicoid passing through seven of them Mrill pass through the 
eighth. 

(2) Through a given straight line planes are drawn touching the sections 
of a conicoid made by a plane passing through a second straight line ; shew 
that the locus of the points of contact is a quartic curve passing through 
the four points in which the two straight lines intersect the conicoid, and four 
of whose tangents intersect both of these straight lines. 

(3) If three straight lines be the compfete intersection of a cubic surface 
with a plane, three planes through these lines will intersect the surface in three 
conies ; prove that one conicoid can be drawn containing the three conies. 

(4) Each of two quartic curves which lie on the same hyperboloid intersects 
the generating lines of one system in three points, prove that the curves inter- 
sect in six points if the generating lines be of the same system for both curves, 
and in ten points if the systems be opposite. 

(5) Find the number of points in which two curves of the fifth degree on 
the same surface of the third degree, and on two conicoids, intersect. 

(6) Prove that the projection upon a given plane of a quartic curve, through 
which only one conicoid can be drawn, by straight lines drawn through an 
arbitrary point on the conicoid, is a quartie curve having a triple point 

(7) Through a chord AB o( a. quartic curve, which is the base of a cluster 
of conicoids, a plane is drawn determining a second chord ab ; shew that, as 
the plane turns round AB, the chord ab generates a conicoid; shew also that 
a plane which passes through ab and a fixed point £ of the carve also passes 
through a fixea chord £jF, 

(8) Through every sextic curve in space one, and in general only one, cubic 
surface can be drawn. One of two sextic curves which lie on the same cubic 
surface, lies also on a conicoid, and the other lies also on another cubic surface, 
find the number of points in which they intersect 

(9) Three cones of the same degree have their vertices on a straight line, 
and parts of two of their three curves of intersection are plane curves ; shew 
that part of the third curve is also plane, and that the planes of the three curves 
intersect in a straight line. 
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CHAPTER XVIIL 



TAKGENT LINES AND PLANES. NORMALS. SINGULAR POINTS. 

SINGULAR TANGENT PLANES. POLAR EQUATION OF 

TANGENT PLANES. ASYMPTOTES. 

460. In this chapter we shall confine ourselves to the con- 
sideration of surfaces whose equations are given in Cartesian 
coordinates, and in discussing singularities of contact we shall only 
consider those of a simpler kind. 

461. It will be convenient to state here, that we shall often 
employ the following notation : when the function F{x^ y^ z)^ 
for which we shall write F. is used, K F, W will be written for 
dF dF dF ^ , , , . d'F d'F d'F d'F 

^^' d^'lz > ^°^ ^' ^» ^' "' ^» ^ ^^' 5?' :^ ' -^^ d^z' 

d^di' d^ ' *°^ ^^®^ ^^'/(^j 3^)) P> ?> ^) *» * ^11 be written 
^ dz dz d^ d*z d^z 
di' Jy' d?' d^' dxf^ 

462. To find the relation between the direction^'cosinea of a tangent 
to a surface at a given ordinary point of a surface. 

Let the equation of the surface be F'=F(^^ 17, ^) = 0j f, 17, f 
being the current coordinates of a point, and let (a;, y, z) be the 
point P at which the line is a tangent. 

The equations of a Une through P, whose direction-cosines are 
X,^, vare(f-a;)/\ = (i7--y)//A = (?-«)/F = r. (1). 

At the points where this line meets the surface, the values of r 

are given by the equation F(x + \rjy'^ fir^ « H- vr) = 0, and, since 

F{x^ y, «J = 0, this equation is ri)i''+^r*Z>*i^+...= 0, (2), where D 

, , d d d 

denotes the operation X-^+u^-H-v-y-. 

^ ax dy dz 

One value of r is zero, whatever be the direction of the line (1), 
since P is on the surface, but if we so choose the direction of the 
line that DF3\U-\- iaV-^vW^^O (3), a second value of r will 
vanish ; therefore for this direction another point Q will become 
coincident with P, and the line will be a tangent line. 

At an ordinary point Z7, F, W do not all vanish, but there 
may exist points on a surface for which this does happen; such 
points are called singular points : we shall presently consider thi3 
peculiarity. 

cc 
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463. To find the equations of the tangent plane and the normal 
to a surface at an ordinary point 

The equation of the locus of all the tangent lines which can 
be drawn through an ordinary point is found by eliminating X, /n, v 
between the equations (1) and (3), which gives 

shewing that the tangent lines all lie in a plane, which is called 
the tangent plane. 

The normal is perpendicular to this plane, and its equations 

are (f- a:)/£r=(o7-y)/7=(?^;5)/Tr=r/V(£^'+ F'+ TT^; the 
equation (3) represents that the normal is perpendicular to every 
tangent line. 

464. To find the number of normals which can he drawn from a given point 
to a Burfaoe of the n^^ degree. 

Let F{i, ntl)-0 be the surface. The number of uormals will be the same 
from whatever point they be drawn, the number may therefore be found by 
investigating the number of normals which can be drawn from a point at an 
infinite distanee, which we may assume in Ox produced. 

The number will therefore be equal to the number of normals parallel 
to Ox, together with the number of normals to the section by a plane at 
an infinite distance. 

If {x, y, %) be a point at which the normal is parallel to Ox, F'« 0, and 
ir» 0, which combined with the equation F{x, y, s) = give n(n-l)' 
solutions. 

Again, any plane section of the surface will be of the n^ degree, and 
the number of normals drawn to any curve f{x, y) = of the n^^ decree is, 
in like manner, the number of normals parallel to Ox, together with the 
normals irhich can be drawn to points at an infinite distance, the number 
of the latter is n, and the number of normals parallel to Ox is given by the 
number of solutions of /' (2/) - 0, and/(x, y) « 0, which is n (n - 1 ); hence, the 
number of normals to the plane section at an infinite distance is n*. 

Therefor9 the number of normals which can be drawn to the surface from 
any point is n (n - !)• f n* = «• - n" + n. 

465. To obtain the form of the equation of the tangent plane 
when i^(f I Vi ?) *^ represented as the sum of a series of homo^ 
geneous functions. 

Let F(x,y,fi)EF^ + F^_,+...+ F, + c, 

where F, denotes a homogeneous function of the s^ degree in x^y^z] 
then, by a known property of homogeneous functions, 

xU^-\-yV^ + zW^=^sF,; 

therefore the equation of the tangent plane may be written 

^U+vV^J:W=^nF^ + (n-l)F,^,+...+ F,, 

or, since F^ + F^^ -f ...+ c = 0, 

f Z7+ 17 F+ {:Tr+ i^,..! + 22?;., +...+ (n - 1) i^, + no = 0. 

466. To find the equation of a tangent plane to a surface^ when 
the direction of the plane is given^ 
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Let (?, »i, «) be the g^ven direction, and l^ + mtf + n^^^p the 
equation of a tangent plane to the surface ^(f, 17, ?) = 0; then 
if (xj y, z) be the point of contact, since this equation must be 
identical with f U-t fi 7+ ^W=^ x Z7+ ;/ V-\- z Wj we nave 

U/l^ Vlm=Wln^(xU+yV^zW)lp, 

and these equations, with that of the surface, give the coordinates 
of the points of contact of anj tangent plane in the given direction, 
and also determine a relation between Z, m, n and p, such as was 
found in Art. 256 in the case of a conicoid ; this relation is the 
tangential equation with the Boothian coordinates Ifp^ ^IPi ^Ip* 

467. To find the locus of the points of contact of tangent planes 
dravm to a given surface from a given point. 

Let -iP'E i^(f , 17, f) = be the equation of the given surface of 
the n^ degree, and let (/, ^, h) be the given point. If (a?, y, z) - 
be one of the points of contact, the tangent plane to the surface 
at (x^ y, z) must pass through (f^ g^ K). . 

This gives the condition (/-- x) U-¥ (g -y) F+ (A - z) W^(4), ^ \ 
which, combined with the equation of the surface, determines the 
required locus, or the curve 0/ contact, 

It has been shewn, Art. 465, that xU-k-yV+zWmnj by means 
of the equation of the surface be reduced to an expression of the 
(n— 1)*^ degree in a;, y, «; the equation (4) so redueed gives a 
surface of the (n - 1)**^ degree, called the jflrst polar j whose inter- 
section with the given surface is the curve of contact. The curve 
of contact for any conicoid is therefore a conic, the first polar being 
in this case a plane, and it is obvious that this plane is always real, 
whether the pomts of contact be real or imaginary^ 

Singular PointS4 

468. To find the relation between the direction^'costnes of a tangent 
line at a singular point. 

Since at a singular point, P,* 27, V and W separately vanish, 
the coefficient of r in equation (2), Art. 462, vanishes for all values 
of X, fAj V, which shews that the line (1) meets the surface in two 
coincident points, in whatever direction it be drawn through P; 
in this case we find the direction of any tangent line by taking a 
point Q near the double point P, and moving it up to P until 
a third value of r vanishes, the direction of FQ will then be that 
of a tangent line, and the relation between its direction-cosines 
will be I/F== 0, or, written in full, 

u\' + t?/Lt' + wv* -f 2u'fiy H- 2vv\ -f 2w\fi = 0. (5) 

If all the partial differential coefficients as far as those of the 
(«- 1)**^ order vanish, the equation (2) will have s roots equal to 
zero, and the point will be a multiple point of tbe s^^ degree ; it is 
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easily seen that the direction-cosmes of any tangent line will 
satisfy the equation i/jf^O, (6), which shews that the tangent 
lines all lie in a cone whose vertex is the point P. This cone is 
called a tangent cone, 

469. Equation of the tangent tone at a multiple point. 

If the multiple point be of the 5*^ degree, the equation of the 
tangent cone is found by eliminating X, /a, v between the equations 
(6) and (1), we thus obtain 

where it must be remembered that in the performance of the 
operation indicated { — x, rj -y and ^--z must be treated as con- 
stant ; in other words, the symbol of operation must be expanded 
before the differentiations are performed. 

470. Equation of the normal cone at a double point. 

The equation of the tangent cone at a double point is, by (5), 
Art. 468, 

w (f - a;)* + 1? (17 -y)' + w (?- «)* 

and that of the tangent plane "^t any point of a generating line 
of this cone whose coordinates are x + Xr, y + fir, « + vr is 

(mX + w'fjL + v'v) (f - a?) + (w'X + tJ/i + u'v) (17 - y) 

hence, if (a;- f)/X'=fy- i7)//Lt' = («-.f)^v be the equation of the 
normal to this plane at (a;, y^ z\ we obtam 






X' 



v, u^ w. 



= 0, 



(7) 



X', /.', v\ 

and the equation of the locus of the normals to all the tangent 
planes to the tangent cone is, by eliminating V, fiyV^ 

where p=^vw — w'*, p' = vw - uu\ &c. 

471. The coDdition that the tangent cone shall degenerate into two tangent 
planes is 



u. w 



= 0, Art. 91, 



and the equation (7) hecomes ( ;jV + r >' + j V)yp = 0, Art 392 so that the 
normal cone degenerates into two coincident planes; this may he accounted 
for geometrically in the following manner : the generating lines of the normal 
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cone are each perpendicular to the plane containing two of the generating lines 
of the tangent cone taken indefinitely near to one another; if then the tangent 
cone become two planes, we can take the two generating lines on one plane, 
which gives a normal to that plane ; or we may take one on each close to the 
line of intersection of the planes, which will give a normal in any direction we 
please in the plane perpendicular to the line of intersection, and a double 
plane will be formed, because these two generators may be on either side 
of the double point. 

The equations of the line of intersection of the two tangent planea will, 
by Art. 92, be 

(t? V -««')(£-«) = (wV - w') (n - y) = (uV - touf) (£ - s), 

or y(£-a:) = ^'(.»-y) = r'a-«), 

and that of one of the coincident planes in which the normals lie 

;>(f-ar) + r'(t|-.v)+y(S-s) = 0, 

and this plane is perpendicular to the line of intersection, since fp'"=9V, 
Art. 391. 

If JJ, H' be the determinants, the vanishing of which give the conditions 
that the tangent and normal cone respectively may become two planes, and 
P, Q, E, r, Of, R' be the minors of H\ H'^Pp^ IHr' + Q'q', but 

P^qr-p**^uE:, P = qy -pp' = u'H, &c., Art. 391 ; 

472. To find the equation of the tangent plane and normal at any 
point of the surface given hy the equation f =/(f, 17). 

Let a line be drawn through x^ y^ z^ whose equations are 

the points in which this line meets the surface are those for which 
f is given by the equation f— «=/ {a; + m(5'—«), y + n ('§'-»)} 

if the line be a tangent line two values of f — is are zero; therefore 
1 =s mp + nq^ and eliminating m and n by means of the equations 
of the line, weobtain the locusof the tangent lines 5"— «=p(f—a;)-f-2(i;-y), 
which is the equation of the tangent plane, unless p and q assume 
the indeterminate form 0/0. The equation is deducible immediately 
from that of Art. 463 by means of the equations U-bpWe^O and 
F-f q W=^ 0. The equations of the normal are 

f -aJ+^(§'-«) = and 17— y + jC?- «) = 0. 

473. Before we consider the properties of the curve of inter- 
section of a surface with its tangent plane, we should notice that 
^mong all the tangent lines drawn at an ordinary point, whose locus 
is the tangent plane, there are two whose direction-cosines satisfy the 
equation iyF= as well as DF= 0, and that for these lines three 
points become coincident, so that they have a closer contact with 
the surface than any of the other tangent lines ; these tangent lines 
are called inflexional tangents. In the case of a conicoid three 
points on one line cannot coincide, unless the line lie entirely in the 
surface, and the two inflexional tangents are the two generating 
lines which pass through the point of contact. 



198 CURVE OF INTERSECTION 

Amon^ the tangent lines at a double point it will be seen 
similarly that there are generally six which nave a closer contact 
than the rest. 

474. Geometrical explanation of the nature of the intersection 
of a surface with its tangent plane at any point. 

Every plane intersects a surface of the n^ degree in a curve 
which is of the same degree ; hence a tangent plane at any point 
intersects the surface in a curve of the n^ degree, passing through 
the point of contact. 

flow when a tangent plane exists, since it is the locus of the 
tangent lines at the point of contact, and each of these tangent 
lines contains two points which coincide in the point of contact, it 
follows that any line, drawn in the tangent plane through the point 
of contact meets the curve of intersection in two points at the point 
of contact. 

The point of contact is, therefore, a singular point in the curve 
of intersection. 

The singular point may be either a conjugate point, as in the 
case of contact with an ellipsoid ; or a multiple point, as in the case 
of a hyperboloid of one sheet ; or a point through which two coin- 
cident lines pass, as in the case of a cylinder. 

If the surface be of the second degree the curve of intersection 
will be of the second degree, and, since it must contain a singular 
point, the only admissible lines of intersection will be either an 
indefinitely small circle or ellipse, or else two straight lines which 
cross one another, or are coincident. 

475. If a plane intersect a surface in a curve which contains 
a singular pointy the plane wiU generally be a tangent plane to the 
surface at that singular point 

For a straight line drawn in any direction in the plane through 
a singular point, meets the surface in two coincident points, and 
therefore generally satisfies the condition of being a tangent line 
to the surface. 

If the point which is a singular point in the curve of inter- 
section be also a singular point in the surface, the condition of 
passing through two coincident points will not be sufficient to define 
a tangent line. 

Thus, if at any point of a surface there be a conical tangent, 
there may be a singular point in the curve of intersection of a plane 
through the vertex of the conical tangent, which will not make the 
cutting plane a tangent plane at the multiple point. 

476. The form of the curve of intersection of a surface with the tangent 
plane at any point may be illustrated by taking the case of an anchor ring or 
torej supposea to be generated by the revolution of a circle about an axis in its 
plane not intersecting the circle. 

The figure represents the rln^, with the generating circle in different 
positions as it revolves about the axis Qs. 
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The pUne U is drawn through the axis Oz, intersecting the surface in the 
circles CHey DLd. 

Suppose this plane to move, parallel to itself, towards the position F, the 
closed curves in which it intersects the surface hecome elongated until they 
meet one another in the point A, forming for the position V of the plane 
a figure of eight, vis. EPAqFQAp which has a double point at A, Here we 
observe that the concavities of the circles AKa and ACBD, which are sections 
by planes perpendicular to V and to each other, lie in opposite directions with 
regard to the plane F, and that the tangent lines at A he in that plane, which 
is therefore the tangent plane at A ; and it is a tangent plane at no other point 
of the curve of intersection. 

The seclioni by planes through A perpendicular to F change the directions 




of their concavities as they pass from the position AKa to ACBD, when they 
pass through the tangents to the branches pA Q, FAq at the multiple point. 

If the plane move past F to the position W, the curve of intersection 
will gradually assume an oval form, which will degenerate into a conjugate 
point at a. 

It is clear also that a plane may meet the ring in the circle OHKL, in 
which case it is a tangent plane at every point of the curve in which it meets 
the surface; this curve is composed of two coincident circles, as may be seen 
by moving the plane inwards parallel to itself. 

It will be snewn also, that a tangent plane, drawn through a line COD 
perpendicular to Qz, intersects the ring in two circles. 
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477. To find the equations of the tangent line at any point of the 
curve of intersection of a surface with its tangent plane. 

Let the equation of the surface be F{^^ i;, f) = 0; that of the 
tangent plane at (a;, y^ z) will be 

(f ~ X) U^ (v - 2^) F+ Cr- «) Tr« 0, (1) 

Let the equation of the tangent line at any point (x\ y\ «') of 
the curve of intersection be (^ — x')J\ ==(71 — y)l /jl = (^ - z')/ Vy since 
this line lies in (]), X ?7+ /* F+ v Jy = 0, (2), and since it meets the 
surface in two coincident points at {x\y\z'\ X[7'+/itF'+v IF =0, (3); 
these two equations determine \x fiiv when {x\ y\ z') is an 
ordinary point on the curve and the surface. 

478. To find the singular points of the curve of intersection with 
the tangent plane at any point. 

If the point be^a singular point on the curve of intersection, any 
line drawn through this point will have two points coincident at the 
point considered ; hence, the two equations obtained in the pre- 
ceding article will be satisfied by an infinite number of values of 
X : /i : F ; this will happen in any of the following three cases : 

i. When ?7, F, and W vanish simultaneously, which occurs 
when there is a singular point at (x, y^ z\ in which case every plane 
through that point has one of the characteristics of a tangent plane. 

ii. When V\ V\ W vanish simultaneously in which case 
{x\ y\ z') is a singular point on the surface. 

iii. When Z7/C7'= F/7'= WjW, in which case the tangent 
plane at (.t, y^ z) is a tangent plane at {x\ y\ z) also. 

In case i. one of the tangent planes to the tangent cone touching 
it along a generating line (X', ii\ v) must be the plane considered, 
and the equation (2) must be replaced by 

(mX' + w'ti! + v'v) X + (w'\ + vti! + uv) fi + (v\' + wV + v)v) v « 0, 

thus the ratio \\ §11 v will be determined, except in cases where 
{x\ y\ z) is a singular point on the surface, or where the tangent 
plane considered is also a tangent plane to the surface at {x\ y, z). 
In case ii. a third point at least must be coincident with 
(*> y\ ^')) *°^ ^^® equation (3) must be replaced by 

where 9 is 2, 3, ... according to the degree of multiplicity of the 
singular point {x\ y\ z). 

In case iii., if neither (a:, y, z) nor {x\ y\ z*) be singular points 
of the surface, the equations which determine X : ^ : v will be 

X £7+ y^ F + V TF = 0, (x ^, + /* ^^ + V ^,y F(x\ y\ z') - 0, whether 

(»', y', z) be coincident with (a;, y, z) or not. 
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This case inclndes the singular tangent plane, a portion of whose 
carve of intersection consists of two coincident curve lines, which 
will be considered immediately. 

Buled Surfaces. 

479. The student is already familiar with certain surfaces 
which are capable of being generated by straight lines, or through 
every point of which some straight line may be drawn which will 
lie, throughout its length, on the surface. 

For example, — a plane, a cone, a cylinder, a hyperboloid ot one 
sheet, a hyperbolic paraboloid. 

He is aware that any portion of two of these, the cone and 
the cylinder, may, if supposed perfectly flexible, be developed into 
a plane without tearing or rumpling. 

We shall now give some account of the general character of 
surfaces which have this property, distinguishing them from those 
which, although capable of being generated by the motion of a 
straight line, are incapable of development into a plane. 

480. Def. a Ruled Surface is a surface which can be generated 
by the motion of a straight line, or a surface through every point 
of which a straight line can be drawn, which will lie entirely in 
the surface. 

A ruled surface, on which each generating line intersects that 
which is next consecutive, is called a Developable Surface^ or Torse. 

A ruled surface, on which consecutive generating lines do not 
intersect, is called a Skew Surface^ or Scroll. 

Developable Surfaces or Torses. 

481. Development of a terse into a plane. 

Let Aa^ Bb^ Cc^ ... be a series of straight lines taken in 
order, according to any proposed law, so as to satisfy the 
condition that each intersects the preceding, namely, in the points 

tl, &, Cm .... 

Since Aa^ Bb intersect in a, they lie in the same plane, 
similarly the successive pairs of lines Bb and (7c, Cc and Dd^ &c., 
lie in one plane; thus, a polyhedral surface is formed by the 
successive plane elements AaB^ BbCj &c. 

This surface may be developed into one plane by turning the 
face AaB about Bb^ until it forms a continuation of the plane BbG^ 
and again turning the two, now forming one face, about Cc until 
the three AaB^ BbC^ CcD are in one plane, and so on ; the whole 
surface may, therefore, be developed into one plane without tearing 
or rumpling; the same being true, however near the lines 
Aa^ Bb^ ... are taken, will be true in the limit, when the surface 
will become what we have defined as a developable surface, this 
name being derived from the property just proved, 

DD 
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Edge of Regression. 

482. The polygon ahcd ... whose sides are in the direction of 
the lines Eb^ Gcy ... becomes in the limit a curve, always tortuous, 
which is called the Edge of Regression^ from the fact that the 
surface bends back at this curve so as to be of a cuspidal form. 
Every generating line of the system is a tangent to the edge of 
regression, which is therefore the envelope of all the generating lines. 

In the case of a cylinder, the edge of regression is at an infinite 
distance. 

For a practical construction of a developable surface having 
a given edge of regression, see Thomson and Tait, Nat. PhtL^ 
vol. I , Art. 149. 
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483. To Jlnd the general nature of the intersection of a tangent 
plane to a developable surface tvith the surf ace. 

The plane contalniD^ the element JDdE of the surface repre- 
sented by the figure eviaently becomes in the limit a tangent plane 
to the developable surface at any point D in the generating line 
Ddj since it contains two tangent lines, viz. Dd and the limiting 
position of a line joining such points as D and Ej which ultimately 
coincide ; and again, supposing DdE in the plane of the paper, Ff 
meets this plane in «, &^ meets it in some pointy*', Hhg m g\ &c.| 
and similarly for (7c, Bb^ ... on the other side. 

The complete intersection of the surface and tangent plane is 
therefore the double line formed by the coincidence of Ddj Ee^ and 
the limit of the polygon a!b'cdef'g' ... which is a curve touching the 
double line Dd at the edge of regression. 

Cor. To find the nature of the contact of the edge of regression 
and the tangent plane. 

The plane containing the generating lines Ddy Ee contains the 
three angular points c, d^ e of the polygon in the limit, therefore 
the tangent plane contains two consecutive elements of the edge of 
regression, and is, as will be seen later on, what is called the 
osculating plane at that point. 

484. To shew that the equation of the tangent plane to a developable 
surface contains only one parameter. 

Since the general equations of a straight line involve four arbi- ^^^ 
trary constants, we must, in order to generate any ruled surface, 
have three relations connecting the constants, so that it may be 
possible, between these equations and the two equations or the 
generating line, to eliminate the four constants, and thus obtain 
the equation of the surface which is the locus of all the straight 
lines. In developable surfaces the generating straight lines are 
such that any two consecutive ones intersect, and the plane con- 
taining them is ultimately a tangent plane to the surface. The 
equation of this plane will then involve the four parameters, and by 
means of the three relations we may eliminate three, so that the 
general equation of the tangent plane to a developable surface will 
involve only one parameter, and we may write it in the form 

a being the parameter, and 4> (a)^ y^ (a) functions of that parameter, 
given m any particular case. 

Skew Surfaces or Scrolls, and their Curves of Greatest Density^ 

or lAnes of Striction* 

485. Let AA\ BB\ CC\ DU^ &c., be straight lines drawn 
according to some fixed law, such that none intersects the next 
consecutive; let ad^ bb\ cc^^ dd\ ... be the shortest distances. 
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Suppose now that we take two of the generating lines as CG\ DUy 
and imagine DU twisted about c so as to be parallel to CC\ and 
united with it by means of an uniform elastic membrane: if now 
DU be returned to its original position, the portion of the mem- 
brane near cd being unstretched will be denser than any other 
portion. If the same process be adopted for every line, the series 
of membranes will generate a surface which will ultimately, as the 
lines approach nearer to one another, become a shew or twisted surfaceu 
The curve which is the limit of the polygon formed by joining 
a, b^ c, ^, .,. the points at which the imagined membranes woula 
have the greatest density, is called the curve of greatest density; 
the line o/striction is a better name. 




It may be observed, that the shortest distances between the 
consecutive generating lines of a scroll are not generally elements 



of the line of striction. 
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486. To explain the nature of a tangent plane to a scroll at any 
point. 

Let P be any point of a scroll, AA' the generating line passing 
through P, suppose a plane to be drawn through P containing BB' 
the next consecutive position of the generating line, this plane will 
intersect the third line CC in some point B^ and, if PB be joined, 
it will meet BB* in Q ; PB will therefore be an inflexional tangent 
line at P, since it passes through three consecutive points, and, if 
the surface were of the second order, it would lie entirely in the 
surface. The tangent plane at P is the plane containing AA' and 
BB ; B will change its position for any change of position of P, 
thus the tangent plane at any point in AA' will always contain 
AA'j but it will move about AA' through all positions, as the point 
of contact moves along AA'. 

Hence, the section of a scroll by a tangent plane at any point 
is made up of the generating line through that point, and of a 
curve of the (n - l)^ de^e, which must thus be a straight line 
in the case of a hyperboloid or hyperbolic paraboloid. 

487. A plane parsing through a generator of a scroll touches the 
scroll at one and only one point in the generator. 

Since the position of a tangent plane at a point P in the 
generator A A' depends only on the consecutive generators BB'^ CG\ 
the determinate conicoid, of which AA'^ BB'j GG* are generators, 
will have the same tangent plane? as the scroll at every point of 
AA'^ and for every plane through AA' there is only one point of 
contact with the conicoid. q/^ 

488. The points in a generator of a BcroU, at which the tangent planes to the 
eeroU are at right angUe,form a system of points in involution, the foci of which 
'are imaginary, and the centre the point in which the line of striction crosses the 
generator. 

The first part has been proved by A. J. C. Allen* as foUovs. Take the 
generator as tne axis of z, any point O in it being the origin, and let Ox be in 
the tangent plane at O, Oy the normal ; the equation oi the conicoid of the 
last article will then be 

oar" + V + 2«'y« + 26'm? + 2c'xy\ + 2 J"y = 0. 
Let P be any point in the generator, OP ^ 7, the tangent plane at P will 
be 7 {a'y + b'x) + l/'y = 0, (1), and if $ be the angle between the tangent planes 
at and P, then tan^=y/a? = - 67/(6"+ a'7), (2); and if 0P=7' give a 
point at which the tangent plane is perpendicular to Uiat at P, 

6^77 + (*" + «'7) (*" + » 70 = 0, 
whence {7 + aV'/{(^ + 6'«)} {7' + aT/{a'* + 6'*)} = - 6'«6'^/(a'« + 6'*)% 

which proves the first part. Also the centre C, for which s = - a'K' l{jn!^ -t- 6''), is 
the point of striction ; for the consecutive generator has the equations 

ap = X(6y4 2a« + 26") and y = - X (or + 26's + 2c y), 
where X is indefinitely small, and thus, x and y being small, the projection on 
the plane of j:y is b'x + dy a 26'6"X ; and therefore the projection of the element 

* Mess. qfMaik,^ voL xii., p. 26. 

J. 
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of the line of striction is a'x^l/y, hence at the point where it meets the 
consecutiye generator «/&'= y/a' - 2b'b"\/{a'* + 6^) and 2b'z = - y/X ; 

It is also clear that, since CP.CP' is constant, the centre of the involution 
^ is the point where the tangent plane b perpendicular to the tangent plane at 
infinity along the generating line. 

^ 489. J/ tvfo scrolls have a commoti gsneratar and touch at three points along 

itf they totll touch at aU points along the generator. 
This follows from equation (2) of the last Article. 

490. If tangent planes to two scrolls at three points along a common generator 
he inclined at the same angle, they will make the same angle at aU points along 
the generator. 

This follows from the last Article by turning one of the scrolls round the 
common generator. 

491. The normals along a generator of a scroll generate a hyperbolic 
paraboloid. 

For, by (1), the locus of all the normals is {b*y - cfx) z = lf*x, 

492. On every scroll represented by an equation of the n^ degree there is 
generally a double curve which is intersected by every generator of the eurface in 
» - 2 points.* 

Any plane drawn through a generator meets the surface in that generator 
and a curye of the («i - 1 )tb degree, which is cut by the generator in n - 1 points ; 
of these n - 1 points one is a unique point being the one point, Art. 487, of the 
generator at which the plane is a tangent plane ; the remaining n~2 points are 
the intersections of the generator with n - 2 non-consecutive generators of the 
scroll, and are fixed points for all positions of the plane. Tney are generally 
double points on the surface, and their locus for aU the generators is a 
double curve. 

493. Taking the axes as in Art. 488, the plane zx being the tangent plane 
at the origin, the equation of the scroll may be written in ascending powers of 
X and y, 2b'%x + 2 ri" + a'z) y-\-aj^-\- 2c' xy + 6^ + &c. = 0, where i^ is a function 
of z of the (n - 1)^ degree, and the remaining coefficients of the terms written 
are of the (n - 2)tb degree. 

When b'z = and 6" -i- a'z is finite, y ■ is a tangent plane, but the origin is 
' the only point of contact of the plane y » 0, Art 487, /. for the ii - 2 values 
of % given bv 6' = 0, ^ + a'z must vanish, it must therefore be of the form 
h'{p^gz)^bUf and the equation must be 

26' {zx + uy) f aj:* + 2c'a?y + Jy* + &c. = 0, 

^ Let Sj be a root of b' - 0, Pi the corresponding point on Os, then at all 
points near Pi, for which z = Si + |;, 

dh* 
2 ^~ I («!« + «iy) + «!«' + 2c\xy + *iy* = 0, 

vhich is the equation of the conical tangent at the double point P^. 

494. To find the line of striction of a scroll. 
Let the equations of a generating line be 

i7 = »wfH.a, f=«f + i8, CI) 

where the constants are functions of one parameter 6 ; the equations 
of a consecutive generator corresponding to a value 6'\-d6 of 

* Cajley, Camb. and Dub, Math, Joum,f voL vii., p. 171. 
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the parameter are 

Let P be a point in the line of striction, TQ being the shortest 
distance between (I) and (2), a?, y, «, and a; + Sar, y + Sy, « + hz the 
coordinates of P ana Q ; PQ is perpendicular to both generators, 

.". 8aj + 7w8y + nS;5 = and 8aj + (mH-rf7n)Sy + (n + dn)82 = 0; H^ 

/. Syldn^Bzl(-'dni)^Sxl(ndm''mdn)y (3) 

and, by the equations (1) and (2), 

Sy -^ wSoj = adm + do, 5« — nSa? = ocdn + dyS ; 
hence 

if we eliminate from this equation, and the equations y = mx + a, 
= na; + iS, we shall have two equations, which will be those of the 
line of striction. 

]^OTE. If the equation of the scroll be given, an. equation 

USx-^rSy+WSz = ? 

will be obtained, and (4) will be replaced by 

U(ndm — mdri) -f Vdn — Wdm = 0. 

495. Line of 8trtetion of a hyperboloid of one sKmL 

i. If we use the equations (1) of Art. 213 with the upper sign, the<M)ndition< 
of perpendicularity of the line joining (a?, y, z) and {x + d:r, y 4- ^y, % + ds)' gives* 

asinadx-dcosa^ + e^eoO, and a cos ado; + & sin ady ss ;, 

.*. to/- 5 sin a s iy/a cos a = c^z/db^ 

and xix/a* + yhf/h* - ti^z/c^ = 0, 

.'. ~ a; sin o/a' + y cos «/y - e/c* = 0, 

also («*/c* + 1 ) sin a = y /6 + xz/ac^ 

(jb'/c* 4- 1) coso s= a:/a - yz/hcr 

whence {h^ - «"•) ajy/oi = z/c (af'/a* + y76* + «»/c* + c'*) ; 

therefore the lines of striction of one set of generators lie in the intersection of 
this cubic surface and the hyper boloid. 

ii. If we employ the method of Art 210, we obtain a quartic surface on 
which the lines of striction of both sets of generators lie. 

For to+...= 0, dlix^..,^0, and axix'¥..,= 0f 
whence ax (tndn - ndm) +. . .a 0, 
also a2i2/+...sO, 2i/+...= 0; 
.'. ldl/(h - c) = mdm/{c - a) = ndn/{a -h)^mn (m dn - ndm) / a ; 
.-. te*x+...aO, ^« •»•...» 0, /»a+...= 0, 
and (6-c)Vaar« + (c-a)W + («-W«B"=0. (1) 

The equation of the lines of striction for both sets of generators found by 
(i) is, with the notation of Hi), oAx^y* + &? (aV + ft"y' + cV - 1)* = 0, apparently 
a sextic surface, but reducible to (1) by rejecting the factor 1 - cz" not zero. 
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Singular Tangent Planes. 

496. Def. a singular tangent plane 1b a plane which, instead 
of touching a surface in any finite number of points, touches along 
the whole of a curve line. 

If the curve of intersection of any plane with the surface be 
composed, in part at least, of two or more coincident lines, the 
other part being made up of simple curves, either the plane will be 
a tangent plane to the surface at every point of such a multiple 
curve, or it will contain a multiple line of the surface, such as 
would be generated by the rotation of a cross round any fixed liae 
not passing through the angle of the cross. 

Conversely, if a tangent plane touch along a curve line on the 
surface, this curve line will be a multiple line on the tangent plane. 

Thus, in the case of the anchor ring. Art. 476, the plane which touches the 
ring along a curve has for its curve of intersection the two circles coincident 
in 1jKH\ also the tangent plane to a cone contains two generating lines which 
ultimately coincide, and is therefore a tangent plane at every point of the 
generating line which it contains ; any more general developable surface is an 
example of the case of a tangent plane which contains a double line, at every 
point of which it is a tangent, combined, as shewn in Art. 483, with another 
simple curve. 

A surface of the fourth degree admits of the case of a double conic, as in 
the example of the anchor ring, or of a quadruple straight line, as when it is 
made up of two cones touching along a generating line. 

A surface of the fifth degree might be composed of one of the third degree 
and one of the second, in which case a tangent plane might meet the former 
in a triple and the latter in a double straight fine. 

497. To find the condition that a tangent plane may he singular. 
The conditions of the existence of a singular tangent plane may 

be found by considering that the point of contact, as determined by 
the equations of Art 466, may be any point in a curve line, and its 
coordmates are therefore indeterminate. c^ 

498. The analyiioal conditions of' the singttlarity may be investigated asfoUowe. 
Since a line, drawn in any direction in the tangent plane through any point 

of the double ourre in which the tangent plane touches the surface, will contain 
two coincident points, but if it be drawn m the direction of the two coincident 
tangents to the curve of contact it will contain four coincident points, we have 
to express that at esery point of the double curve there are two coincident 
tangents, and that a hne in their direction contains four coincident points. 
Hence I)F>=^Of D'J^eO, and D^F^O, D denoting the operation mentioned 
in Art. 462; moreover, the two inflexional tangents coincide; therefore, if 
X, fi, V be looked upon as current coordinates, 2)^=0 will be a tangent 
plane to the cone 1^F^^\ 

and X C/'4 /* F-n vW-0 hold simultaneously ; 

u, tr', r', U 

w'f V, u'f V 

v\ u\ w, W 

U, V, W, 

the condition that the fourth point may be coincident is found by substituting 
in I>^F= for X, fi, » the coefficients of U\ V\ W* in the expansion of A » £ 



A = 



= 0; 
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499. For a surfieuse given by the unByiDmetrical equation J =/(f, n), the *■ 
equation of a tangent plane at any point {x, y, z) is l-z=p (^Y «) + <? (i - y) ; ^^ 
and a tangent line whose ecjuations are (f - x)/\ = (ij - y)/f* = {l— ^)/f-P meets 

the surface in points for which p is given by 

pp^{pX^qfi)p-\^ Ip* (r\' + 28\/i + tfi*) + 6^' (^ jI + ^ 3" ) «+•••• 

If the tangent plane be singular, for all the points in which it meets the 
surface, v ^j^X + q/n, and for all the points of the double curve four values of p 
are zero, and the two inflexional tangents coincide ; .'. r\* + 2s\/i ^tfi*^0 and 

(\T-+)Et^] s»0, and the former has equal roots, therefore rt » «", and either 

rX + «/4 = or »X + </A = 0. 

500. Every tangent plane to a developable surface is a singular tangent 
plane, since it contains two consecutive generating lines, hence its curve of 
intersection with the surface consists of two coincident straight lines, and, as 
shewn in Art. 483, a single curve line. The analytical conditions of singularity 
are satisfied, since, if X, /£, i^ be the direction-cosines of the double line, which 
lies entirely in the surface, the coefficients of all the powers of p will vanishi 
and rt - s* in consequence of the coincidence of the two lines. 

At any point of the single curve, the values of p, q being /»', q\ the direction 
cosines X, ;i, y of the tangent are given by v => Xp + ^^ and v « Xp' + m^S which 
are independent equations, since p\ p and q', q are generally unequal. 

Polar Equation of the Tangent Plane. 

501. To find the polar equation of the tangent plane to a iurface 
at a given point 

Let the equation of the surface be r"^ = u' ^f(ff^ ^'), and let 
u, 9, ^ be the coordinates of the point of contact oi the tangent 
plane. 

The equation of the tangent plane is of the form 

pu' =s cos a cos ff + sin a sin ff cos (^' - /9), Art, 77, 

and the constants p, a, and /3 are to be determined from the con- 
sideration that the tangent plane contains not onlj the point oi 
contact but adjacent points which have moved up to and ultimately 
coincided with that point. 

Hence the values of ^t^ and -7- at the point of contact are the 

du d<l> ^ 

same for both tangent plane and surface, let t?, w be those values ; 

.'. pu = cosa cos ^ + sin a sin 5 cos(<^ — y8), (1) 

jpt; = — cosa sind + sina cos^ cos(<^ — ^), (2) 

pw=^ . — sinasin^ sin(^ — )8); (3) 

.'. p(u sin^ + t;cos^) = sinacos(<^— )8), 

p(uco^0 — v sin 6) = cosa ; 

the last three equations give readily the values of the constants ; 
and the equation of the tangent plane becomes 

u' =» (u cos ^ — t; sin ^) cos ff 

+ (1* sin 5 + V cos 0) cos (<f> — <f>) sin 6' 

+ w coaec^ sin (^' — <f)) sin ff. 
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This eqaatton can alao be written in the form 

r*// = T3 [»■ {am0 cos ^ - cob 5 bid ^ CO8(0' - 0)j] 
- coaecffBmtf'Bm(0'— 0) -r— . 
502. To jmd the perpendicular diafance from the poh upon the 



Bj equationfl (1), (2), and (3) of the last Article 

P* («* + o' + w' 00860*5) = 1, 

'du\' ,- 



^(S)'- 



MS. Wa nay arrive Bt the above result by the following prneeeB, vhich 
eeires to ahew the geometrical gignificBtion of the partial differential coefficients, 
and will be uaeFuL es an exercise. 

Let P be the point of contact, FJft a tangent line passing throush OZ, and 
PQ a tangent line in the plane through OP perpendicular to the plane POZ; 
Ulie £ and Q points verj near to P, and in OQ, OS take Op, Op ea«b eqtial 



\ 



to OP; then Pp-reiaedip and Pp-~rd6 ultimately, and Qp, -Rp' are 
KipeclJTety the values of dr due to changes of B and «, considering the other 

Draw 0F_ perpendicular to the tangent plane QPH, and on a sphere, 
vhose cenire is P, let oi/3 be a spherical triangle with its angular points in 
PQ, PO, PR, join ii, 7 being the inteneetion of PY and nj3, then t<^ is 
perpendicular to afi, and ai^ is a right angle. Hence cotaf ^cota^coanj^, 
and oot/3a>cota>ysina&y; ,-. eot'aa + cot'^* = cot'a7 = (r'-p')/p'i 



.-. p-* = 



■"* cosecW I - 
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Four-plane Coordinates. 

504. To find the eqrmtton of the tangent plane at any point 
of a surjace referred to a four-plane or tetrahedral coordinate system. 

Let the equation of the surface be ^(f , Vj ?> ®) = 0, (1) in a 
homogeneous form, and let (ar, y, 2, w} be any point P on the 
surface, then, by Art. lOS, the equations of any straight line 
through Pis (| — a;)/X = (i7— y)//tfr=...= r- where r is the distance 
of any current point in the line from P. When this straight liite is 
a tangent at P two values of r are zero ; 

/. \P' (a;) + /*P' (y) + vF' (i5> + pP' (w^) = j 

hence, writing ^ — a; for X, &c., and observing that 

xF' (a?) + yP' (y) 4-. . .= nP(aj, y, «, w)=-Oj 

we have, for any point in any tangent line at P, 

^F'(x) + vF'(i/) + iF'(z)^a>F'(w)^Oi (2) 

this is therefore the equation of the tangent plane at P. 

605. Fohr of a point with respect to a suffaoB. 

From a point Q let a line QP touch the surface (1) in P, then, 
since Q lies in the tangent plane at P, the coordinates a, i?, 7, S of 
C and aj, y, «, w of P, satisfy the equation (2) ; 

.-. aP'(*) + )8^'(y) + 7^'(«)+8P'(u^) = 

is the equation of a surface which contains the points of contact of 
all tangents drawn from Q to the surface. It is called the First 
Polar of Q with respect to the surface, and is of the (n— 1)^ degree. 

Cor. 1. If the surface be a conicoid the first polar is a plane, 
and its equation n\ay be written 

xF' (a) + yF' (0) + zF' (7) + wF' (8) = 0. 

Cor, 2. The centre of the conicoid, being the pole of the plane 
at infinity x + y + z-\-w=0,is given by the equation 

F' (a) = F' (13) = F' (7) = F' (S). 

506. Conical envelope of a conicoid referred to tetrahedral 
coordinates. 

The equation of the conical envelope can be found, as in 

Art. 266, viz. 4P(a,i8,7,a)P(a:,y,«,«7) = {icP'(a)+yPX'3>+-}'- 

507. Equation of the tangent cone at a multiple point €f a surface 
referred to tetrahedral coordinates. 

At a multiple point for all values of X, /a, y, p the coefficient of 
r must vanish, or \F' (x) +...= 0, but with tetrahedral coordinates 
X + A* + v+p = 0, Art. 103; 

.-. F'(x)=^F'(y)^F(z)^F(w)=={xF(x)^...}l(x^-y-\-z+w)=0, 

and a tangent line is obtained by making the coefficient of r* vanish, 
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and writing in the resulting equation ^ — x for \, &c., whence we 
obtain the equation of the tangent cone 

Four-point Coordinates. 

508. To find the equation of the point of contact of any tangent 
plane to a surface^ represented by an equation in a four-point system. 

Let F(^p^ J, r, s) = 0, (1) be the tangential equation of the 

surface of the n^^ degree, p\ q\ r\ s the coordinates of a tangent 

plane ?7', p*\ q\ r", a" those of a plane Z7" through any line L In 

TJ' ; by Art. 130, the coordinates of any plane V through L are 

pzslp' -^ fnp\ q = lq + w^", &c. 

F is a tangent plane if F(lp + mp"j ...) = 0, 

or rF(p', q\ r\ s') + IT'm {p'F' (p') + q"F' (q') +..,}= 0. 

For all positions of L^ determined by 27", one position of V is 
given by 9n==0, viz. where it coincides with U\ but, if L pass 
through the point of contact, two positions of V will coincide with 
27', hence the coefficient of m will vanish, and the coordinates of 
27" must satisfy the equation 

p"F' (/) + q"F' (q') + r"F' (/) + s"F' (s') = 0, 

hence, the coordinates of all planes passing through the point of 
contact must satisfy the equation 

pF' ( p') + qF' (q') + rF' (r ) + sF' (s) = 0, (2) 

which is therefore the equation required. 

609. Pole of a given plane with respect to a conicoid given by a 
tangential equation. 

Let (1) be the equation of the conicoid, and let (a, )3, 7, S) be 
a plane cutting the conicoid In a curve on which the point lies whose 
equation is (2j, the tangent plane at which is {p\q^ r\ s') ; 

.-. oF' ip') + ^F' (q') + jF' (/) + BF' (s') = 0, 

or p'F' (a) + qF' (/8) + r'F' (7) + s'F' (S) = ; (3) 

hence, the tangent planes at every point of the plane section made 
by (a, /3, 7, S) pass through a point whose equation is (3), p'^ q'y r', a' 
being current coordinates, and this point is the pole of (a, /3, 7, S). 

610. Centre of the conicoid given by a tangential equation. 

The centre is the pole of the plane at infinity, for which 
a = ^ « 7 = S, therefore the equation of the cejitre is 

F' (p') + F' (q') + F' (r') + F' (s') = 0. 

511. Tangential equations of an enveloping cone touching a coni-- 
coid along a given plane section. 

Let (p'j q\ r, s) be the plane of the given section, and 
u^F(pj y, r, 5) = the tangential equation of the conicoid, and let 
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m'H F(^p\ j', r', «'). The equation of the vertex of the enveloping 
cone is v ^pF' (/) + qF' (q) + rF' (/) + sF' (s) « 0. 

Since every tangent plane of the cone must touch the conicoid, 
and also pass through the vertex, their coordinates must satisfy 
both M = and v = 0, which are therefore the tangential equations 
of the cone corresponding to the equations of the curve of contact 
in tetrahedral coordinates. 

512. Tangential equation of the curve of contact of the enveloping 
cone. 

The equation iuu = }f represents a conicoid which touches the 
surface u » 0, where the polar plane of t; = meets it, and since it 
is satisfied by p\ q\ /, «', the polar is a tangent plane ; therefore 
the conicoid is a fiat surface bounded by the curve of contact, and 
the equation in this sense is the tangential equation of the curve 
of contact. 

613. To shew that if two tetrahedrons he so related that each angular point 
of one is the pole of a face of the other with resjject to any conicoid, the lines of 
intersection of corresponding faces will He on onecon\poid, which touches thefaeea 
of both tetrahedrons. 

Let A BCD, abed be the two tetrahedrons, and let the equation of the 
conicoid referred to A BCD be 

px' + ^" + rz* + ««?■ + 2lyz + 2mzx + 2nxi/ + 2l*xw + 2m'yw + 2nuo = (X 

The equation of bed, being the polar of ^, is 

PX + ny + 1712 -f- l^w a 0, 

and the equations of the line of intersection of planes BCD, bed are 

ny^mz + Vw^O, x^O, (I), 

of CDA, cda, n«+ Iz +m'w = 0, y = 0, (2), 

of DAB, dab, mar+ fy + n'w^O, e = 0, (3), 

of ABC, abc, /'jr+m'y+ n'z =0, w^O, (4). 

Equations of any line intersecting (1) and (2) are 

Ax + ny + mz + /'u; = 0, nx -i^ k'y + Iz -^ tnw ^ 0, (5j. 

The conditions that this line may Intersect (3) and (4) are 



k, n, V 
n, k*, rrC 
m, I, n' 



sr 0, and 



k, n, m 
n, k', I 
r, m', n' 



0, 



the same for both; hence the four lines (1)...(4) are generators of the same 
system of the conicoid generated by (5). 

Eliminating k and k from the equations of the line (5) and either of these 
determinants, we find the equation of the conicoid generated by it 

mnVa? + nlm'if + /mnV + I'm'n'u^ + (mm* + nn') {lyz + I'xw) +...= ; 

since the faces of AB CD meet this surface in straight lines they will be tangent 
planes to it ; and since it inyolves five constants, it may be considered as the 
general equation of a conicoid inscribed in ABCD, 

Cob. If //' a mm' = nn, the conicoid in which the intersections of the 
corresponding faces lie becomes two coincident planes, viz. 

{//' (I'x + m'y + Wz) + I'm'nw]* = 0, 

and the intersections lie in one plane. 
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Asymptotes, 

514. Def. An asymptote to a surface is a straight line which 
meets the surface in two points at least, at an infinite distance, 
while the line itself remains at a finite distance. 

An asymptotic plane is a tangent plane whose point of contact 
is at an infinite distance, the plane itself being at a finite distance. 

An asymptotic surface is a surface which is enveloped by all the 
asymptotic planes to the i^urface. 

515. General considerations on asymptotes. 

If we imagine any tangent plane to a surface, and consider the 
result of supposing its point of contact to be at an infinite distance, 
we shall be led to the following conclusions : 

Since the plane at infinity intersects the surface in a curve, real 
or imaginary, there are generally an infinite number of directions 
in which a point of contact may be supposed to move off to infinity ; 
to each of these directions will correspond an asymptotic plane. 

Each asymptotic plane is the locus of all the corresponding 
asymptotes, and these asymptotes will all be parallel, since they pass 
through the same point at infinity at which tney are tangents. 

iSince there are two tangents in every tangent plane at an 
ordinary point which pass through three consecutive points, viz. 
the tangents to the curve of intersection at the point of contact, 
there are in each asymptotic plane two corresponding inflexional 
asymptotes which pass through three points at an infinite distance. 

Since any plane which passes through an inflexional tangent 
intersects the surface in a curve which has a point of inflexion at 
the point of contact of such a tangent, the curve of intersection of 
the surface and any plane drawn through an inflexional asymptote 
has a point of inflexion at an infinite distance. 

516. The peculiarities which arise in the case of singular points 
at an infinite distance can be examined without much difficulty by 
a comparison with what takes place at a finite distance. 

If, for example, there be a double point at infinity, in the place 
of the conical tangent at a finite distance, there will be a cylinder 
of the second degree formed by the asymptotes which correspond 
to the direction in which the double point lies. 

Of the generating lines of this asymptotic cylinder there are 
six which meet the surface in four points at infinity. 

The curve of intersection with any plane parallel to these 
generating lines has a double point at infinity. 

The curve of intersection with any tangent plane to the cylin- 
drical asymptote has a cusp at infinity. 

517. To find the asymptotes to a giveti surface. 

Let JP= F{^, »?f S) = be the equation of the given surface, (ar, y, z) any 

f>oint in an asymptote, (£-ar)/X = (»i -y)//i = ($-2)/i' = r its equations; and 
et F[\^ fly v) be arranged in a series of homogeneous functions of the degrees 
n, n - 1, ..., so that JP^X, /t, i') = <^„ + <t»^.i +...+ 0i + c. 
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The points in which the asymptote meets the surface are given by the 
equation ^ (* + X.r, y + /ir, » + i/r) « 0, or, if D denote the operation 

d d d 
aX ' dfi d» 

Now for a simple asymptote two roots are infinite ; 

.-. <^n=0, (1) and i><^„ + «^^, « 0. (2) 

The equation (1) shews that all asymptotes are parallel to generating lines 
of the cone F^ (^, % I) = 0, (3) where F^ consists of the terms of the n^ 
degree in F. 

The equation (2) shews that all the asymptotes parallel to any generating 
line of the cone (3) lie in one plane, which is the asymptotic plane parallel to 
the tangent plane touching the cone along the generating line. 

Again, corresponding to inflexional tangents in tangent planes at points at 
a finite distance, there are generally two asymptotes in each asymptotic plane 
which meet the surface in three points at an infinite distance, the condition of 
this is ijD*<^„ + JD0„.i + 0„.2 = 0, (4) and the two inflexional asymptotes are 
the lines of intersection of the conicoid (4) with the plane (2). It can be shewn 
that the conicoid and plane insersect in two parallel or coincident lines by 
proving that, if (x, y, z) be any point in which they intersect, a line drawn 
through this point in the direction (X, fi, if) lies entirely in both surfaces. 

"Write « + Xr for x, &c., and A for ^jA+A*T* + ''-r> \ f^t •' being 

considered constant in the difierentiations ; then (2) becomes (D + rA) 0^ + ^^^ 
orA^.am^^, and (4) becomes i(I> + rA)V« + (D + rA)<^^i + <^^ = rA2><^^ 
+ ir*A*<Pn + rA<^^j = r (tt - 1) {D<t>n + </>«.^) + Jr*» (n - 1) <^» = if^n (n - 1) 0« j 
therefore, since <p« s 0, (2) and (4) are satisfied for aU values of r. 

518. Should the student be interested in the discrimination of the various 
singularities which may occur, he will find a guide in two articles bv Painvin,* 
who has nearly adopted our method of treatment, and has carefully followed 
out the consequences of supposing the conicoid (4) to have the various forms of 
which it is capable. 

519. A singular asymptotic plane is one which touches the 
surface along a line at infinity, if considered as the limit of a 
tangent plane ; and if considered as the locus of asymptotic lines, 
it is a plane such that lines drawn in any direction in it meet the 
surface m two points at an infinite distance. 

The analytical conditions are obtained by considering that the 
equation -2?^« + ^m-i~^ ™^^^ ^^ independent of the values of 
X, /*, V. 

Asymptotic Surfaces. 

520. To find the OBi/mptotic surface of a given surface. 

The asymptotic surface being the surface enveloped by the asymptotic planes, 
which are tangent planes whose points of contact are at an infinite distance, is 
a torse circumscribing the surface along the curve of intersection with the plane 
at infinity. 

Write Unt F"., Wn and u, v, w, u\ v\ to' for the first and second difierential 
coefficients of ^« with respect to X, fi, and v* the equation of an asymptotic 
plane ia P = xU^i-yVn-i'zTFn-¥<Pm^i^O, by (2), where </>»a0 and X" + |4» + i^= 1. 



• Crelle's Journal, vol. 6o, 
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ConsideriDg a consecutive position of the asymptotic plane we have the equations 

Xd\ -k- fid ft. + ifdv s ; 
from which it follows that 5f /r, » ^^/F, = -7- /W^- (6) 

These equations and (2) are equivalent to two distinct equations which are 
those of a generating line of the asymptotic surface; that of the surface itself 
is found by eliminating X, ^ v from ^» s and these two equations, all being 
homogeneous in X, u, v. 

dP 

If 0i»., = O, since {n-l)U^^\u^fiy/-{^»tf, and ^ = jti* + yw' + «»', the 

equations (5) are reduced to «/X=y/^=s/v, and the asymptotic surface becomes 
the cone ^n » 0, as in the case of aa^+bj^ -f cs^ = 1. 

In the general case it is easily seen that the generating line passes through 
the centre of the conicoid which determines the position of the inflexiomd 

asymptotes, for which — - = — - a -—. = 0. 
'^ aX.. dfi. d» 

521. To find the degree of the asymptotic surface. 

We shall find how many generating lines intersect an arbitrary straight 
line (ar-a)//'=:(y-^)/fii' = («-7)/n' = r. If we ei^uate to (n-l)/» each 
member of equations (5) of a generating line, the equations may be written 

(jp-X/9) u +(y-/i/>) f(7'+ («-»/>)©'+ I7^j = 0, 

11, w\ v' 
u/f r, «' 
v\ «', w 



or,if JBTs 
d 



therefore at the point of intersection 

and similar equations ; or, eliminating r and />, 

ajr+(tr^,^+...)jT,x,r 

7JT+f C'Li -^, +...) J5r, IT, n' 

now the degrees of -^ = rw - ti** and U^^ are 2 (n - 2) and « - 2 j the degree 

of the equation is therefore 3n - 5, and the number of values of X, fi, v which 
satisfy this equation and <^» « is n (3n - 5), which is the degree of the asymp- 
totic surface. 

622. Or we may proceed thus : 

The asymptotic surface contains 3n(n-2) lines in the plane at infinity 
which are the intersections of the planes of Inflexion of the cone ^naU, 
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and contains, moreoTer, the ourye of the ti^ degree, in which the plane at 
infinity intersects the cone ; hence, the number of points in which the asymp- 
totic surface is met by an arbitrary lime in the plane at infinity 

B an (» - 2) + n 3 n (3n - 6). 

For limitations of the number arising from the existence of singular points, 
see Palnyin's second article.* 

Method of Approximattoru 

523. Although it is necessary to know general methods of 
handling the equations of surfaces, yet in order to find the shape at 
particular points or at an infinite distance, it is most instructive for 
the student to employ peculiar methods to suit peculiar cases. 

The method of approximation by transferring the origin to the 
particular point in question, and rejecting all terms which can be 
shewn to be small compared with those retained, gives immediately 
conical tangents or any other form which nearly coincides with 
a surface in the neighbourhood of a singular point. 

The form of a surface at an infinite distance may be found by 
a careftil consideration of the relative magnitude of the coordinates 
in the same manner as the author has treated the subject in his 
treatise on Curve Tracing. The kind of consideration required 
may be seen by the foUowmg example. 

624. To fsnd the plane and parahoUc att/mptofea of the eur/ace whoie 
equation ie 

«■ + y* + s^ - 3«yal - 3a (y» + ac + ay) » 0; 

The equation inay be written {U'¥a)v*s at^, 

where fi=* + y + JB, r =«* + y"-l-s'-y«-«»-ay. 

For points at an infinite distance, two cases occur ; i. u may be finite whIU 
V becomes infinite, which gives « f a » a plane asymptote, ii. u and v may 
both be infinite, in which ease v^au for a nrst approximation^ and for a second 
approximation « » a (ti - a), a paraboloid of revolution. 

The same results may be obtained by making the line x = y^t a new axis 
of Xf so that the equation becomes (v^3;r -(■ a) (y* + 2*) « 2aa^, the asymptotes being 
V3« + a = 0, and 3 (y" + «•) = 2a (V3a; - o). 

We have selected the following illustrations of the points which 
have been considered in this chapter, and we call attention especially 
to those relating to cubic surfaces and the wave surface. 

625. Tangent plane to an anchor ring or tore* 

Let the plane containing tbe centres of the generating circles be taken for 
the plane of xy, and the axis of rotation for l£e axis of s; and let r be the 
distance of any point (or, y, s) firom the axis, e that of the centre of the 
generating circle, a its radius ; ^en r'^x'-f y' and «*+ (r-c)'»a'; the equation 
of the anchor ring is (^ + ii' + $• + c" - •")• - 4c* (^ + V) = ; that of the Ungent 
plane at a point (x^ y, z) is 

«(r-c)(E-a?) + y(r-c)(ir-y) + «r(X-«) = a, ^ 

or (r-c)(«S + y»») + rz5 = r'(r-c) + rs? = r{a* + c(r-«)}. ^,\ 

* Crelle's Journal^ vol. 65. 
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526. To find the curve of tnierseetwn of the eurface toith a tangent plane 
which passes through the centre. 

Suppose that it4>a88e8 through the axis of jr» and is inclined at an angle a to 
that of X, so that a « c sin a • and at any point of the curve of intersection 
r a c - a cos 0i z = a sin ^, a; » c cot a ; 

.«. y" = r« - «■ = c* - 2ac cos ^ + a* cos*^ - a" cot'a sin*^ 

= c» - 2ac cos ^ + a" cos*^ - (cP - o^ sin"^ = (c cos ^ - a)F5 

/. (y±a)*=c*co8"^, and «■ + «» = c» sinV : 

.-. «" + (y±ay + «»«c»5 

hence the curve is two circles which intersect in the points of contact, forming 
two double points. 

527. To find the form rfthe curve BAFin thefigwre of the ring, p. 199. 
The equation of the tangent plane is B = c-a, and the form of the curre 

of intersection is given by the equation 

K + £■ 4 2c (c - a)}" =. 4c« {»»• + (c - a)"}, 
or (ii" + r)*-4aci|" + 4c(c-a)J" = 0. 
When e « 2a, the curve is the lemniscate of Bernoulli. 

528. If a ring he formed by the revolution of any ellipse about any Une m 
its plane which does not intersect it, the double tangent planes intersect the. ring 
in two ellipses, the projections of which on a plane perpendicular to the axis of 
revolution have each one focus in that axis. 

For, Oz being the axis of revolution, Oy the intersection of two double 
tangents to the ring, their traces on the plane zx must be tangents to the 

generating ellipse in its two positions on zx, making equal angles with Ox, so 
lat if Us 4 2tii -f w, B be the equation of one trace on ror, Ui + «»= will be the 
polar of O, and UqUi - u* = the equation of the two tangents, which must be 
of the form ^ = s^ tan'a, the coeiiicient of xz must therefore vanish. 
A convenient form for the equation of the ellipse is 

(ar - «)■ - 6" + 2mxz + nz" - 2(» « 0, 
and for the two tangents through O 

(a* - 6*) (ar" + 2f»ar2 + n««) - (aa? + <»)■ = 0, 
hence m(fl"-6") = ac, and n (a" - 6") - c* = ft* cot'a. (1) 

If dt s r cos 0, y = r sin 0, the equation of the ring will be 

(r - o)* - i' + 2mr« + m* - 2«a = 0. 
The ring is intersected by the tangent plane z==a;tanassreos^tana in a 
curve, the equation of the projection of which on the plane of jy is, by (1), 

{a' - 6* - (a 4 c cos^ tana) r}* = r*6" sinV, 
or a'(x*4y*) = (a'-6'-ca:tana4 5y)", 
i.e. two ellipses, each having a focus in the origin, the squares of their 
eccentricities being (c* tan'a + i')/av^ x.- t, ^r''^- ", \ ^^ ^ ^ '^ "V ^^) " 

629. Tangent plane and normal to a Jlelicoid, ^a^ o^ 

Def. The Helicoid is a scroll generated by the motion of a straight 
line which intersects at right angles a fixed axis, about which it twists with 
an angular velocity which varies as the velocity of the point of intersection 
with the axis. 

If the axis be taken for the axis of s, and that of x be one position of the 
generating line, the equation of the surface generated will be |^= ctan"*ij/^, and 
the tangent plane at a point {x, y, z) will be (a:" 4 y") (J - s) = c {xn - y^); at the 
point (ar, 0, 0), the equation becomes a:S-c»;, hence the tangent of the angle 
which the tangent plane at any point makes with the axis varies as the distance 
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of the point from the axis. The equations of the normal at (x, y, s) are 

(f-a:)/y«-(,-y)/a: = c(S-*)/(«' + y')5 
and for the normal at {x, 0, 0), 5 = x, xn + c^ = 0, hence the locus of the normals 
at points taken along a generating line is a hyperbolic paraboloid ; Yfhicih has 
been shewn to be true for any scroll 

630. Tojmd the nngularitiei of the iurface whoM equation is 

(2« + 2«* + 2y")" - («■ + y*) («" + y*+ 1)« = 0. 

We consider this surface as represented by the given equation, in order to 
illustrate the general methods given In Arts. 468 and 496, for discussing singular 
points and planes ; but the student will see clearly the results to whicn we 
shall be led, if he first trace the plane curve whose equation is z" = 2; (1 - x)*,* 
and then imagine the form of the surface whidi would be generated by its 
revolution round the axis of s, which it is easily seen is the surface proposed. 

To find a singular point we have, writing r* for «■ + y*, 

Cr«2a?(42«-l + 4r"-3r*) = 0, 
r=2y(4««-l H4r"-3r*) = 0, 
Tr«=4«(z« + 2r^ = 0. 

The systems of values of x, y, z which simultaneously satisfy these equations 
and that of the surface are z-0, and either i. d; « 0, y » 0, or ii. r' «= 1 ; 1. shews 
that the origin is a sin^^ular point — it will be found that the tangent cone 
of Art. 469 becomes an infinitely slender cylinder or cone, given by \* -f /i' » ; 
ii. gives a circle of singular points — the conical tangent at any point {x, y, 0) 
of this circle becomes the two tangent planes {x^ + y*? - 1 )'= T* 

To find a singular tangent plane we have, by Art. 498, the equations ^. ^ 

2 (\« + /iy ) (42* - 1 + 4r« - 3r*) + 425 («" + 2r«) I' = 0, 

and 2(X« + /i*)(4««-l + 4r*-3r*) + 4i^(3z»+2r") 

+ 32« (X* + yity) I' + 8 (\« + /lyy (2 - 3r») = ; 

there will be two coincident tangents if 

y^O and 4z"-l+4r*-3r*=0, 

also by the equation of the surface (2* + 2r*)"- r* (1 + r*)" = 0, the only solutions 
of these equations are !?=0, r*»l, and s^^^^t ^=9? the first solution gives 
no tangent plane, but two cones intersecting in a circle, any generating line of 
either of which is a tangent line ; the second solution gives two tangent planes 
z^±i ^3, each of which is a singular tangent plane touching along a circle 
^ + ^ = 91 ^^6 direction of the tangent to which is given by Xx + fiy^O and 
» = 0f the remaining part of the curve of intersection is a single circle of 
radius f . 

In this case the condition of four points being coincident is 



U'i*4}'-'>- 



which becomes ^^ {\x + /*y) (X* + /t") - 8 (Kx + fiyf = 0, 
it is therefore satisfied by Xx + fiy* 0. 

Wave Surface. 

631. The equation of the Wave Surface may be written in 
either of the forms a:7(r»-a0 + y70"'-i") + «7(r"-c*) = 1, or 
a*x'l{r* - a") + iV /(r* - b') + cV/Cr" - c') = 0, Art. 261, where 
r' = a?' + y* + 2;*; and we shall suppose a> b>c. 

• Frost's Curve Tracing, Plate 11., Fig. 8, 
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The existence of singular tangent planes to this surface is of 
great importance in explaining a peculiarity in the transmission of 
light through a biaxial crystal. 

In order to shew that such planes exbt, we shall employ the 
method of Art. 497. 

532. To find the paint of contact of a tangent plane whose equation 
isl^-^- mv + ^i^P^ <^^ ^^ relation between l^ m^ n and p. 
Taking the firot form of the equation, by Art. 466, 

JJll^Vlm^Wjn^{Vx + Vy^Wz)lp = 24r, suppose, 

where Z7«2a:/(r'-a*)-2a:P, &c., (I) 

and P=a^/(r»-a7+//(r*-i7 + «7(/-£57; 

.-. \{Ux^Vy^Wz)^pa^\-f^P^ 

by(l), crZ = a:/(/-a')-a:/(r'-pO; 

/. Ip (f - a«) « aj (/ - a"), &c., (2) 

and, multiplying by Z, 911, n, since Ix-^-my + nz =p, 

i«(^-o«)/(^«-a')+...^l = P + m' + n', 

.-. P/(/-aO + mV(y-y) + nV(y'-c») = 0, (3) 

a: = Zp{(/-/)/(/-a') + l}, &c; (4) 

.-. r* =/ (/ ^py [Pl(p' - ay + m'Kp' - bj + n'Kp* - c')'} +;>« ; 

hence r^-^p^ is known, and by (4) a;, y, z are determined in terms 
of the constants, (3) being the required relation between the 
constants. 

633. If a, pi 7 be the Boothian coordinates of the tangent plane, tIe. 
y m/pt n/p, and a', ft', & be the reciprocals of a, 5, e, the tangential equation 
of the wave surface will be, by (2), 

where />'« a' + ^ + 7*, an equation of the same form as the Cartesian. 

534. To find the singular tangent planes of the wave surface. 

The point of contact, in the case of a singular tangent plane, 
being indeterminate, suppose y of the form 0/0, or m = and p^b\ 
hence, by (2), lb {r^-a^) = x (Ka*) and nb (f-^c^) = z (6*-c«), (5) ; 
/., eliminating /, a'— c* = (a"— V)xllb-\- (i'— c*) « / wi and i = ic + wz, 
/. P/Ca' - V) = nV(J* - c'J = 1 /(a* - c''), (6). 

The curve in which the plane touches the surface is a circle 
which is the intersection of the plane lx-^nz=^b with either of 
the spheres (5). 

If a, i, c be in order of magnitude, Z = 0, p = a, and n = 0, |? = o 
give imaginary tangent planes. The four real singular tangent 
planes are given by (6) and fn^(i. 
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535. Tojind ike angular points and the corresponding nomuU cones. 

The singalor points may be found by inyestigatiDg for wbat definite points 
of contact with the plane /f + mn + n^a^, ;, m, n can be indeterminate; by 
making m indeterminate, y = 0, r » &, and 

oV/(a» - ft*) = cV/(6« - c«) = aV/ (a" - o«). (7) 

But, by (2), -(a^-b*)l/x = p-a^/p and {li^-c')n/z*p-<^/p; 

and, by (7), (a^lx + c*nz) {lx-¥nzi)^ a^c* (/• + m" + «") j 
by substituting the values of x and z, this reduces to 

-which, being a homogeneous equation, gives the equation of the normal cone 
at the singular point. 

The four real singular points are given by y = and (7). 

Cuiic Surfaces. 

636. On every surjace of the third degree there are 27 straight 
lines and 45 triple tangent planes^ real or imaginary. 

This theorem was first discovered by Cayley,* 

An arbitrary straight line intersects a cubic surface in three 
points, given by an equation of the form 

u + Du.r + \iyu.t^ + llPu.r^ = 0. 

Now the four constants in the equation of a line may be chosen 
80 as to satisfy the equations w = 0, Du = 0, Lfu = 0, L^u = 0, and, 
since the above equation will then be satisfied by all values of r, 
all straight lines having such constants will lie entirely in^ the 
surface; and the number of such straight lines will clearly be 
limited, speaking generally, although in particular cases, as in that 
of a cylindrical surface, it may be infinite. 

If a plane be drawn in any direction through such a straight 
line, its curve of intersection with the surface will be composed of 
that straight line and a conic forming a group of the third degree ; 
and the two double points in which the straight line intersects the 
the conic are two points of the surface at which the plane is ft 
taneent plane to the cubic. Art. 475. 

Now, there will be five positions of the plane for which the 
conic will become two straight lines. 

For, if the axis of a; be a line which lies entirely in the surface, 
the equation of the surface will be of the form yu^ + zv^ = 0, where 
u^^ t7, are quadrics; and if the surface be cut by a plane whose 
equation is ylfM^zly = r^ the conic, which is part of the line of 
intersection, will have for its equation fiu\ + vv^ = 0, where j*',, v', 
have each the form a^ + 6^cd* + c^ + 2d^x + 2e^r + 2//^ ^^ ^ 

* Ccanbridge and Dvblin Afaihcmaiicai Journal, vol. iv* 
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which a,, e^,y, are homogeDeous functions of fu and v of the degrees 
denoted by the suffixes. 

Hence the equation of the conic will be of the form 

a,r" + )8,aj' + %-¥ ^\x + 2tjr + 2^rx = ; 

it will therefore become two straight lines if 

0.^,7. + 28,e.S; - 0.8/ - ^.6/ - 7,?;* = 0, 

which gives five values of the ratio /x : f. 

In each of the five particular positions of the plane the complete 
intersection is three straight lines, which give three double points, 
and the plane is a triple tangent plane touching the surface at each 
of these double points. 

Through each of the three straight lines in a triple tangent 
plane four other triple tangent planes besides the one considered 
can be drawn, giving rise to 12 new triple tangent planes and 24 
new straight lines, making in all 27 ; and the surface cannot contain 
any but these 27 lines, for the point in which anj line on the 
surface meets a triple tangent plane ABC must lie on on6 of the 
three lines AB^ BC^ CA^ which form the complete intersection 
q{ ABG with the surface, and the plane which passes through the 
new line and AB supposing this to be the line which it cuts, must 
contain a third line, and, therefore, must be one of the five triple 
tangent planes drawn through AB] the line considered must 
therefore DC one of the 27 lines. 

Five triple tangent planes can be drawn through each of the 
27 lines, which would make 5 x 27 planes in all ; but since each 
plane contains three of the lines, we nave in obtaining this number 
reckoned each three times, hence the number of triple tangent 
planes is 45. 

537. To find the equatioiu rfthe21 liftes on the general ctibtc surface. 

The general equation of the cubic surface may be put into the form 

uvw + u'v'u/ B 0, where u, f , &c. are, when equated to zero, equations of planes, 

since it contains 19 constants, the requisite number. 

Now, whatever u, v, &c. may be, a, 6, c, a, ^, ry, a', &c. can always be chosen 

Bueh that the two following equations are true identically, viz. 

aw + 6t7 + oto + oV + 6V + c'w' = 0, 
and CM + /3t7 + 7ir + a'u' 4 pv' + 7V = ; 

and therefore, for all values of p, {ap - «) u f (5/9 - /3) v +. ..H 0, which may be 
written Xu + /io + vu? + \*u' 4- fiv' + v'to' = 0, hence the line of intersection of 
\u + X'tt' « 0, ^r + /»V = lies in the plane »w + ^^w = 0. 

Now this particular line will lie altogether on the surface, if XftM b XV^'y ^^ 
if /» be chosen as one of the three roots of 

(ap - «) {hp - P) {cp - .y) - (o'/i - «0 (i> - p) (e'p - 7')- 

And, this being true of any other similar combinations, such as Xti + XV » 0, 

ev + y'tc^'sO, fto + ^uVsO, since there are six such combinations, we have 18 
nes out of the 27, the remaining 9 being the obvious ones u^O, ti'sQ; 
= 0, r' = 0; &o. 
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If XXiXz, fifj^uh^ &c. be successively written for \, fk^ &c. corresponding to 
the roots pp\p^ of the cubic, in the following table of equations : 

•^ Xm + XV\ Xti + XVj Xw + /aVj 

A»o + AiV|=0, (1) >o + »vUo, (2) f»r + i/«/>=0, (3) 

vu> + » V ) 14P + /tV ) vw-¥ X'u ) 

Xt» + AtV\ Xti + vVJ \u^»'io\ 

/iv + Xv|=0, (4) ;£r + XV|=0, (6) AM;+fiV|=0, (6) 

the equations of the 18 lines are found. 

538. Let these lines be named 1, 1], I3; 2, 2i, ^; &c., each of the lines 
1, 3, 5 lies in the same plane as, and therefore intersects, each of 2, 4, O*; but 
1, 3, 5 do not intersect, nor do 2, 4, 6. Again, 1 intersects 3i, 3,, and 61, 6,, 
2 intersects 4^, 4„ and 6|, 62, to prove which we shew that 1 and 3| intersect ; 

(\u + XV) ^ /X + (/ur + fiV) B/n + ( no 4 vW) C/y = 0, (i) 

and i\u + ii\v') A/\ + (mi» + ^'iw ) J9//tt, + {v^w + X',fO C/f, « 0, (n) 

represent two planes containing respectively 1 and 3^, unless^ A : B: C^ X : » : y, 
or X| : ^1 : y,, and these planes coincide if AX/\ = CX'i/vj, Bfi*/*^ = Afi\/\f 
and Cy/v s Bv\/fi^ can hold simultaneously, which is the case since Xfiv = XVV' 
and \jfiiu^=s\\fi^tf\. 

It follows that 1, 3i, 5, lie in the same plane, for 1 and 3i, Si and 6^ 
^, and 1 intersect. 

639. Tojind the eqwUions cf the 45 tripU tangent planes^ 

6 are such as t« » 0, «' a 0, &c., 

9 Xti + XV a 0, fit? + vV = 0, for each root, 

6 13i5„ laSSi, (i) or (ii) 

6 2i462,24,6„ 

making 6 + 3x9 + 6 + 6=45. 

640. Let uW denote the line of intersection of u » 0, m' « 0, uuf is intersected! 
by 10 lines, which lie by pairs in 6 planes, viz. tit/, uw'; vu\ W; 1, 2; li, 2, f 
],, 2s; 1 is intersected by iiV, 2; vi/, 6; u^,4; 3i, 5,; 3,, 6/; which classifies 
the 135 points of intersection. / 

541. Consider an arrangement of 12 lines such as 

1, 3, 6, 2i, 4ii 6„ 

1^ 3^ 5^, 2, 4, 6, 

any line in the top row, such' as 5, intersects every line in the bottom row, 
except 5, the one beneath it. Such a combination i» called a dovble sixer, of 
whicn there are 36, 3 such as that given above, 

27 such as uu, vf/, 5, 3, 4i, 43, ,^ 

6, 2, uv% vu\ Ij, It, • ' '^ 

and 6 such as uu', w*, uno, 3, 3,, 3^ 

vu?', tov^t tiv, 1, 1„ W 



XXXV. 

(1) Prove that the tangent plane to the surface xyz^a* forms with the 
coordinate planes a tetrahedron of constant volume. 

(2) If tangent planes be drawn at every point of the curve of intersection 
of the surface a{pz + zx-\^ xy) = xyz, with a sphere whose centre is at the origin, 
shew that the sum of the three intercepts on the axes will be the same for alL 
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(3) Find the pointi on the surface (a!« + y" + «" + c»-«^)* = 4c«(«*4-y*) the 
normals at vhich make angles a, j9, 7 vlth the azesi and the loci of points for 
which (i) 7 is constant, (ii) a is equal to /9. 

(4) A surface is given by the elimination of a between the equations 
•^(^9 ^1 Si a) = and /(x, y, s, a) » ; shew that the direction-cosines of the 
normal at a point {x, y^ t) are in the ratio 

F' («)/' (a) -/' (X) F{a):F' (y)/' (a) -/' (y) F(a)iF («)/' («) -/' (t) F («). 

(5) ProTe that the projection on the plane of xy of the normals to the 
ellipsoid a:'/a' + y'/5'f r/o*=l, at points whose distance from that plane is 

c cos a, touch the curve {cucy + {Jbyy = (a" - ft")' sin'a, 

(6) Find the tangent cone at the origin to the surface 

and shew that as a diminishes and ultimately vanishes, the tang^ent cone 
contracts, and ultimately becomes an Infinitely thin cylinder, and as a increases 
up to c, it expands, and finally becomes two coincident planes. Find the 
singular tangent plane ; and give a construction for the surface. 

(7) Prove that the condition that the surface oa^ + fty'-i-ei^- 1 should cut 
the tangent plane at a point (or, ft, 7) in a curve having a double point with 
two branches at right angles is a^a* (5/3 + 07) 4 6"^ (c7 + aa) + c"7* (aa + hp) = 0. 

(8) Shew that the asymptotic surface ofz(«4-y/'aa^ + &B*«0 is a para* 
bolic cylinder. 

(9) Find the asymptotic planes and the asjrmptotic surface of the conicoid 
««■ + iy* + cs" " 2«. 

(10) From different points of the straight line x/a^y/h^z-O, asymptotic 
lines are drawn to the hyperboloid :f/t^ 4- y V^ ~ ^/^* ^ ^ \ ^^w that they will 
all lie in the plane x/a - y/h = ±^2 z/c. 
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(1) Prove that the surface (a«* + 5y' -f ci^* - 3 (aa^ + iy*) - ca^ + } - 0, has 
two conical points, and two singular tangent planes. 

(2) Prove that, for surfaces generated by a line which is always parallel to 
a fixed plane, the line of striction ie the locus of points at which the normals 
are parallel to that plane. Hence, shew that the lines of striction of the para* 
boloid «•/«' - y'/i" = z/c lie in the planes x/o* ± y/tP = 0. 

(3) Shew that the coordinate planes are the three singukr asymptotic 
planes of the surface xyz » a'. 

(4) Shew that the surface whose equation is s (rt* -1- y*) » ax* -i- 5y' is a scroll, 
and give the form of the sections by planes perpendicular to the axes of x and 
y; and shew that there is an evanescent cylindncal asymptote. 

(5) Discuss the form of the surfaces 2(jp + y)*-a(^-y^±&^s-0 at an 
infinite distance. 

f6) If tanffent planes be drawn to the surface (a; 4 y 4 s - c)' 3 4 (y sf u; -l- xy) 
11 points where it is met by the surface 4aryE 4€(x4y4e'C)P = 0, the sum of 
the intercepts on the axes of coordinates will be constant. 

(7) If a series of straight lines, generating a surface, be described according 
to a law such that the shortest distance between two consecutive lines is of a 
degree superior to the first, it will be at least of the third. 
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(8) A generating line PQ of xyt = a {x* ■\- 1^) meets the aXis of t in P» 
prove that the tangent plane at Q meets the surface in a hyperbola which 
passes through P. Also, as Q moves along the generator, prove that the 
tangent to the hyperbola at P generates a plane. 

(9) An ellipsoid stands on a horizontal plane with its least axis vertical, 
find die locus of a luminous point which casts a circular shadow. Shew that 
it is a hyperbola, and that the radius of the circular shadow Ib independent of 
the mean axis of the ellipsoid. 

(10) Prove that the torse circumscribinj? the conicoids a^/a -f i/^/b + t*/c ^ 1 
and x^/a' + j^/b' -i- s'/c'a 1 is the envelope of the family of conicoids represented 
by a^/{a oob*0 + a' sin*^) + y*/(ft cos*^ + b' sin'^) + ^/{c oo^O + f bui'0) = 1. 
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(1) The torse which passes through the two circles a^4^aa', ssO, and 
rr* 4- 2* = e*, y = 0, passes also through the rectangular hyperbola whose equations 
are s* ~ y* = a*€^/{a* - c*) and « = 0. 

(2) Obtain a construction for the form of the surface 

(«•-«•)(«« + 3y«-«« + 9a7 = {6a(«*4y"-«*) + 4a»)«, 
and shew that it has a hyperbolic conjugate line in the plane of sx. 

(3) If the cone of asymptotic directions have a double side, shew that the 
surface will generally touch the plane at infinity, and that the section by this 
plane will have its inflexional tangents in the intersection with the tangent 

planes at the double side of the cone. -i/ 

(4) Shew that the conicoid which determines the inflexional asymptotes of ^ 
the surfaee, whose equation is z* -^ ^2* - 2a*yt = 0, is a hyperboloid of one or 
two sheets, the latter giving imaginary asymptotes. 

(6) The envelope of the polar plane of a fixed point with respect to a 
system of confocals is a torse. Prove this, and shew that the torse touches the 
six tangent planes to any one of the confocals at the points where the normals 
to that eonfocal through the fixed point meet that eonfocal. 

' (6) The edge of regression of the imaginary developable, circumscribed to 
a system of confocals, projects orthogonally upon any principal plane of the 
system into the evolute of the focal conic in that plane. 

(7) Shew that on the cubic surface xyz + 2 = «-i-y + z, there lie nine straight 
lines, three on an ordinary triple tangent plane and three double lines whicb 
are generating lines of the tangent cone at the singular point. 

Also shew that, when Ix + my -{-nz-p is a tangent plane to ther surface, 

p = 2 {(mn)* + («0*+ V'nA 

(8) A chord of a conicoid is intersected by the normal at a given point of 
the surface, the product of the tangents of the angles subtended at the point by 
the two segments of the chords being invariable. 

Prove thfl^t, O being the given point P, P" the intersections of the normal 
with two such chords in perpendicular planes containing the normal, the sum 
of the reciprocals of OP, OP' is invariable. 

(9) A straight line intersects at right angles the arc of a fixed circle, and 
turns about the tangent with half the angular velocity of the point of contact 
round the circle. 

Prove that the surface so generated intersects itself on a straight line, and 
find the tangent planes at any point of this line. 

• Shew that the line of striction is a plane curve, whose plane is inclined to 
the plane of the circle at an angle tan~'2. 



226 PROBLEMS. 

(10) Prove that the line of striction crosses the generator of the hyperboloidt 
ox* + fty* + ex' = 1, vhich is defined by the parameter a, Art 213, at a point for 
Mrhich 2 is given by {a + 6 - 2c + {b-a) co82a( z y/{- c) = (6 - a) sin 2o. 

Prove that the greatest distance from the principal elliptic section to which 
the line of striction can run is given by tan'a = (6 - e)/(a - c). 

(11) Prove that the developable, which is the envelope of the polar planes 
of a fixed point P with respect to a system of confocal conicoids, meets Q the 
polar plane of P with respect to one of the confocals in a line, whose polar line 
with respect to the same conicoid is perpendicular to Q; and that these polar 
lines generate the quadric cone» six of whose generators are the normals at P 
to the three confocals through P, and the three lines through P parallel to 
their axes. 
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(1) O is a fixed point, P a point such that the polar planes with respect to 
a given conicoid are at right angles; shew that the locus of P is the plane 
diametral to all chords of the conicoid perpendicular to the polar plane of O. 

(2) If two hyperboloids have two common generating lines of the same 
system, they will have two other common generators and touch each other in 
four points. 

(3) If two arbitrary points be taken on each of fonr straight lines meeting 
in a point, the only conicoids which can be described through the eight points 
will be cones or combinations of planes. 

(4) A conicoid passes through the sides of a skew quadrilateral A BCD, 
shew that the polar plane of the centre of gravity of the tetrahedron ABCD 
is parallel to AC and BD» 

(5) The surface l/x + m/y + n/z + r/u> = has a tangent cone at each of the 
angular points of the fundamental tetrahedron. Shew that any two of these 
cones have a common tangent plane, and also a common plane section contain- 
ing the edge opposite to their common generating line, the six plane sections 
meeting in a point. 

(6) The surface Ixz 4 mxw 4 nyz + ryu> - 0, of which AB, CD are generating 
Unas, will be a paraboloid, if / + r = m + f), and the straight line joining the 
middle points of AB, CD will lie on the surface if/4m + nir = 0. 

(7) The surface Ixy^mtw passes through the edges BC, CA, AD^ DB; 
L Find the points in CA^ DB at which the tangent planes are parallel, and 
thence shew that the centre is on the line joining the middle points of AB^ CD» 
ii. If that line meet the surface in P, Q, shew that the tangent planes at P, Q 
will be parallel to ^P and CD, 

(8) The equation of a conicoid referred to tetrahedral coordinates is 

lyz •¥ mtx + nxy + I'xto -i- rnyto + n'zw » 0, 

find the equations of the tangent planes at the angular points Af P, (7, D of 
the fundamental tetrahedron, i. If Aa, Bb intersect, Cc, Dd will also intersect, 
ii. If these four planes form a tetrahedron ahcd^ shew that Aa, Bb, Ce, Dd will 
meet in a point, when W *= mm' « nn\ 

(9) Prove that the surface whose equation is 

yz/mn + zx/nl + xy/lm 4 xto/lr + yto/mr + tw/nr = 
cannot be a ruled surface, and that it will be an elliptic paraboloid if 

/" 4 m* 4- n* 4 r" e mn 4- nl 4- ?m 4 /r 4- mr 4 nr. 
Shew that the tangent planes at ^, P, C, D to the surface intersect the 
opposite faces of the fundamental tetrahedron in straight lines which all lie in 
the plane x/l-\- y/m + z/n + w/r ■ 0. 
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542. In the eighth chapter it has been shewn that a dual 
Interpretation can be given to an equation involving unknown 
coordinatcB, according as these are looked upon as coordinates 
of a point or plane, and in these dual results tne point and planef 
may be said to correspond. In this chapter we give other methods 
of obtaining duplicate results by shewing how two systems of 
planes and points can be so connected that when a point or plane 
in one system is given, a single definite plane or point is determined 
in the other system, the point in one system and plane in the other 
being said to correspond. 

543. The most general anal3rtical machinery for effecting this 
is to refer each of the two systems of planes and points to its own 
coordinates, for example, let P and n be two points in the two 
systems, which we will call and 12, and let them be denoted by 
(ar, y, e), (^, i;, ^), each with reference to a set of coordinate axes, 
chosen arbitrarily tor the two systems; the systems are then 
connected by supposing the two sets of coordinates to have a 
fixed relation of the form 

u = {a^x + i,y + c^z + eZ,) f + {ajD +...) 17 + (a,aj +...) ?+ a^x +...« 0, 

which may be also written m the form 

the coefficients a^, &,, &c. being constant. 

The required correspondence between the two systems is estab- 
lished by this means, for, take a point n in the system 12, |, 17, ^ 
are then constant, and u==0 is the equation of a definite plane 7?, 
and the point 11 and plane p correspond in such a manner that the 
coordinates of n and every point in p satisfy simultaneously the 
equation of condition u = 0. Similarly, when any point P is taken 
in the system 0, a plane vr corresponds to it in 12, and if P be a 
point in /?, «r must pass through 11. 

544. If we take any plane in the system 12, the ratios 

are known, and the coordinates a?, y, 2; of a point corresponding to 
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the plane determined. Or we may take three arbitranr points 
n, n', n" in Xl, to which three planes correspond, and the point 
of intersection of these three planes is the point corresponding to 
the plane fUlTl", since its coordinates and those of each of the 
points satisfy the fundamental equation u = 0. 

Take two points nn' in i2, and », f the corresponding planes 
in 0, then nn' a definite line in £L aetermines in (/ a definite line 
( p, f) the intersection of the planes p and p\ and the two lines 
nn' and (p, 'p) correspond in the sense that to every point in 
either corresponds a plane through the other. 

545. Beciprocal polyhedrons. Consider any system of points 
P^^ JP^j ... as the angles of a polyhedron in the system 0, the corre- 
sponding planes 'sr , 'sr,... in the system D. will be the planes of the 
faces of another polyhedron. 

If P^j P,, ...P be the n angles of a polygonal face whose plane 
p corresponds to tne point n in 12, the planes of the corresponding 
faces of the polyhedron in X2, viz. 17^,10-,... will all pass through 
the solid angle n which corresponds to p. Thus we have two 
polyhedrons, one in each system, which have the reciprocal 
properties that each angular point of one corresponds to a face 
of the other, that the edges are corresponding lines, and that the 
number of sides in any face of one is equal to the number of faces 
in the corresponding solid angle of the other. 

546. Beciprocal surfaces. If the planes -ot^'bt,... in 12 touch 
a given surface 2, the corresponding points P,, P,, ... in will lie 
on some surface 8, Suppose that three of these planes 'cj^ 'cj„ wr^ 
move up towards coincideuce, their common point will be ultimately 
a point on S, the corresponding points P„ P^, P^ will move up 
towards coincidence on 8j and the plane passing through them wiU 
be a tangent plane to Sy at the point corresponding to the ultimate 
position of vr^. 

Hence, 2 and 8 are reciprocal surfaces in the sense that each 
may be generated from the other, either as the locus of points 
corresponding to tangent planes to the other, or as enveloped by 
planes corresponding to points on the other. 

These reciprocal properties of the two surfaces follow also from 
the last Article by treating the surfaces as the limits of polyhedrons 
when the faces are diminished, while their number is increased 
indefinitely. 

547. If one of the surfaces, as 2, be of the rfi^ degree, it will 
be met by an arbitrary straight line in n points, but the reciprocal 
surface 8 will have n tangent planes passing through the reciprocal 
of the arbitrary straight line, it will therefore be of the n^ class. 

Hence, since conicoids are both of the second degree and second 
class, it follows that the reciprocal of a couicoid is a conicoid. 
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648. Beciprocal of a Gone. If iS be a cone with vertex F, 

since all the tangent planes pass through F, all the points of the 

reciprocal figure 2 will lie on a curve in the plane which corresponds 

to F, and since each tangent plane to 8 has an infinite number of 

points of contact which lie in a straight line passing through V^ 

there will be at each point of 2 an infinite number of tangent 

planes passing through a tangent of the plane curve, being drawn 

as it were to a flat surface nearly coincident with the plane of the 

curve, and bounded by the curve itself. 

Note. Consider the cone as the limit of either of the hyperholoids of which 
It is the asymptotic cone, the reciprocal of one of the hyperi>oloids will be ulti- 
mately a flat ellipsoid, and the other a flat hyperboloid having the curve 
corresponding to the cone as the boundary. 

£49. Reciprocal of a Torse. If /S be a torse, every tangent 
plane will have an infinite number of points of contact lying on a 
straight line, and every point of 2 will have an infinite number of 
tangent planes intersecting in one straight line. 2 will therefore 
in this case be a tortuous curve, whose tangent lines will correspond 
to the generating lines of 8. It follows that the torse generated 
by the tangent lines to 2 will correspond to the edge of regression 
of 8. 

550. Beciprocal of a plane section of a surface. Since every 
point of the section of 8 lies on the surface and also on a fized 
plane j9, the corresponding plane must touch the surface 2, and 
also pass through the point FT which corresponds to p ; the reciprocal 
of the section must therefore be the cone enveloping 2, the vertex 
of which is n. The line corresponding to the tangent at any 
point of the section will be a side of the cone. 

If the cutting plane be a tangent plane the reciprocal of the section by this 
plane, which will have a multiple point at the point of contact, will be a cone 
whose vertex is a point on 2, and the tangent plane to S at the vertex will 
touch this cone along two generating lines which will correspond to the tangents 
at the multiple point of the plane section. 

Cor* Beciprocal of a pole and its polar plane toith respect to a 
conicoid 8. If 2 be the reciprocal of 8, the plane and point corre- 
sponding to the pole and polar plane, will be a polar plane and its 
pole with respect to 2. 

551. Beciprocal of a multiple point. • Since there are an Infinite 
number of tangent planes at such a point each touching a cone, in 
the reciprocal surface there will be an infinite number of points of 
contact lying in a curve on the tangent plane. 

And, if the tangent cone be two planes, the tangent plane will 
be a double tangent plane, having two points of contact. 

552. By referring to Art. 394, it will be seen that the relation 
between the coordinates of a point and those of any point in its 
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polar plane with reference to a conicoid is of the kind given above, 
Art. 543, and the following geometrical method of establishing 
reciprocal relations between points and planes is a particular case 
of tne preceding. 

553. Auxiliary Conicoid^ Let a conicoid be chosen, fixed in 
position and magnitude, then corresponding to every point P there 
IS a definite plane 27, viz. the polar plane with respect to the fixed 
conicoid; and, by Art. 264, the polar plane of any point in U 
passes through F\ or, by the dennition given in Art. 280, if PQ 
cut the conicoid in Q^ Q\ and the polar plane Uiu B^ PQ : PQ :: 
QB : BQ\ ,\ P and B are each in the polar plane of the other. 

The conicoid employed as the machinery for fixing the corre- 
spondence of points and planes is called the auxiliary conicoid^ and 
the reciprocal of a surface with respect to it is called the polar 
reciprocal of the surface. 

554. Beciprocation with respect to a point. If, as a particular 
case of the auxiliary conicoid, we take a sphere, whose radius is B^ 
and its centre 8^ and iSF be drawn perpendicular to the polar plane 
of a point P, then 8Y.8P==B*'y hence, we may reject the idea 
of the sphere, and speak of reciprocating with respect to a point, 
the plane corresponding to a point, and vice versd^ bemg determined 
by the equation given above. 

The centre of the auxiliary sphere . is called the origin of 
reciprocation, 

if the auxiliary conicoid be not specified it is always supposed 
to be a sphere, and any change in the radius of the sphere not 
altering the species of the reciprocal surface, but only its dimensions, 
one surface is said to be the polar reciprocal of the other with 
respect to the point which is the centre of the sphere. 

655, The construction for the reciprocal of any surface with 
respect to a point 8 is as follows. Let fall a perpendicular 8Y on 
any tangent plane to the surface, and in 8Y or 8Y produced take 
a point P, such that 8P. 8Y is constant, the locus of P is the 
reciprocal surface. 

Or, the reciprocal construction may be made, viz. in 8P take 
SYj such that SP, 8Y is constant, then the envelope of the plane 
through Y perpendicular to 8P is the reciprocal surface. 

556. Equation of the reciprocal toith respect to a point of a 
given surface. 

Let the equation of the surface be F[x^ y, «) = 0, (1), (a, ^, 7) 
the origin of reciprocation £>, the equation of a tangent plane may 
be written Z(aj-a) + m(y-/3) -fw(a-7) =j3, and if p be the 
distance of the corresponding point (^, 1^, f ), yp = 5* ; 
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and, if (a;, y, z) be the point of contact of the tangent plane, 

(f-a)/I7-=(,-/3)/F=(r-7)/W^. . (3) 

The equation of the reciprocal is found by eliminating Xj y, and 
z from the four equations (1), (2), and (3). 

557. Species of the polar reciprocal of a conicoid. 

The reciprocal of a ruled surface must be a ruled surface, since 
to every straight line on one must correspond a straight line on 
the other. Hence the reciprocal of a hyperboloid of one sheet or 
a hyperbolic paraboloid is a paraboloid or hyperboloid as the centre 
of the auxiliary conicoid is or is not on the surface ; for, when it 
is on the surface, its polar plane, which is a tangent plane of the 
reciprocal conicoid, is at an infinite distance. 

The reciprocal A' of an umbilical surface A^ that is, of an 
ellipsoid, hyperboloid of two sheets, or an elliptic paraboloid, will, be 
an ellipsoid, an elliptic paraboloid, or a hyperboloid of two sheets, 
according as the centre of the auxiliary conicoid is within, upon, or 
without the surface A, For, if the centre be without the surface, 
the conical envelope of A with the centre as vertex will be real, 
and its reciprocal will be a curve on the plane at infinity, every 
point of which corresponds to a tangent plane of -4, therefore A' 
nas a real plane section at infinity, and must be a hyperboloid of 
two sheets, since it is not a ruled surface. 

If the centre be on the surface A^ the conical envelope will 
become a tangent plane, and the plane at infinity a tangent plane 
to A'. 

If the centre be within A the conical envelope will be imaginaryi 
and there will be no real points at infinity on A\ 

558. Centre of the reciprocal conicoid. 

Every plane through the centre has its pole at an infinite 
distance, therefore every point in the plane corresponding to the 
centre has for its polar plane a plane passing through the centre 
of the auxiliary conicoid; hence, the polar plane o^ the centre of 
the auxiliary conicoid with respect to the given conicoid corresponds 
to the centre of the reciprocal. 

This can also be deduced from the consideration that the centre 
is the vertex of the real or imaginary asymptotic cone. 

559. Reciprocal of a conicoid with, respect to a point 

The reciprocal polar of a sphere with respect to a point is a 
surface of revolution, about the transverse axis, of which the point 
is the focus, and the line joining the point and the centre of the 
sphere the axis ; for, taking any plane through this line, the section 
of the reciprocal polar by this plane is a conic of which the point 
is the focus and the line before mentioned the, major axis. The 
reciprocal of the polar of the point, with respect to the sphere, will 
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be the centre, and the reciprocal of the centre, the directrix 

?Iane of the surface of revolution, exactly as in two dimensions. 
Vopertles of conicoids of revolution having a common focus may 
be immediately obtained in this manner. These are, however, 
generally at once deducible from the corresponding properties of 
plane curves. It is shewn, Art. 361, that the enveloping cone 
from a point on a focal conic of a conicoid is a right cone ; if we 
take such a point for the origin of reciprocation S, the point corre- 
sponding to any tangent plane to the conical envelope will be at an 
infinite distance in the perpendicular from 8 to the tangent plane, 
and will therefore be in the direction of a generating line of the 
asymptotic cone of the reciprocal ; this asymptotic cone Is therefore 
also a right cone, and the reciprocal surface a surface of revolution. 
This result is of course true whether the asymptotic cone employed 
in the proof be real or impossible. Conversely, the reciprocal polar 
of a surface of revolution with respect to a point will be a conicoid 
of which the point is a focus. 

Hence, from a sphere may be obtained, by successive recipro- 
cations, any of the umbilical conicoids, but, as before shewn, the 
ruled surfaces cannot be obtained in this-manner. 

For any position of the origin of I'eciprocation 8 consider the 
cone, enveloping the conicoid, of which 8 is the vertex, the points 
which correspond to the tangent planes common to this cone and 
the conicoid are at an infinite distance, therefore the asymptotic 
cone of the polar reciprocal of the conicoid is a cone reciprocal 
to the enveloping cone whose venex is 8, Hence the principal 
axes of the polar reciprocal are parallel to those of the envelop- 
ing cone. 

The analytical proof of all these propositions is included in the following 
articles. 

660. Reciprocal of a given conicoid with respect to a point. 
Let the equation of the given conicoid U be a^/a 4 y*/b + s^/c = 1, (a, p, 7) 
the origin of reeiprocation S, (^, v, I) any point in the reciprocal surface, p its 
distance from 8, M*/p the perpendicular upon the corresponding plane, (/, m, n) 
the direction of p, so that ^ - « » /^» &c., 

.'. /{«-a)4m(y-/3) + n(s-7) = i?//) 

is the equation of a tangent plane to U, and the perpendicular upon it from 
the centre of CT is la + mj^ + n7 + S^/p, 

/. Va + m'6 + n'c = (A» + m)3 4 n7 + R^/p)\ Art 256, 

and the equation of the reciprocal conicoid is 

561. If the conicoid be a sphere, radius a, and the origin S of reciprocation 
be in the axis of x, at a distance c from the centre of the sphere, transferring 
the origin to S the equation becomes, a' (^* + 1|» + D = (cf + £>*}*, 

or (a« - c«) {6 - cR'/ia* - c«))' + «' (i' + ^) = a«JRV(a« - c«), 
or, if Co a, 17* 4 J* = 2£/?*/a + i2*/a', the reciprocal is therefore a prolate spheroid, 
paraboloid of revolution, or hyperboloid of revolution of two sheets as c<Bor><i, 
the eccentricity being c/a, and focus S, 
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062. Centre of the reciprocal conieoid. The centre (£^ v^lo) is giyen by 
three equations such as 

«(&-«) = «{« (fo-«)+)3K-)3) + 7 (Jo -7) + JB'} = a<r^, suppose; 

/. <r^ = IT. (aVa + /3"/6 + 7Vc) + IP, 

and is positire or negative as 8 is within or without U, 
Let Tg be the distance of the centre from S, then 

The eauation of the polar plane of S with respect to U being 
o^/a f /3y/S -f 72/0 = 1 1 the perpendicular po from S on this plane is 

± (1 - ay a - pyh - i'/c)/^(aya* + /3«/6« + 7Vc«) ; 

•'• ^tPo-^t ^^^ ^0 i^ directed perpendicular to the polar plane, hence the 
centre is the point corresponding to this plane. 

563. Principal axes of the reciprocal conieoid. The equation of Art. 560 
becomes, when the origin is transferred to the centre, 

(fl- a«) ?+...- 2/37nJ-....= a»Jl -.aVa-^/6-77c) = B*/{\ -aya-p^/h-rf/c). 
When the surface is referred to its principal axes, the equation is 

s,V + V« + «,r = iP/(l - «Va - P'/h - 7V«)» (1) 

where, since, in Art. 411, X = a, /i = 5, and v «= c, e^, 82, e^ are the three real roots 
of «'/(a - ») + P/{b - <) + 7*/(c - ») = 1, (2), a - »p a - «„ a - *j are therefore 
the squares of the primary axes of the confocals through S, 

The asymptotic cone has its sides parallel to those of the reciprocal cone 
of the conical envelope of U with vertex S. 

The expression h'e - (a - «) a' in Art. 415 becomes (a - s) B^f, therefore the 
direction-cosines are in the ratio •/(«-«): )3/(6-») : 7/rc-*), that is, the 
principal axes are in the directions of the three normals to the confocals 
through (a, /3, 7), 

564. Origin of reciprocation a point on one of the focal conies of an ellipsoid, 
i. If S be on the modular focal curve of an ellipsoid, a*/ (a - c) + /3*/(6 - c) = 1, 

7 a 0, two of the values of * in (2) are c, and the third s^ is a-^b-c-a^-pt 
but a^+S^<a-c; .'. s^>b, and (1) becomes c(x* + y*) + «^«+, .". the 
reciprocal is an oblate spheroid. 

iL If iS be on an umbilical focal conic /9 = 0, and «*/(** - ^) - 7V(^ - <) = 1» 
#,= a-6+c-a«-7*, «j=6 = »3, if iS^be within the ellipsoid, a« + 7»>a-6<a + tf-6; 
.'. «| < e and positive, (1) becomes s^a^ t & (^* -f z*) » +, and the reciprocal id 
a prolate spheroid. 

If She without, a* + 7'>o + c-6 and », is negative, .'. (1) beconaes 
•- 9^2^ - & (y* -I- 2*) = 4, and the reciprocal is a hyperboloid of revolution of two 
sheets about the transverse axis. 

665. Examples of the method of reciprocal polars* 
Id the sabjoined lists, the theorems to be proTed by the method 
of reciprocals are placed first, and side by side ^itb them the 
simpler theorems from which they may be deduced. 

i. If two conicoids have one com- If two conicoids have one common 

mon enveloping cone, they will plane section, they wiH also have 

also have another. another. 

ii. Any^ straight line through a Any straight lin-e through a point 

point is divided harmonically by is divided into two equal parts by 

a conieoid, and the polar plane two parallel tangent planes to a com- 

of the point with respect to the coid, and the parallel plane through 

conieoid. the centre. 
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iii. If three conicoids have one com- 
mon enveloping cone, the second 
enveloping cones of those sur- 
faces, taken two and two, will 
have their vertices in the same 
straight line. ■ 

iv. Two conicoids, each touching 
another conicoid along a plane 
curve will have two common en- 
veloping cones, whose vertices lie 
on the same straight line with the 
poles of the planes of contact. 

V. Two conicoids, touching each 
other at two points, will have two 
common enveloping cones, whose 
vertices lie on the line of inter- 
section of the tangent planes at 
those points. 

vi. If a conicoid touch seven given 
planes, the locus of its centre will 
be a plane. 

vii. Two cones, having a common 
vertex, and a common focal line, 
cannot have more than two real 
common tangent planes. * 

viii. If two prolate surfaces of revo- 
lution have a common focus, their 
points of intersection will lie on 
plane sections. 

ix. If, in a prolate surface of revo- 
lution, a cone be described with a 
focus of the surface as vertex, and 
a plane section as base, it will be 
a cone of revolution. 
z. If two prolate surfaces of revo- 
lution have a common focus, their 
planes of intersection will pass 
through the line of intersection of 
their directrix planes. 

xi. If two tetrahedrons be such that 
each angular point of one is the 
pole of a face of the other with 
respect to a given conicoid, the 
lines joining corresponding angular 
points will be generators of one 
conicoid circumscribing both tetra- 
hedrons. 

xii. If a paraboloid of revolution be 
described passing through a given 
ellipse, and a right circular cylin- 
der be described also passing 
through the ellipse, the axis of 
the cylinder will be parallel to 
that of the paraboloid, and will 
pass through the pole of the plane 
of the ellipse. 



If three conicoids have one com- 
mon plane section, the second planes 
of intersection of the surfaces, taken 
two and two, will intersect in the 
same straight line. 

Two conicoids, each touching 
another along a plane curve, will 
themselves intersect in two plane 
curves, whose planes pass through 
the line of intersection of the planes 
of contact. 

Two conicoids, touching each other 
at two points, will have two plane 
carves of intersection passing through 
those points. 



If a conicoid pass through seven 
fixed points, the polar plane of any 
other fixed point will pass through 
a fixed point. 

Two circles, lying in the same 
plane, cannot have more than two 
real common points. 

Two spheres have two common 
enveloping cones. 



Any enveloping cone of a sphere 
is a cone of revolution. 



The vertex of a common envelop- 
ing cone of two spheres Iks on the 
line joining their centres. 



If two tetrahedrons be such that 
each angular point of one is the 
pole of a face of the other with respect 
to a given conicoid, the lines of inter- 
section of corresponding faces will lie 
on one conicoid which will touch the 
faces of both tetrahedrons. 

If a sphere be inscribed in a right 
circular cone, the section of the cone 
made by any plane touching it will 
have the point of contact as a focus, 
and its directrix will lie in the plane 
of contact of the sphere and cone. 
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xiii. If with any point on the focal If a sphere be inscribed in a coni* 

hyperbola of an ellipsoid as focus coid of revolution, the section of the 
be described a paraboloid of revo- conicoid by any plane touching the 
lution enveloping the ellipsoid, sphere will have the point of contact 
the axis of this paraboloid will for a focus, and the corresponding 
be parallel to the generating lines directrix will lie on the plane of 
of one of the right circular cylin- contact of the sphere and conicoid. 
ders which envelope the ellipsoid, 
and the axis of this cylinder will 
pass through the pole of the plane 
of contact of the ellipsoid and 
paraboloid. 

Heciprocating this last with respect to an arbitrary point, we obtain the 
following proposition, which is due, we believe, to M. Chasles. 

If two conicoid* touch each other along a plane curte, and a tangent plane be 
drawn to one of them at an umbilic, the section of the other made by this plati^ 
will have the umbilic for a focus, and its corresponding directrix in the plane 
of contact of the two conicoids. 

Let O be the origin of reciprocation, the surface corresponding to the 
paraboloid will pass through O, Art. 557 ; also O will be a point on its focal 
curve, Art. 559 ; O will then be an umbilic. Art. 349. The tangent plane at 
O will correspond to the point at infinity on the paraboloid, and therefore to 
the vertex of the right circular cvltnder ; hence to the right circular cylinder 
will correspond a plane section of the reciprocal of the ellipsoid by the tangent 
plane at O. Since the cylinder is a right circular cylinder, the corresponding 
curve will be a conic whose focus is O, and since the axis of the cylinder passes 
through the pole of the plane of contact of the ellipsoid and paraboloid, the 
directrix of the corresponding conic will lie in the plane of contact of the two 
corresponding surfaces. 



XXXIX. 

(1) Prove that the reciprocal of a circle with respect to a point is a cone 
of which one of the focal lines passes through the origin of reciprocation. . 

(2) Prove that the reciprocal of a conic section with respect to a focus 
is a right circular cylinder. 

(3) Shew, by reciprocals, that the focal lines of a cone pass through 
the foci of the sections of the cone made by planes perpendicular to the 
focal lines. 

(4) If a conicoid touch the faces of the fundamental tetrahedron ABCD 
in a, 6, c, d\ shew that if Aa, Bb intersect each other, Cc and Dd will also 
intersect each other. 

(5) The reciprocal polar of the surface ox* -i- 6y^ + cat" s 1 with respect to 
the surface 2a'yz-\'2b'zx^^2c'xy^\, is 

(b'z + c'yf/a 4 {c'x + a'zf/b + (a'y + b'x)yc = 1. 

(6) Shew that the surfaces, whose equations are xyz^ai^^-^y^) and 
2 (^ + y*) a cxy, are reciprocals of one another with respect to the origin, 
where ac is the constant of reciprocation. 

(7) If a series of straight lines be drawn through a point 0, such that 
the straight lines reciprocal to them, with respect to a given conicoid, are 
respectively nerpendicular to them, these straight lines will lie on a cone 
of the second degree, and the reciprocal straight lines wiU be tangent lines 
to a parabola. 
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(8) If three cones of the second degree have a common vertex, and a 
common focal line, the lines of intersection of the common tangent planes 
to them, taken two and two, will lie in a plane. 

(9) The reciprocal polar of the hjperboloid xy <= hzto with respect to the 
fionicoid «' + y* = i'-Mr* is kxy^zw, 

XL. 

(1) If two hyperboloids of retolution of two sheets, or two prolate 
spheroids, have a common focus, and equal minor axes, they will have a 
common enveloping cylinder, one of whose focal lines will pass through the 
common focus* 

(2) If BC, CAt AB be three chords of a conicoid, each of which subtends 
a right an^le at a fixed point 8^ the plane ABC will touch a prolate conicoid 
of revolution, of which iS is a focus, and the polar plane of 6 with regard to 
the given conicoid the corresponding directrix plane. 

(3) If three tangent planes to a cone of the second degree intersect in 
three straight lines FP, VQ, VR, and if P, Q, R be points such that QR, 
RPf PQ each subtends a right angle at a fixed point 0, the plane PQR will 
envelope a conicoid of revolution. 

(4) The reciprocal polar of the conicoid 

mnyz + nlzx + Imxy + Irxw + mryw + nrzto e= 0, 
with respect to the auxiliary conicoid ax* + by* 4-02* + dw* a 0, 

is a*a^/l^ + . . .- <ibxy/ Im-.. .= 0. 

(5) Prove that the equation of the reciprocal of the anchor ring with 
respect to the centre is 

{(c« - a«) (a:* + y*) - flV + P*}« » 4c»^ (a* + f). 

Shew that the angle of the conical tangent at the multiple point of the 
reciprocal is the supplement of the angle of the cone containing all the points 
of contact of the two singular tangent planes of the anchor ring. 

(6) The reciprocal polar of the conicoid 

as^ 4 V + ^ + 2a y« + 2h'zx -f 2c' xy = 1 , 
with respect to a sphere, radius R, and centre (a, p, ry) is, with the notation 
pf Art. 391, 

A{a{a:- «) + ^(y-^) + 7(z-iv) + J?}« = ^ («-«)•+...+ 2^' (y-)3)(z-7)+..,i 

(7) From the reciprocal of the last problem, obtain the equations of the 
focal curves of the given conicoid in the form 

{Ayz + z {A'x - J?'y - C'«)}/(Ay« -^0 =...=... . 

(8) Determine the foci of a central copicoid of revolution from the con^ 
sideration that the reciprocal with respect to a focus is a sphere. 

Shew that a one of the coordinates of a focus is given by the equation 

AV^ (24- J?- C) Aa« + (4 -P) (4 - C) -^'>=0. 



CHAPTER XX. 



CLUSTERS OF CONICOIDS. CONICOIDS AND SPHERES REFERRED TO 
A TETRAHEDRON. TANGENTIAL EQUATION OF A SPHERE. 

566. In this chapter the properties of the clusters of conicoids 
are discussed, which have been mentioDed in Arts. 441 and 449 ; 
we have also applied the method of tetrahedral coordinates to 
conicoids satisfying given conditions, and in particular to spheres 
inscribed in and circumscribed about a tetrahedron. 

The statement of the reciprocal propositions and the interpre- 
tation of the equations as tangential equations in four-point 
coordinates has generally been left to the student; the reciprocal 
propositions being obtained by the substitution of plane for pointj 
point for plane^ polar plane for pole^ and vice versd^ conicoids 
inscribed in the same torae for conicoids having a common curve 
of intersection^ &c. 

567. Cluster of conicoids passing through eight given points. 
Let Z7=5 0, F= be the equations of two particular conicoids 

tr and V which pass through the eight points, then \C7'+;*F=0 
will be satisfied for all points of the curve of intersection of U and 
F, on which the eight points must lie ; and, by choosing properly 
the ratio X. : /a, the particular conicoid of the cluster can be repre- 
sented which satisfies any ninth condition, such as touching a given 
plane, or passing through a ninth point not on the curve of 
mtersection of V and V, 

568. To find the cones of the cluster of conicoids having the same 
hose passing through eight arbitrary points. 

If XZ7+yLtF=0 be the equation of one of the cones of the cluster, 
the value of the ratio \ : /a is found by equating the discriminant 
to zero, or, using the notation of Art. 392, jH(\c/+/aF) = 0, from 
which generally there are four values of the ratio, that is, there are 
four cones of the cluster. 

Since the values of \ :,/a are the same by whatever system of 
coordinates the surfaces 27 and V are represented, the mutual ratios 
of the coefficients of the biquadratic are invariants of the system 
of two conicoids Z7= and F= 0. The equation for determining 
X : /i is written by Salmon AX* + 0XV + 4)XV + €)'X/t^' + AV= 0, 
and he shews that will vanish whenever it is possible to inscribe 
in F a tetrahedron which shall be self-conjugate with regard to 17, 
and that & will vanish whenever it is possible to find a tetrahedron 
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self-conjugate with regard to U whose faces touch F. This is 
proved bj referring 27 to a self-conjugate tetrahedron, so that 

/. = a/878 + i7Sa + cS«^-hda^7, 

which vanishes when a, h^ c, d ail disappear, 

and 0'==aP+/9C + 7i?-f-SiS, 

where P= Is the condition that the face BCD of the tetrahedron 
may cut the surface V in two straight lines real or imaginary. 

4> vanishes when the edges of a self-conjugate tetrahedroui with 
respect to either, touches the other. 

569. The conicoida of a cluster passing through eight given 
points J or having a common curve of intersection^ have the same 
self'Conj agate tetrahedron^ 

The equation of the polar of any point (ar, v, «, w) with regard 
to the conicoid \U+ fji,V^O is {\dUldx'\- fjudv/dx) ^ +.,.=: Oj and 
the vertex of one of the four cones passing through the base Is 
given by \dUldx + fi^dVldx='Oj \dUjdy-\-ti^dVjdy^O^ &c.| 
hence the polar of the vertex of this cone with respect to any 
conicoid of the cluster Is {\fi^- fjL\)(^dUldx + rjdUldy-\'...) = Oj 
and is the same for every conicoid, and in particular for the other 
three cones. Also, the polar of a point with respect to any cone 
passes through the vertex of that cone, it follows therefore that the 
polar of the vertex of each of the four cones with respect to any 
conicoid of the cluster Is the plane passing through the vertices of 
the three remaining cones. 

When the cluster is referred to the common self-conjugate 
tetrahedron, the equation of each member is of the form 

Ix* + my' + nz* + rw?" = 0, 

and the polar of (a:, y, Zj w) Is 

Ix^ + myrj + Wi??+ twcd = ; 

.*. CO = Is the polar of A (0, O, 0, 1). 

NoTB. If in particular cases there be not four cones, the argument fails. 
For example, if the base be a straight line and a cubio curve, there will be 
only two cones, and the conicoids cannot have a common self-conjugate 
tetrahedron. 

570. If a cluster of conicoids pass through eight given points^ the 
polars of any other given point with respect to every one of tlie cluster 
will intersect in a fixed straight line. 

Let P=0, Q = be the polars of the point with respect to 
t7=0 and F=0, then \P+fiQ = will be the polar with respect 
to \J7+/iF=0, and for all values of X : /* the polars pass through 
the line P= 0, ^ = 0. 
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To find whether the given point can be so situated that the polar 
plane is fixed for all the cluster, refer the cluster to the common 
self-conjugate tetrahedron, the polar of (x\ y\ z\ vf) with respect 
to any conicoid of the cluster given by the equation 

X(aaj' + jy + cz* + dvo^) + /a (aV + J'y* + cV + dtv?) = 

this polar will be fixed for all the couicoids when 

Hence, there are generally only four such points, viz. the 
vertices of the self-conjugate tetrahedron. 

671. If a conicoid pass through eight given points the pole of any 
given plane mil lie in a cubic curve. 

Referring the cluster to the common self-conjugate tetrahedron 
ABCDj let the equation of the given plane be Ix+my+m-^rw^O, 
this must be identical with (\a + fia)x'x+,,.^Oj (a?', y\ z\ to) 
being its pole with respect to Xw + /av = ; 

/. (7ia + fia')x'll=^(\b + fia')y'lm^...'j (1) 

by eliminating \ : fi^ we shew that the pole lies on the intersection 
of the two cones 

(b'c - be') Ijx + (c a - ca')mly + {cbb - ab') nfz = 0, 

and {Vd - bet) ljx-\- {eta - da') mjy-h {a'b - aV) r/w^O^ 

which have a common generating line CD^ not part of the locus 
of the pole, since it does not satisfy the equation (1). 

Cor. 1. The locus of the centres of conicoids passing through 
eight points is a particular case, the fixed plane being at an infinite 
distance. 

Cor. 2. There will be four planes whose poles with respect to 
all the conicoids of the cluster will be the same, viz. the faces of 
the self-conjugate tetrahedron. 

672. Number of eonieoida paaiing through eight pointe and touching a given 
plane. 

Let the equation of any conicoid through the eight points, referred t& th? 
common self-conjugate tetrahedron, be (Xa + /*«') a:* +(xi + /i6'')y"+..,sO, and 
/m: + jy + r» + •» = that of the given plane, then, if {x'', y', «', tp^) be the point 
of contact, (Xa 4 ^') x/p^^iXb-i^ fib') y /q-...\ whence 

p*/ (Ka + fia') + y V (^ + ^^0 + r«/(\c + a**') + «V (Xd^fid^^ 0, 
which is a cubic for determining Xi/u.; there are, therefore, generally three 
such conicoids. 

When p = 0, one value of \ : fi is given by \i» + fia' = 0, the corresponding 
conicoid being one of the four cones passing through the eight points, its 
vertex being a point in the given plane, which satisfies the condition of 
tangency, but is not in general a proper tangent plane. In this case there are 
only two conicoids which satisfy the conditions. 

If the given plane pass through two of the vertices only one, and, if three, 
no conicoid can be described as required. 
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573. Number of eonicoids passing through eight points and touching a given 
straight line. 

Let XC/" + ^F«0, (1) be the equation of any conicoid satisfying the 
required condition, and let the equations of the line be 

{x-f)/Uiy-g)/m = {z-h)/n^{w-k)/r^p, 

Counting- these equations with (1)| the condition that the quadratic in p, 
which gives the points of intersection of the given line with the conicoid, 
may have equal roots, is a quadratic in X : /«. Hence, two eonicoids satisfy 
the required conditions. 

574. When the eight points lie in two planes, and no three 
of the points He in one straight line, the general equation of the 
cluster is \U+ fiLM=0^ where i = 0, M=0 are the equations 
of the two planes ; in this case the base of the cluster is two ccmics 
which intersect at (7, D in the line of intersection of the planes. 

The tangent plane at G to any conicoid of the cluster is the 
plane containing the tangents to the two conies forming the base. 
Ilence, all the eonicoids have double contact with each other at the 
extremities of their common chord. 

If 3f = i, the base of the cluster will be two coincident conies, 
and every tangent to 17 at a point in the plane L will meet the 
base in two consecutive points and be a tangent to each conicoid 
of the cluster X?7+ fiU^O, therefore all the eonicoids touch each 
other at every point of the base ; in particular, they have a common 
tangent cone. 

575. The propositions relating to the cluster represented by the 
equation \Z7+ fiLM—Oy which are stated in the following articles, 
can be proved analytically by choosing the fundamental tetrahedron 
ABGD such that ABG^ ABD are the tangent planes at G and D 
to one of the eonicoids of the cluster. Since the plane t(7 = 
intersects the conicoid in two straight lines, real or imaginary, 
passing through (7, the equation must reduce to aaj*+J^*+2ca:y=0, 
when t/7 =: 0, and similarly for the plane 2; == ; 

and the equation of any conicoid of the cluster will be 27-f 2A^=0, 
also that of the polar with respect to it of a point (x\ %f^ z\ v/) 
will be 

{ax' + (c' + i)y } X + [hi/ + (c' + k) x'] y + c" {w'z + z'w) = 0. (1). 

When Jlf=0 gives the plane at infinity, \U-^ fiLM^O is the 
general equation of eonicoids similar to 27, intersecting in one plane 
curve, the other common curve being at an infinite distance, through 
which the conical asymptotes of all the eonicoids pass. In particular, 
spheres have a common imaginary circle at infinity. 

When both i = and M= give planes at infinity, the poles 
of these planes are the same for all the eonicoids represented by 
XJ7+/AXJ!f=0, which therefore are concentric. 
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576. All the comcoids of ike cluster have common tangent planes 
at the tiDO points where the oonics forming the hose cross one another* 

At G x' ^ 0, y = 0, and t^?' = ; /. w = is the tangent plane, 
and similarly for D. This appears geometrically, since the tangent 
plane at G is the plane containing the tangents to both conies. 

577. Of the conicoids forming the cluster whose base is two 
conies^ two are cones whose vertices lie in the polar line of the inter- 
section of the planes of the conies^ 

For, £(M + 2A:ary) = 0; .*. (c'-f A)* = ai, and the equations of 
the two cones are (x^/a±y 'Jby-^2c''zw = 0^ the vertices dividing 
AB externally and internally in the ratio V^ : V^ ; ftlsoy AB^ 
being the intersection of tangent planes at G and 2>, is the polar 
of CD. 

578. To find the points for which the polar planes are the same 
for all conicoids of the cluster. 

In order that this may be the case, the equation (1), Art. 575, 
must be the same for all values of kj hence 

i. aj' = 0, y' = 0, and the fixed polar plane is w'z + z^w = 0, so 
that the polar plane of any point F in Gl) passes through AB^ and 
•with P divides GD harmonically. 

ii. z' = 0, t£?' = 0, and ax'/y' = by' I of. ' 

In this case the points are the vertices of the two cones of the 
cluster, and each of the fixed polar planes contains GD and passes 
through the vertex of the other. 

579. TFhen a eltuter of cantcoidi hcu two common plans seciioni, the polar 
plans of a given point paues through a fixed straight line, and the pole of a 
given plane lies on a plane conic. 

Taking the fundamental tetrahedron as in Art 575, the polar plane of 
a given point (x', y\ 2', u?') for any conicoid of the cluster having the equation 
(1) of that article, contains the line whose equations are 

ax'x + hrfy + c" {w'z + z'w) = and y*x + x'y s 0, 

which intersects CD in P, where w'z + z'to = Oi and a plane through ^^and 
the given point intersects CD in Q where w'z-z'te = Of therefore CFDQ is 
a harmonic range. 

For the pole («', y\ z\ u/) of a plane Za: + my + n« + rtr = 0, 

{ax' + (c* + A) y'} II = Sf)y' + (c' + *)«'}/«! = c' V/ n - c^a'/r ; 

.'. r (rtx'* - h\/*) = <jV (te' - my') and rto' » nz\ 

which gives a conic passing through the vertices of the two cones of the 
cluster, Art. 577, and a point on CD which with the given plane divides CD 
harmonically. 

The locus of the centre, the pole of d^ + y'+s + t^^O, is a conic passing 
through the middle point of CD, 

580. When two conicoids have Rouble contact^ their curve of 
intersection breaks up into two conies^ generally ; in particular cases 
into a cubic curve and a straight line, 

II 
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CD beiDg tbe line joining the points of contact, ABG^ ABD 
the common tangent planes, the equations of the two conicoids are 

035* + Jy* + 2c' xy + 2c'' zw = 0, 

ac* + iSy" + ^^i'xy + 27"«m? = 0, 

and the curve of intersection lies in the two planes 

(aa' + by' + 2c'xy)jc" = (oa;' + iSy" + 2imf)\i\ 

The exception is when CD Is a generating line of both coni- 
coids ; in this case choosing the tetrahedron such that A CD^ BCD 
are tangent planes at C and i>, the two equations are of the form 

ax' + hy' + 2a yz + 2c' xy + 2a" xw = 0, 

and, eliminating yz or xw from these equations, we obtain two 
cones, which have a common generator Cb ; hence, the curve of 
intersection of the two surfaces breaks up into a straight line and 
a cubic curve. 

681. General form of the equation of a conicotd passing through 
seven given points. 

Take Z/ = 0, F= 0, W^ as the equations of three particular 
conicoids, which satisfy the condition, and have not a common 
curve of intersection. The equation X.Z7+/aF+vTF=0 will be 
the general equation required. For it is satisfied whenever 27, Vy 
W simultaneously vanish, so that it represents a conicoid passing 
through the seven points, also it involves two arbitrary constants, 
by means of which it can be made to satisfy two other conditions, 
and therefore it represents any conicoid passing through the 
seven points. 

Since the equations U— 0, F= 0, TF= determine eight points, 

any conicoid which passes through seven fixed points will necessarify 

pass through an eighth whose position may be determined from the 

seven. Hence, if the two extra conditions be that a conicoid 

passes through two'^ points, one of which is the eighth mentioned 

above, the nine points will not be sufficient to identify the conicoid. 
For example, if the seven points be angular points of a parallelepiped, and 
the three surfaces corresponding to U, V, and TV be each a pair of parallel 
planes, any conicoid through the seven angular points will also pass through 
the eighth. 

582. If a conicoid pass through seven given points^ the polar 
plane of any other given point wiU pass through afaaedpoinU 

Let P=0, Q = 0, R — be the polar planes of the given point 
with respect to the three surfaces ?7, F, IF, then XP+/aO+ ^-8 = 
is that with respect to any conicoid through the seven points. 
This plane passes through a fixed point which is the intersection of 
the three polar planes with respect to Z7, F, and TF. 

If the fixed point be the vertex of any quadric cone passing 
through the seven points, the polar plane with respect to any 
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oonicoid through the seven points will pass through a fixed straight 
line ; for, taking the surface U= to be the cone, of which the 
fixed point is the vertex, the polar P=0 is indeterminate in position 
and the polar ^tQ+ vfl = always passes through the straight line 
in which G = and jB = intersect. 

583. When a conicoid passes through seven given points to find 
the locus of the pole of a given plane. 

Taking as the tetrahedron of reference one in which the face 
BCD is the given plane, the equations determining the pole with 
respect to the conicoid \U+iiV+vW-0 are 

T^Ujdy + iidVjdy + vdWjdy = 0, &c. 

Hence the locus of the pole is a cubic surface 

dUjdg, dVjdy, dWjdy 
dUjdz, dVjdz, dWjdz =0. 
dUldw, dVjdw, dWIdw 

The locus of the centre, which is the pole ofa;+y + « + wj=sO, 
Is obtained by eliminating X, /t, and v from the equations 

7idUldx-^fidVldx+vdWldx=\dUldyi-...^7^Uldzi'...^\dUldw 

584. To find a general form of the equation of a conicoid passing through 
seven points, six of which lie by threes on two non-intersecting straight lines. 

The two straight lines lie altogether on the conicoid, and if a straight line 
be drawn through the seventh point intersecting the other two lines, three 
points on this line, and therefore the whole line, will lie on the conicoid. Take 
these lines as the edges AB^ CD, BC of the fundamental tetrahedron, these 
edges, and therefore the seven points, lie in the three pairs of planes xz = 0, 
sew = Of yw=i 0, and the general equation is Kxz + fixw + i^yw = 0. 

685. In the conicoid of th$ last article the pole of a given plane lies in a 
fixed plane. 

Let Ix-^my^nz-^rw^O be the given plane, (ar', y', «', f«0 its pole with 
respect to the conicoid \xz + fixw + vyw ^ 0, we shall then have 

(X«' + fiw') 1 1 = vw*lm ^\stf In- {jix' 4 vyO/r ; 

.'. Ix* + my' - m' - rw = is the equation of a fixed plane in which the pole 
lies. 

Cob. The centres of all the conicoids lie in the plane x' + y' = «' + w\ which 
is parallel to the two edges AB, CD and passes through the centre of gravity 
of the tetrahedron, and the four points bisecting the other edges. 

586. Numher of conicoids which pass through seven given points and touch 
two given planes. > 

Let the given planes be x := 0, y = ; at the point of contact with the first 

\dUfdyAfidVfdy-^vdW/dy = 0, \dU/dz^-..,^0, and \^l7/rfu7+...= 0; 

eliminating j/, 2, w from these, the eliminant is of the third degree in X, ^ 
and V, Similarly, the condition of touching y ^ leads to an equation ot the 
third degree in \ /(, and f, and the final equation for determining \ : fi will be 
of the ninth degree. There are, therefore, generally nine conicoids satisfying 
the required conditions. 
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CIRCUMSCRIBING SPHERE. 



Similarly, it can be shewn that four conicoids through the seTen points 
touch two given straight lines, and that six touch a plane and a straight line. 

587. Equation of a sphere circumscribing the fundamental 
Utrahedron. 

Let x% y, / be the triangular coordinates of a point P in the 
plane of the triangle ABG^ x, y, z^ the tetrahedral coordinates 

x' = HkPBGI AABG^ vol. DPS C I Yol DABG= x ; 

for the circle circumscribing ABG^ a^Z-f JVaj'+ c^af^^O. Hence 
the equation of the circumscribing sphere must give, when ti? = 0, 
a*y« + i*»aj + c'ay = 0, and similarly for a; = 0, y = 0, « = 0, the 
equation of the sphere is therefore 

d^yz + Vzx + (?xy + a^xw + V^yw + c'^zw = 0. 

588. Oeneral equation of a sphere. 

Since all spheres intersect the plane at infinity in the same 
circle, the equation 

UEii^px-^ qy + rz-^sw) (x -^ y + z + to) — a^yz -^ ,..- a^xw +..,^ 

represents a sphere, and is the general equation of a sphere since 
it contains four disposable constants. 

In this form of the equation of the sphere, if the coordinates 
of any* point P(x\ y', «', w') be substituted in the left side of the 
equation, the result is the rectangle r^r^^ where r,, r, are the 
distances from P to the points of intersection with any line 
through P. 

For (x^x^l\ = (jy^y')lfi = (z^z')lv—(w''W^lp — rla are 
the equations of any line through P, where X + /;a + v + p = 0, 

and a'fiv +. . .+ a'^p = — a\ Art. 103, 

/. Z7' + Pr + r' = 0, where U' = r^r^, 

589. To find the radiua of the sphere circumicribing the Jundamental 
tetrahedron. 

Let It be the radius of the sphere whose equation is 

a*yt +...+ a'*xtt7 +...= /(ar, y, z, tc) » 0. 
By the last Article, if (tq, y^, z^, tc^) be the centre, 

r,r, - - 2i», and /' (xj =/' CVp) =/' M =/' (w'o) = 2/(x„ y^. ^o, w^o) = 25»; 

0, c*, 6», o'«, 1 



.-. 2J2« 



0, c% 6" 
6% a\ 



6^ c 



a-, b'* 

0, c" 

'" 



= 0, 



c", 0, a«, 6'*, 1 

6«, a% 0, c'*, 1 

a'*, ft'", c-*, 0, 1 

1, 1. 1, 1, 

or 4JP {iVo* + c"a'*6« + a"6'V + a«6V - a'a'* (h* + fc'* + c« + c' - «• - a") -.. } 

= a*a'' + 6*6'« + cV* - 26«6 Vc'« - 2c»c'«a'a'« - 2a*a'*bW*, ( I ) 

With centre D describe a sphere cutting DA, DB, DC \n a,b,c, and draw 
am perpendicular to the side of the spherical triangle a6c, then, by the two 
right-angled triangles, cosa5 ^ cos am cos 6m and cosac = cos am cosci?i, whence 

sin*am sin'ftc = 1 - cos* 6c - cosVa - cos'oft + 2 cos be cos ca cos ab. 
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Let V he the Tolume of the tetrahedron, then 6 F=&V8in(ox a' sin am, 
and, writing d'^ + c^-o* for 2b'c' cosbc, we can shew that the coefficient of 
42? is - 144 V\ 

Also, if 2« s aa' + hb' f c&, the right side of the equation (1) is 

- 16« (« - aa') {8 - b\/) (« - ed), 

590. Equation of a conicoid touching the faces of the funda^ 
mental tetrahedron. 

Let the equation of the conicoid be 

«** + %'+ c^* + dw* + 2a'yz + 2Vz;p + 2c'Qcy + 2a"a:w + . .= 0. 

In order that the conicoid maj touch the face tc? = 0, 

aa;*+...+ 2a'y5?+... (1) 

roust be the product of two linear factora, since the intersection 
with t(7 = is two real or imaginary generators of the conicoid ; 

/. abc - aa'^ - W - cc'^ + 2a'iV = 0, (2) 

and if co8a = — a7\/(Jc), cos^ = --y/V(ca), cos7 = — c7\/(aJ), 

1 — cos'a — cos'iS — cos'7 — 2 cosa cos/S C0S7 = ; 

/. a, i3, 7 are the angles of a triangle, and (1) becomes 

[x ija — {y tsjh C0S7 -\-z sic cos/S)}* + (y V^ 8in7 — « ijc sin^S)'. 
By treating the other planes in the same way, if 

cosa' = -a'7V(arf), cos/S' = ^y7V(Jrfj, cos7' = - c'7V(c6?), 

SB = being a tangent plane gives yS'H- 7' + « = «■; y = and « = 
give a' + 7' + /S = 7r and a' + ^ + 7 = tt ; 

.-. 2a'+i8 + 7 — a = 7r = i8 + 7 + a; 

/. flt' = a, yS'ssiS, 7' = 7; hence, the equation of the inscribed 
conicoid Is, writing f, 7/, ... for a?V«j y V^j •••^ 

f + ??' + ?' + «'- 2 cosa (ry?+ fo)) - 2 cos^ (?f + lyto) 

- 2cos7(fi7 + fa)) = 0, where a + i8 + 7 = w. 

The tetrahedral coordinate^ of the points of contact with the 
face ABC are given by 

X *^al Bina=y ^b / sinlS «= z ^cj siny, 

591. To find the equation of a sphere inscribed in the funda* 
mental tetrahedron. 

The equation of the sphere being of the form 

(ic + wiy + w« + rw) (05 + y + « + 1(?) — c^yz — . ..— 0^*0:1(7 —...= 0, 

we have to find Z, 971, n, and r. 

Let P be the point of contact with the face opposite to u4, and 
let R be the radius of the sphere, its centre ; with centre D let 
a spherical triangle be drawn whose angular points a\ b\ d arc in 
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the edges DA^ DB^ DC] DO will pass through the centre of the 
circle inscribed in a'b'c\ whose radius is p, where tSLup^BIDPz 
by Art. 588 r = DP* ; if, then, a, )8, 7 be the angles of the solia 
angle 2), and 2^ = a + ^8 + 7, 

tan p Vsin« = Vfsin {s - a) sin [s - /3) sin (« — 7)} ; 

/. r sin {s - a) sin {s — /S) sin (« - 7) = 5* sin 5, similarly for Z, tw, «. 

592. General tangential equation of a sphere. 

Let x^ y, £;, t^^ be the tetrahedral coordinates of the centre of 
the sphere, B its radius, pj q^ r, s the point coordinates of any 
tangent plane of the sphere; then, by Arts. 109 and 112, 

xp-i-yq-i- zr + w8=±B] 
also, by Art. 112, 

//Po'+2V?o'+--2cos(^Z>)jr/j,r,-...= l; 

hence, in a homogeneous form, the required equation is 

{xp + i/q-^zr + wsf = jK* [p^lp^ +...- 2 co%[AD) qrjq^r^ -...). 

593. Tangential eqtuztion of a sphere touching the faces of the 
fundamental tetrahedron. 

For the inscribed sphere the tetrahedral coordinates of the centre 
are BJp^^ ^liti ^/^o» -^/*o5 therefore the equation reduces to 

QO^*\{AD)qrjq^r^-^...+ co^*\{BG)pslp^8^-\-...= Q. 

For the escribed sphere touching ABGj we must write — B/s^ 
for Bjs^^ and the equation becomes 

cos*i (AD) qrjq^r^ +. . .- sin'J {BG)pslp^8^ -. . .= 0. 

If p', ^', /, «' be the coordinates of any tangent plane to these 

spheres p/i?o + 2^/2o + *'7^o±?7*o'"'j *"^4 ^^^ equation of the 
point of contact with the inscribea sphere will be 

{co8'KCi?)27?o + cos'i (52))r7r,+ co8'i(5C7)//5jj7/;7„+...= 0. 

There will also be three spheres which touch two faces on the 
side of their subtending angles, and two on the opposite sides, the 
equations are found by writing two of the tetrahearal coordinates 
■fi/i^oJ -S/2oi &^- negative. 

594. The tangential equation of any surface is the equation^ 
referred to tetrahedral coordinates^ of the reciprocal of that surface 
vnih respect to the surface a;* + y* + a'' + w?' = 0. 

Let p, g', r, s be the four-point coordinates of a tangent plane 
to a surface whose equation is F{x^ y, 2, t^) = in tetrahedral coor- 
^nates, (a?'', y", «", w') being the point of contact ; 

px + qy-^rz + sw^-O 
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18 therefore the equation of the tangent plane, and p^ j, r, a are 
determined by 

But if (a/, y\ z\ vf) be the pole of that plane with respect to 
aj* + y' + a' + tt?' = 0, the equation of the plane will be 

^X'\-y'y-\-z'Z'\'V)V)^% whence x' \F' {x")^y' \F' {y")^...\ 

hence, by eliminating a;", y'\ z'\ w'\ we obtain the equation of the 
reciprocal of the given surface {x\ y', z\ w') =? 0, as well as the 
tangential equation of the given surface <t>{p^ q^T^8)^0 since the 
elimination is the same. ' 

Hence, if any proposition with respect to surfaces be proved by 
the use of tetrahedral coordinates, the reciprocal proposition may 
be deduced from a different interpretation of the same equations, 
namely, by considering them throughout as relations between the 
point coordinates of the tangent planes, i,e, as the tangential 
equations of surfaces. 



XLI. 

(1) Froye that the equations of two conicoids cannot both be obtained in 
the form of Art 569, if they have a common generating line. 

(2) Two conicoids, each of which has plane contact with a third, intersect 
each other in plane curves. 

(3) If three' conicoids have a common plane section, the other planes in 
which, taken two and two, they intersect will meet in one straight line. 

(4) If A, B, C, D be the vertices of the four cones of the second degree, 
which can be described through the curve of intersection of two conicoids, the 
triangle BCD will be a conjugate triad of the section made by its plane of the 
cone whose vertex is A. 

(5) The number of paraboloids, which can be drawn through eight given 
points, is, in general, three. 

(6) A cluster of conicoids have a common curve, shew that the polars of a 
fixed line lie in a hyperboloid of one sheet. 

(7) Shew that a sphere can be described touching the edges a, a'; h, h' ; 
c, c' of a« tetrahedron, if a "^ a^ = h "th' = c t, &, the ambiguities being inde- 
pendent. 

(8) If of eight given points six lie by threes on two non-intersecting 
straight lines, shew that no cones can be described through the eight pomts; 
but that there is an infinite number of points, lying on two straight lines, 
which have their polar planes, with respect to any conicoid contaming the 
eight points, fixed. 

(9) Shew that only one conicoid can be described containing two given 
non-intersecting straight lines, and touching three given planes. 
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XLII. 

(1) Four eones of the second degree can be drawn, each containing the 
locus of the centre of a conicoid passing through eight giTen points; and 
having their vertices coincident with the vertices of the cones on which lie the 
eight given points. 

(2) If of seven given points six lie by threes on two non-Intersecting 
straight lines, shew that the remaining line of intersection of anj two para- 
boloids passing through the seven points will be a fixed straight line al 
infinity. 

(3) If a conicoid be described containing the edges AB, BC, CD of a 
tetrahedron, the pole of the plane bisecting the edges AB, CD^ A C, BD will 
lie on the plane bisecting the edges AB, CD^ AD, BC. 

(4) From the form U^L* deduce that when two conicoids have plane 
contact, the tangent plane at the umbilic of one cuts the other in a conic of 
which the umbiuo is a focus. 

(5) The equation of a conicoid referred to tetrahedral coordinates is 

flx* + 6y* + c«* + du^ + 2a yz + 2b'zx + 2c'*y + 2o"aw + 2b"yw + 2c'zto = 0; 

shew that, if the conicoid break up into two planes, their line of intersection 
meets the plane u? « 0, where x/{bc - a*) = y/{a'b' - ctf) = z/{a'if - hb*), 

(6) When a system of conicoids passes through seven arbitrarily chosen 
points, shew that there is no point such that its polar with respect to each 
of the conicoids is a fixed plane. But, if the seven points be such that the 
polar plane of a point A will be fixed for all the conicoids, the seven points 
must he on four straight lines passing through A, 

(7) Prove that if a sphere can be inscribed so as to touch all the edges 
of the fundamental tetrahedron internally, the three lines joining the points of 
contact with the opposite edges will be concurrent 

(8) The conicoid te* + my* + n«' + rw?* » will be b, paraboloid if 

/■* + m"* 4 n"* + r~* = 0, 

and will be elliptic or hyperbolic as Imnr is negative or positive. If this 
condition be satisfied, and a, b, e be the middle points of DA^ DB, DC, 
of, b'f d of BC, CA, ABt the paraboloid will touch the planes b'&a, (fa'b, a'b'e, 
and also the planes bcb'd, cac'a% aba'b' ; and the points of contact of the former 
will be the angular points of a tetrahedron whose faces will intersect the corre- 
sponding faces of ABCD in four lines lying in one plane; and this plane will 
pass through the points of contact of the latter three planes. 

(9) Shew that four conicoids can in general be described passing through 
five points in one plane, two other given points not in that plane, and touching 
two given planes. 



XLin. 

(1) Find the twelve centres of similarity of the sphere inscribed in the 
fundamental tetrahedron and of the three escribed spheres opposite the angles 
A, Bf C of the tetrahedron, shew that they lie by sixes on eight planes. 

(2) Shew that the square of the distance between the centres of the spheres 
inscribed in and circumscribed about the fundamental tetrahedron is 

JK-* - J2« {a*/q,r, + a'*/p,8, + b'/r^p, +. . .), 

where B, B! are the radii of the two spheres. 
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(3) Shew that eight conicoids can in general be described touching three 
given planes, and passing through four given points, the intersections of the 
tangent planes at each of which with the corresponding planes containing 
the points lie in one plane. 

(4) If a tetrahedron be self-conjugate with respect to a sphere, shew that 
the opposite edges are, two and two, at right angles ; and that all the plane 
angles containing one of the solid angles must be obtuse. Shew that this 
angular point will lie within the sphere, and the three others without, and 
determine the radius of the sphere. 

(5) Prove that, in general, one conicoid can be described, which is self- 
conjugate witji respect to one given tetrahedron, and also with respect to 
another of which tnree angular points are given. Shew also that the fourth 
angular point of the second tetrahedron cannot be in an arbitrary position. 

(6) If two conicoids be so related that a tetrahedron can be drawn, whose 
faces touch one of the conicoids, and two pairs of whose opposite edges lie on 
the other, an infinite number of tetrahedrons can be so drawn. 

(7) If Zj:* + my*+«2* + ni?«^0 and ?V + wi'y* + «V + r'w^ = be two coni- 
coids related as in the last problem, prove that a similar relation wHl exist 
between the conicoids 

Xtx? + my + nV + r'lo* = and .V^x^jl + m'^y^/m + n**^/n + t^to^/r = 0. 

(8) Prove that two tetrahedrons may be inscribed in the conicoid 
hfl + my* + n^ + rw^ ~ 0, having their faces parallel to the faces of the funda- 
mental tetrahedron, provided that (/ + m + n + r) (/"* + rn^ + n'^ + r"*) < 4. 

(9) Shew that with the notation of Art 568 8 » will vanish when it is 
possible to find a tetrahedron self-conjugate with regard to V whose faces 
touch U, 



(10) Two conicoids have two common generators of the same system, which 
opposite edges of a tetrahedron, one of " 
lies on each of the conicoids, shew that 8 



are opposite edges of a tetrahedron, one of the remaining pair of opposite edges 

e = 0, 6^ = and ** = 4AA'. 



KK 
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TOBTUOXTS CTTEVBS, CUBVATTJBB. TOETUOSITT. 

595. We have already shewn that curves may be considered as 
the complete or partial intersection of surfaces, out in the investi- 
gation of the equations of tangents, osculating planes, &c., we shall 
also look upon a curve as the locus of points which satisfy more 
general laws, the algebraical statement of which assumes the form 
of equations between the coordinates of any point of the curve and 
variable parameters, the number of equations being two more than 
the number of parameters. 

Instances of the latter mode of representation of a curve occur 
in dynamical problems, in which the curve is defined by equations 
between the coordinates of the position of a particle and the time of 
its arrival at that position. 

If the parameters were eliminated from the equations connecting 
the coordinates and parameters, the result would be two final 
equations which would be the equations of two surfaces whose 
complete or partial intersections would be the curve in question. 

596, If the coordinates of any point on a curve can be 
expressed as functions of a single parameter t, so that for each value 
of t there is a single value of each coordinate, the curve is called 
unicuraaL 

697. As an example of an unicoraai curre, we may take the helix, whieh 
if generated by the uniform motion of a point along a generating line of 
a right cylinder as the generating line revolves with uniform angular velocity 
about the axis of the cylinder. 

If we take the axis for the axis of z, and the axis of x through the generating 
point at any initial time, the angle through which the generating line has 
revolved when the point has moved through a space z on the generating line, 
we have for the coordinates of the point, a being the radius of the cylinder, 
x = a COB Of y^asinOf z^na0\ here 6 is the variable parameter, and the 
curve is the intersection of the surfaces «* + y* = a*, and y ^ xXah (z/na), 

598. In order to explain the terms employed in the examination 
of curves which are not plane, we shall consider such curves as the 
limits of polygons whose sides are indefinitely small; and we 
observe that the plane which contains any two consecutive sides o£ 
the polygon of which the curve is the limit does not generally 
contain the next side ; the property, that the plane in which the 
curvature is taking place at any point changes as the point changes, 
is represented by calling the curve tortuous and the measure of the 
corresponding property tortuosity^ 
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599. Osculating Plane. The plane containing two sides of the 
polygon of which i^ tortuous curve is the limit is in its ultimate 
position an osculating plane of the curve. 

600. Normal Plane. Any side of the polygon in its limiting 
position is, when produced, a tangent to the curve, and a plane 
drawn perpendicular to the tangent through the point of contact is a 
normal planej being the locus of all the normals at the point. 

601. Principal Normal. The particular normal which lies in the 
osculating plane is called the principal normaL 

602. BinormaL The normal which is perpendicular to the 
osculating plane is called the binormal^ being perpendicular to two 
elements of the curve. 

603. Polar Developable. Let an equilateral polygon be inscribed 
in a curve, of which consecutive sides are PQj QBj B8j 8Tj and 
let p^ 2, r, s be the middle points of these sides. 

Let Aapy Bbq^ Ccr be planes perpendicular to these sides, forming 
the polygon ABOD by their intersections. 

If the sides PQ^ QB^ ... be diminished indefinitely, their 
directions are ultimately those of taneents to the curve, the planes 
Aapy Bbq. ... are ultimately normal planes to the curve, the planes 
P(jB^ QliSj ... are osculating planes, and the surface generated by 
the plaiie elements Aabj Bbc^ Ccd^ ... is ultimately the developable 
surface enveloped by the normal planes of the curve, of which 
ABCD ... is ultimately the edge of regression. 

The developable surface enveloped by the normal planes was 
called by Monge the Polar Developable. 

604. Circle of Curvature. A circle can be described containing 
the points P, Q, jB ; when the sides are indefinitely diminished, this 
circle lies in the osculating plane, and its curvature may be taken 
as the measure of curvature of the curve in the osculating plane. 
Let the plane PQB meet Aa in Z7, and let pU^ qUhe joined; then 
since PQ is perpendicular to the plane Apa^ it is perpendicular to 
pU] similarly QB is perpendicular to qU'y U is therefore the centre 
of the circle through PQB. Therefore the centre of the circle of 
curvature is the point of intersection of two consecutive normal 
planes and the osculating plane. 

605. Polar Line, Draw pa^ qa to any point in Aa^ then, since 
Pp s Qp^ a is equally distant from P and Q, and similarly from Q 
and jB, and therefore from every point in the circle of curvature. 
The line of intersection of two consecutive normal planes is called 
by Monge the Polar Line. 

606. Angle of Contingence. The angle p Uq^ which is equal to 
the angle between the two consecutive sides PQ^ QB of the polygon, 
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Is ultimately eqaal to tbe angle between two consecutive tangents, 
and Is called the angle of contingence. 

607. Sphere of Curvature. Any point in Aa Is equally distant 
from Py Q and R ; also any point in Bb is equally distant from Q, R 
and 8\ therefore their point of intersection is equally distant from 
the four points P, Q^ iB, 8. 

Hence, it follows that a sphere can be described whose centre 
18 B^ and which contains the four points P, Q, i?, S, this sphere is 
ultimately the sphere which has the closest possible contact with 
the curve, since no sphere can be made to pass through more than 
four arbitrary points, it is therefore ' called the sphere of curvature ; 
the locus of its centre is the edge of regression of the polar 
developable. 

608. Evolutes. If a be any point in the intersection of the 
planes normal to PQ, QR^ at their middle points p^ j, ap and aq 
will be equal and it is clear that they will also make equal 
angles with Aa, Produce qa to meet Bb in &; then a strmg, 
placed In the position bap^ would remain in that position if subject 
to tension, since the tensions of the portions a&, ap resolved parallel 
to Aa would be equal, and, If its extremity were then moved from 
jK? to J it would occupy the position bag. Similarly, If rb be 
produced to c in Oc, and if ac be produced to d in Dd. If we 
proceed to the limit, It follows that a string may be stretched upon 
the polar developable in such a manner that the free end, starting 
from any point in the curve, would describe the curve, if the string 
were unwrapped from the surface so that the part In contact with 
the surface remained stationary. The portion in contact lies on a 
curve called the evoltUe. 

Also, since the position of the line pa Is arbitrary, the curve 
which is the limit of a, b^c, dj... will change its position according 
to the position of a, hence the number of evoiutes is Infinite. 

609. Locus of Centres of Circular Curvature not an Evolute, 
Since qUvfiW not, If produced, pass through F, because jZ7and gV 
Include an angle in the same normal plane, the locus of the centres 
of circular curvature is not one of the evoiutes. 

610. Angle of Torsion. The plane jpZZfl' perpendicular xo AUa 
contains the sides PQ, QR^ and the plane q Vr perpendicular to BVb 
contains the sides QR^ RS, and, since qV^qV are perpendicular to 
the line of intersection QR of the two planes, the angle C^FIs 
their angle of inclination. 

This angle, which is ultimately the angle between consecutive 
osculating planes, is called the angle of torsion. 

Also, since a circle goes round BVUq^ the angles UqV B.nA UBV 
are equal, and the angle of torsion of the curve PQRy..^.. Is equal 
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to the angle of contlngence of the edge of regression of the polar 
developable. 

611. Rectifying Developable. If through every point of a curve 
a plane be drawn perpendicular to the corresponding principal 
normal, these planes will envelope a torse on which the curve will 
be a geodesic line, since its osculating plane will contain the normal 
to the surface at every point, as will be shewn in the chapter on 
geodesies ; if, therefore, the torse be developed into a plane, the 
curve will be developed into a straight line. On account of this 
property the torse is called the rectifying developable. 

612. Rectifying Line. The line of intersection of two con- 
secutive planes, enveloping the rectifying developable, is called the 
rectifying line for any point of the curve, being the line about which 
the curve must turn at that point in order to become straight, when 
the torse is developed into a plane. 

It may be observed that the rectifying line is not generally 
coincident with the binormal, which is the normal perpendicular to 
the osculating plane. 

In the figure at p. 251 the surface whose edge of regression is the limit of 
ABC.,^ is the rectifying surface to the curve which is the limit of ahc,.., 
Aa is the rectifying line at a, and the hinormal does not coincide with the 
rectifying line unless pa be perpendicular to Aa^ or a be the centre of curvature J 
of the involute of ahc, ... 

613. If the polygon PQR8... were transformed into a plane 
polygon by turning the portion QR8T... through the angle of 
torsion Fj 17 about Q£, and the portion RST... about JB/S^ through 
the corresponding angle of torsion, any side ST in the new 
position in the plane of PQR would be inclined to FQ at an angle 
equal to the sum of the inclinations of the sides taken in order, 
and estimated in the same direction. 

Proceeding to the limit, we see that if, as a point moves along a 
tortuous curve, at every position which the point assumes the curve 
be turned about the tangent line through tne angle of torsion, the 
curve will be replaced by a plane curve, such that the inclination of 
the tangents at the starting point and any other point will be the 
sum of all the angles of contingence ; if, therefore, e be taken for 
the angle between the tangents in the plane curve, dz will be the 
angle of contingence corresponding to the extremity of the arc 
traversed by the moving point. 

614. Rate of Torsion. The rate per unit of length of arc at 
which the osculating plane twists about the tangent line at any 
point, called the rate of torsion^ is measured by the limit of the ratio 
of the angle of torsion to the arc at the extremities of which the 
osculating planes are taken. 

If, aa we pass from FQ to QRj see figure, p. 251, QR be turned 
in the plane FQR so that FQR is a straight line, and the plane QR8 
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be then tarned through the angle VqU^ the process being repeated 
along the whole of a given arc, the perimeter will become rectified, 
and the inclination of the last to the first position of the plane 
containing two elements will be the sum of all angles such as Fj {7 
between the extremities of the arc so rectified. 

Froceedine to the limit, it follows that, if osculating planes be 
taken along the curve, and the elements of the arc be rectified in 
each osculating plane in order, the angle between the first and final 
positions of the osculating plane when the curve is so rectified will 
DC the sum of the angles of torsion throughout the arc. 

If, therefore, r be this angle, dr will be the angle of torsion, 
corresponding to the point at which the last osculating plane is 
drawn. 

615. Integral and Average Curvature.^ The integral curvature 
of any portion of a curve is the angle through which the tangent 
will have turned as we pass from one extremity to the other, the 
average curvature is its whole curvature divided by its length. 

Let a sphere of unit radius have its centre at a fixed point, and 
let radii be drawn parallel to the tangents to the curve at successive 
points, the leneth of the curve traced on the sphere by the 
extremities of the radii measures the integral curvature of the 
portion of the curve considered, and the average curvature is the 
mtegral curvature divided by the length of the curve. 

616. Integral and Average Tortuosity. These are respectively 
the angle through which the osculating plane has turned in passing 
from end to end of any portion of a curve,' and this angle divided 
by the length of the arc considered. 

On the sphere discussed in the last article let a curve be described 
by the poles of the great circles which are tangents to the curve 
which measures the integral curvature, the length of this curve 
measures the integral tortuosity, and this lengtn divided by the 
length of the arc of the tortuous curve the average tortuosity. 

Tangents, 

617. Tangent to a curve at a given point 

Let «, 5 + A« be the lengths measured along the arc of a curve 
from a given point to the points F and Q, whose coordinates are 
0?, y, z and x •+• Aa?, y + Ay, z •+• A«, and let c = chord FQ, 

As Q approaches to and ultimately coincides with P, the chord 
FQ and arc As become equal, FQ is the direction of the tangent 
at P, and the direction cosines of FQj viz. Axjcj Aylcj Azjc 
become ultimately dxjds^ dyjdsj dzjds, 

♦ Thomson and Tait, Nat, Phil Art. 12. 
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The equations of the tangent are therefore 

{S-x)/dx = [v-y)ldy^{i-'z)ldz. 

Alao since c* = ( Aaj)* + (Ay)* + (A«)*, 

{dsy={dxy^(dyY^[dz)\ 

u Let the equations of the curve be given in terms of a variable 
parameter 0^ in the form 

then dxzdyidz^ 0' {0) : ^' {0) : x' (^), 
and the equations of the tangent at a point corresponding to are 

(f-x)/^_^(d)=(,-y)/t'W = (r-«)/x'W- 
ii. Let the equations be those of surfaces containing the curve 
i^(^^,?) = 0,andGr(f,i7,?) = 0. 
Then, at any point P of the curve^ 

i<" (a?) db +i<" (y) rfy + ^' («)(& = 0, 

and G'{ic)dx + ff{y)dy-\'G'{z)dz^O] 

whence the equations of the tangent PQ maj be written 

r (X) (f -x)-^r (y) iv^y) + r (z) (?- z) = 0, 

and G^'(a:)(f-a:)+G'(y)(i7-.y)+ff'(i.)(?-ie^) = 0, 

which equations represent analytically the fact that the tangent to 
the curve lies in the tangent plane to each surface at the common 
point P. 

iii. If the surfaces, the intersection of which gives the curve, be 
cylindrical surfaces whose sides are parallel to the two axes of z and 
y, and their equations be fy=/(f), ?=^(f), the equations of the 
tangent will be 17 - y =/' {x) (f - a;), f - « « <^' (a?) (f - x). 

These equations are the analytical representation of the fact that 
the projections of the tangent to the curve on the coordinate planes 
of icy^ zx are the tangents to the respective projections of the curve, 
which is obviously true, since the projections of P and Q have 
their ultimate coincidence simultaneously with that of P and Q, 

618. To find the directions of the "branches of the curve of inters 
section of two surfaces at a multiple point of the curve. 
The equations of the surfaces bemg 

^(f,^,?) = 0, and (y(f,i;,f) = o, 

and {xj y, z) being a multiple point P on the curve, let 

(f-a:)/X=(i7-y)//i=(?-«)/F = r (1) 

be the equations of a line through P; the points in which this line 
meets the surfaces are given by the equations 



F(x-^\rj y^-^MT^ « + yr) = 



and G[x'\- Xr, y + i^r^ z + vr) 



»}- 
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there are an infinite number of directions which give two values 
of r equal to zero, since the curve has a multiple point at P; 
therefore the two equations 

\F' {x) + ii,F' (y) + vF [z) = 0, (2) 

and X G' [x) + iiG'[y)'^v O' [z] = 0, (3) 

must be one or both identically satisfied, or else they must not be 
independent equations. 

i. If only one of the equations (2) and (3) be identically satisfied ; 
suppose this to be (2), then (ar, y^ z) will be a multiple point on 
the surface F[^^ 17, ^) = 0; and, if this be a double point, the line 
(1) must be one of the tangents whose directions are given by 

and, since it lies in the tangent plane to G (|, 17, {^) = 0, the 
equations (3) and (4) give the directions of the two tangent lines, 
which are the intersections of the conical tangent to the first surface 
with the tangent plane to the second; and, similarly, for higher 
degrees of multiplicity. 

ii. If (2) and (3) be both identically satisfied, the line (1) will 
be in any of the directions of common tangents to i^(f, 17, ?) = 
and G (f, 17, f ) = ; the directions are, therefore, given by 






dy 

where a and t are the degrees of multiplicity of the multiple points 
of the two surfaces at (a;, y, z). 

iii. If neither (2) nor (3) be identically satisfied, but the two 
equations be identical so as to be satisfied by an infinite number 
of values o(\i fki v, there will be a surface AF-^ 5<? = 0, which 
will pass through the intersection of j^=0 and (7 = 0, for which 

U^j^fj,^^y^\ ( Jir+ BG)^0 wiU be identically satisfied, if 

^BIA be the value of the equal ratios F' {x)/ G (aj), F' ly)/G' (y), 
v.Ti^F'{z)lG'{z). 

In this case, therefore, \ : /^ : k is determined by one of the 
equations (2), (3), and 

If in any of these cases two values of \ : ft : f be equal, there 
will be either a point of osculation or a cusp on the curve. 
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619. As an example of case iii in the last Article, suppose we wish to find 
the directions of the tangents at the point (a, 0, 0) in the curve of intersection 
of the hyperboloid and hyperbolic paraboloid, whose equations are 

««/a« + y'/b* - s?/<^ = 1, and y*/l - 2«/r = 2 (« - a). 

At this point the surfaces have a common tangent plane, whose equation is 
dr = a; the third surface, on which (a, 0, 0) is a multiple point, is in this case 
the cone (« - a)* + (a*/ 6' + o / /) y* - (a* / c* + a / /' ) z* « 0, and the directions of 
the tangents to the curve are given by (a*/6" + a//)/i"-(a*/c" + a/^')»^ = 0, 
and X = 0. 

620. Normal plane of a curve at a given poinL 

The normal plane being perpendicular to the tangent to the 
curve, its equation is (f — a?) tto + (t; - y) rfy + (^- z) dz = 0. 

621. To find the edge of regression of the polar developable of a 
curve. 

The edge of regression is the locus of the intersection of three 
consecutive normal planes to the curve. 

The equation of the normal plane at [x^ y, z) is 

(f -a?) (& + (i?-y)rfy +({:-«)(& =0, (1) 

that of the normal plane at a consecutive point is found by writing 
in this equation x-k-dx for a;, &c., the line of intersection of the two 
normal planes will lie in the plane 

({:- x) ePoj + (i; - y) d'y + (?- z) d^z - [dx)' « (dy)^ - [dzf = 0. (2) 

Again, writing x-k- dx for a;, &c., we obtain a plane in which the 
line of intersection of the second and third normal planes lies, 

(i-x) cPxi-(7)^y)d!'y-\-{^-z)d^z-3 {dxd'z'\-dyd'y-^dzcPz)=Oj (3) 

and the coordinates of the point of the edge of regression satisfy 
these three equations. If we eliminate a;, y, z from the equations 
(1), (2), (3) and the equations of the curve, we shall obtain the two 
equations of the edge of regression. 

The line of which (1) and (2) are the equations is Monge's polar 
line, which is the axis of the osculating circle. 

The point given by the three equations (1), (2), (3) is the centre of 
spherical curvature corresponding to the point (», y, z) of the curve. 

622. To find the differential coefficient of ike arc referred ta 
polar coordinates. 

Transforming to polar coordinates 

a; = r sin d oos^ = p cos^^ 
y = r sin d sin ^ = p sin 0, 
« = r cos ^, /> = r sin ; 
hence if x' be written for dxfdO^ &c., 

/.fi'* = r'[ + r' + r'sin*5f\ 

LL 



258 OSCULATING PLANES. ' 

, The equation is easily obtained geometrically by observing that 

^ ultimately [AsY = (Ar)* + (r A^)» + (r sin ^A<^)'. 

Also, if p be the perpendicular from the pole upon the tangent, 
and '^ the angle between r and the tangent, ^ = r sin*^, 

and ^/ Ar s sec ^ ultimately, .*. [d$ldry = r*/ (r' — p*). 

Osculating Plane» 

623. Equation of the osculatinff plane. 

The osculating plane may be considered as the plane which 
passes through three consecutive points, whose coordinates are 
x^y^z] x-\- dx^ ... and x + 2dx + d*Xj .... 

Let the equation of the osculating plane be 

^(f-aj) + jB(fy-y)+O(f-«) = 0; .\ Adx-^Bdy^ Gdz^O, 

and A(2dx-^ cPx) -^ B{2dtf ^d'y) + C {2dz-\-€P^) = 0f 

or ^(?a? + -Btf'y + df^ = 0, 
hence the equation is 

<£r, Jy, dz s=0. 

It may be noted that the equations of the tangent and osculating 
plane are of the same form, whether the axes be rectangular or 
oblique. 

624. It should be observed with respect to the potation used 
above that if x^ y, z be supposed given as functions of tj and we 
take points corresponding to values t^t+r^ ^4- 2t, which is the 
same as making t the independent variable, the values of a; for < 4- t 
and t + 2T are 

dx d-xi^ , dx^ ePx(2T)' 

aiid if the first be written x + Ax^ the second will be 

05 + Aa; + A (a: + Ax) or a; f 2 Aa? + A^x ; 
hence if d he written for A, when r is indefinitely diminished| 

die *= -3- T and d^x = ^ "^ ultimately. 

695. As an exercise the student should find the equation of the osculating 
plane, considered as given by any of the following definitions : 

i. As a plane containing a tangent and a point indefinitely near the point 
of contact 

IL As a plane containing a tangent and parallel to a consecutive tangent. 

iii. As a plane which has a closer contact with the curve than any other plane. 

In employing the definition ii. he may shew that the shortest distance 
between the tangents at the extreffiity of imy arc i2s is generally of the order 
of d^. 
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626. Direction cosines of the binormal. 

The direction cosines of the binormal, which is perpendicnlar to 
the osculating plane^ are in the ratio 

dtfcPz — dzcPy : dz^x — dxcPz : dx^y — dyd'x^ 

and the sam of the squares of these expressions 

= {[dxy+{dy)'-\-[dzy} {{d'xY+{d'yy+{d'zy]-'[dxd'x+dyd'y-\-dzd^zY 

= {dsy [{d'xy + (d'yy + (d'z)^ - {dsd'sy, 

since {dsy = {dxY + {dyy + (&)», 
hence the direction cosines of the binormal are 
. . dyd'z-dz^y 

* ds {{d^xy + {d^yy + {d^zy -. [d^sy]^ » ^"^ 

If the pivot of the hands of a watch, with its face in the 
osculating plane, be 8app<)sed placed at the centre of curvature of 
the curve so that the extremities of the hands move in the direction 
in which ds is measured, the + sigp must be used, when the 
direction of the pivot is chosen as the positive direction of the 
binormal. In fact, if the pivot make an acute angle with the axis 
of a;, it is evident that, when s is measured in the direction of the 
motion of the hands, dzfdy will increase with «, and dydfz — dzdPy 
will be positive. 

627. To find ihe condition that an osculating plane may he 
stationary^ and that a curve whose equations are given may be plane. 

The condition that an osculating plane may be stationary, or that 
the osculating planes at two consecutive points on the curve may 
coincide, will oe satisfied for any point (a;, y, z)^ if the osculating 
plane at that point contain a fourth point, for which the value of x 
iEX + Bdx + d!rx + d^x. 

If we write this value and the corresponding values of y and z 
for f , ff and ^ in the equation of the osculatmg plane, we shall 
obtain the equation 

[dy d'z - dzd^y) cPx + (d»(?rB - dx^z) d^y^ [dxd^y - dyd^x) d^z^Q 

as the condition required. 

If this condition hold at every point of the curve, the curve will 
be plane, and the equation of its plane will be that of the osculating 
plane. 

628. When the curve is ^iven by means of the equations of 
two surfaces of which it is the mtersection, the calculations required 
for the determination of the osculating plane may be conveniently 
conducted as follows : 

629. To find ihe osculating plane of the curve of intersection of 
tvoo surfojces^ whose equations are given. 
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Let 4> (^1 y? «) = 0, 4>' (a?, y, «) = be the given equations, then, 
using the notation of Art. 461, 

Udx+ Vdy+ Wdz=^0^ U'dx+ V'dy+ TT'rf^^O. 

U V W 
Let jD, Ej F denote the determinants ' y, ™, 

/. dxjD — dyjE= dzjF^^ k suppose, 
whence dJ'y =^hdE + Edk^ d'z = kdF-\-Fdk] 
/. dyd^Z'-dzd'y = k^(EdF^FdE), 
hence the equation of the osculating plane is 

{EdF^FdE){^^x)^...= 0. 

630. SqiMiion of the oscxdating planes in terms of the equations of the tangent 
planes to the surfaces. 

Employing the notation of the preceding article, we see that 

:. UdD + VdE + WdF->, BdV\ EdV+ FdW= 0, 

and ac/ = dx -r--¥dy j-^ + dz -=-~ 
dx dy d% 

if r denote the operation in the brackets, in the performance of which D, E, F 
are considered constant; 

.-. DdU-^EdV^FdW^kP'(4>\ 

hence UdD^ VdE^ WdF^-kT^(<P\ 

similarly U'dD + VdE + WdF^ - kV (0') ; 

/. EdF' FdE = A; { irr« (00 - U'l* (<f>)}, 

and the equation of the osculating plane becomes 

631. To find the osculating plane of the intersection of two concentric and 
coaxial eotiicoids. 

Let the equations be aa:' + Jy* + (»■ = 1, and ««• + fig* + 7s* = 1, (1 ) 

D^4i(Jy^-cp)yz^Ayz, E=Bzx, F= Cxy, 

EdF-FdE^ E^d (F/E) = JBC^x'd{y/z) 

«JBCa^ (zdy - ydz) « kBCs^ (Ez - Fy), 

and by (1) JSs - 2^ = 4 (« - o)a?; 

/. EdF-FdE=AkBcla-a)x\ 

and the equation of the osculating plane is 

-4-»(a-a)ar'(f-a:) + ^Hi3-ft)y'(i-y)+C-H7-c)«'(S-«) = 0, Art 629, 

which may be reduced to 

BC .^ CA . AB ^ / ^ 

+ 1=0. 



632. Or, by the method of Art. 630, since ir'(0) = i>'a f ^•6 + J^^'c, the 
equation may be written 

(D»a + i5«^ + if^7)(aar£ + 6yi, + cs5-l)-(2>»fl + j&*6 + i^c)(aa:E + /3y»J + 7zr-l)=0, 

and the coefficient of ^ = J (^*C- F^B) x 

= lBC[Ez - Fy) s^=BC{a - a) «», as before. 
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633. Tojind the condition for a stationary osculating plane of the curve of 
intersection of two surfaces. 

The equation of an osculating plane is 

the line of intersection of this plane with the next conseoutiye osculating plane 
is in the plane 

(JEd*F-Fd'E)(B-x)^,..-(EdF-FdE)dx-..,^0', 

the last three terms are identically sero, since dx = kD, and in order that the 
two osculating planes should coincide, 

Ed^F-FtPE Fd'D - Dd'F Dd^E-Ed^D 
EdF-FdE " FdD-BdF ° DdE-EdD ' 

which are clearly equiyalent to one distinct equation ; and each of the fractions 

,^ d'l)[Ed'F'Fd'E)^,„ ^. ♦ r u. u -1. 

18 equal to ^^ „,„ — „.r, . » the numerator of which vanishes: 

^ d^Bi^EdF- FdE )-^,,. ' 

.-. d'I)(EdF-FdE)^...r.O. 

Principal Normal. 

634. To find the equationa of the principal normal at any paint 
of a curve. 

In this and the following articles, where $ is the independent 
variable, x\ y\ z* and a", y", a" will be written for the nrst and 
second differential coeflScients of x^ y, z. 

The principal normal is in the osculating plane and perpendicular 
to the tangent, it is therefore perpendicular to two lines whose 
direction-cosines are respectively proportional to y '«"— «y', «V— a:V,« 
x'y" ^yx'\ and x\ y\ z . But iaenticallj, 

a" (y'«" - zY) + y (« V - ajV) + a" (a:'/ - y V) = 0, 

and, since a:" + y " + a'* = 1 , a? V + fy* + «' V = ; 

therefore the direction-cosines of the principal normal are propor- 
tional to Qi\ y" and z'\ hence its equations are 

{i-x)ix"'={v-y)ly"<K-z)lz\ 

635. If from any point in a curve equal distances he measured along the 
curve and its tangent, the limiting position qf the line joining the extremiHes of 
these distances is the principal normal. 

From the point {x, y, z) let equal distances ^ be measured along the curve 
and the tangent to the points Q, T\ the coordinates of Q are 

X + «V + A (x" + «) <r", &c., . 
and those of T, x 4 xV, &c., < vanishing in the limit, llie equations of QT are 

(^-«-«v)/(a:"+.) = (»»-y-y<')/(y"+ *')=«-«-«'<')/(«"+«")? 

therefore the limiting position of QT is the principal normal. 

Cauchy proposed, as a definition of the principal normal at any point, the 
limiting position of the line joining the points on the curve and tangent, whose 
distances from the point of contact measured along the curve and tangent 
respectively are equal, by which means the definition was made independent of 
the osculating and normal planes. 
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Measure of Curvature* 

636. To find the radius of curvature at any point of a tortuous 
curve. 

The reciprocal of the radius of curvature is the measure of 
curvature, or the rate per unit of length at which the tangent to 
the curve changes Its direction. If p be the radius of curvature at 
a point P, and d& be the angle of contingence corresponding to the 
arc ds^ p^^dsjdB. 

Draw Opy Oq of unit length through the origin parallel to 
the tangents at F and Q^the extremities of the arc ds^ join pqi then, 
since the plane j^O^ is parallel to the osculating ^lane, pq^ wnich is 
ultimately perpendicular to Opj is parallel to the principal normal. 

The coordinates of p are x^ y'y z\ and those of q are ultimately 
sc' + (&', y + rfy', «' + cfc' ; 

/, jpj* = [dxy + {dyy + (&')*, and pq = Je ultimately ; 

/. />'* = jr"*+y"' + «"', and the direction cosines of the binormal 
are p [y'z" — »'y"), &c. 

637. The direction of the radius of curvature and the coordi- 
nates of the centre of curvature may be found by projections as 
follows : — Since pq is ultimately in the direction of the radius of 
curvature, let Z, ?n, n be its direction->cosines ; project OpqO on the 
axis of a; /. aj'+We— (aj' + c&r')=0; .•. l=ix"dsld&=^x"p^ and 
similarly for m and n. Also, if (7 be the centre of curvature at P, 
the projection of OPO on Oa? = a; + Zp = a + />V', hence the coordi- 
nates of C7 are oj + p V, y + p V'» * + /?*^"* 

638. The student should, as an exercise, find the radius and 
centre of curvature, when the latter is considered as the point of 
intersection of two consecutive normal planes and the osculating 
plane. 

Measure of Tortuosity, 

639. To find the measure of tortuosity of a tortuous curve. 

Let Z, m, n and l + dl^m-{- dm^ n + (Z» be the direction cosines of 
the binormals at two points P, Q, whose distance along the curve 
is ds. Draw unit lengths Op^ Oq parallel to the two binormals, 
pq^dr is the angle between the osculating planes, and drlds^ the 
rate at which the osculating plane turns round the tangent line per 
unit of arc, is the measure required, which we shall call o-~\ Now, 
since the coordinates of p and q are Z, m, n and Z+{fZ, m4 dm^ 
n + cZw, p^ = {diy + {drny + [dn^ ; /. o-"* = ?• + an" + n'% where 
Z = p {y'z — z'y") &c. a is sometimes called the radius of torsion 
at P, out it is better to look upon a'^ as the measure of tortuosity. 
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640. The measure of tortuosity may be expressed in another form. 

Since l:m :m: X: Y: Z, where X= dyd*% - dzd^y, and similar expressions 
for r and Z, 

Idx + mdy + nd» - 0» Wx i md^y 4 ndh = ; 

,'. dldx-^dmdy-{dndz = Of and dU -i- dm.m -j- dnM = ; "~ 

dl dm dn _ dld*x -^dmd\/-\- dn dh 

,\ mdz-ndy ndx-ldz Idy-mdx IXTrnWnZ 

Id'x + mdh/ ^ ndh Xd^x + Td^y 4 Zdh 

IX^mY^nZ " XU Y'\ Z* ' 

and (ffi<&- »cfy)"+...= (i» + in«+nO{(<iic)* + (^y)* + (&)*}- (/<fo4...)'=rf«"; 

1 Xd^x 4 Yd'y ■¥ Zdh 

If there be no tortuosity, or the curve be plane, Xd*x + Yd*y + Zdh s at 
every point of the curve, as in Art. 627. 

Geometrical Interpretations. 

641. Saint Venant observes* that^ if we take three consecutive 
points P, Qj R for which ^^x^x-i-dx^ x + 2dx + d*x respectively, 
the projections of PQ^ QB upon the axis of x will be dx^ dx-^dPx] 
and if the parallelogram PQRM be completed, by projecting the 
sides of the trianele PQMm order, sinoc> PM^ QR^ we shall have 
ciii; + projection of ^Jf— (da; + rf*a?) = 0; therefore d?x is the pro- 
jection of QM. 

642. In the general case, if a figure be drawn in which dx^ d'x^ 
dyj d^y^ are all positive, the prqiection of twice the triangle PQM 
on the plane of xy will be easily seen to be 

dxd^y + dydx — dy {dx + d^x) = dxd^y — dyd^x. 

Again, if Mm be drawn perpendicular to PQ, PQ^da^ and 
ultimately mQ= QR-PQ^^d's] 

:. Mm' = QM' - Qm' = [d^x)' + [d^yY + (<?«)» - (c?«)', . ^* 

and i-limit of ^^V = (<^-^)' •^- ( A)' + (^^)' - (^^)' 
and ^ - limit ot ^^^, j j^. 

If we make 5 the independent variable, this implies that 
QR » PQ^ in which case QM will bisect the angle PQR and be 
ultimately in the direction of the principal normal, the direction 
cosines of which will be as d'x : d'^y : d'z. 

The radius of the circle circumscribing the triangle PQR will be 
P^l QM] hence, if /> be the radius of curvature, />"*=3»'"+y"*+«'". 

. 643. Osculating plane, bmarmal and curvcUureof the helix. 
In the case of the. helix, Art. 597, 

dx^-a unedO, d'x^-a cos^ {dOy 

dy^ acos0d0, d'y ^ - a siae {d0)\ 

dz = nadO, d'z = Q; 

■ 

• Journal de V Ecok Pol, vol. 18, 
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dyd^ - dztTy = na* sinO {dOf, 

dzcTx -(lxd'z = ' na* C09O {d0)\ 

dxd^y-dyd'x^ a*{d0yi 

hence the equation of the osculating plane is 

{f-a?)(M8in(?)+(n-y)(-fico?0) + £-8 = 0, or n(fy- w)f a(J-«) = 0. 

This plane contains the point (0, 0, t), and therefore the radius of the cylinder 
which passes through the point (x, y, s), and this radius is the principal normal. 

The direction cosines of the hinormal will be sin a sin d, - sin a cos d, 
and cos a, if a>tan'''n be the pitch of the screw. 

The measures of curvature and tortuosity are respectively cos'a/a and 
sin a cosa/a. 

644. To find the radius of curvature of a curve which is the intersection of 
two surfaces whose equations are given ; and to express it in terms of the radii 
of curvature of the normal sections of the two surfaces and the angle between 
them, the plane of each section containing the tangent to the curve. 

Employing the same notation as in Arts. 629, 630, and 640. 

X= dydh - dzd'y = A" (EdF- FdE) = 1^{UT* {<p') - U'r^(4>% 
and if p be the radius of curvature, 

(cf«)7/>« = 2:*-fr«+z«=Aj»[(r;»+F»+7F'){r« (</,')}• 

- 2 ( I7J7' + VV + WW) r (<^) r« (<^') 4 ( r7'« + F'* + W*) {T* (4»)}*], 

and ((foy = *" (D" + -B" + JP«) ; 

Li't w be the angle between the tangent planes to the surfaces at (x, y, s), 
and'jetP*=C/^4F»+fr«; 

.-. UU' + VV + WW E PP' cos w, and 2)« + ^« + J^ = P'P* sinV; 

. 1 ■P'fr«(0O}«-2PFcosio.r'(r).r«(0)4P'«{r«(0)}« 

••/>»" P'P^ sin'o; (i>« + JE;* 4 P«/ • ^ ' 

As an example of the use of the preceding formulse, we shall obtain the 
radii of curvature r, r' of the normal sections by replacing the equation of the 
surface <p'-0 by the equation 0'i = ^4my 4f<z-jp~0 of a normal plane; in 
which case, if i)i, JEj, P„ Tj be the corresponding values of 2>, E^ P, r, 
Tj' (</>',) = 0, and, since the normal plane contains the tangent to the curve, 

JD, i E^i F^--dx I dy I dz^ D i E I Fi 

hence, since (v = ^tt, we obtain from (1) 

r*" F" (D* 4 E* 4 F*f P« (2)» 4 ^" 4 ly ' 

1 1/11 2C08W\ 

whence -^ = -r-^- -^ + r^ 7- , 

p* sinWr" r* rr' J 

a result which will be obtained in the next chapter by Meunier's theorem. 

645. To find the vertical angle of the osculating cone of a curve. 

Let pOo, qPp, rQq be three consecutive planes which become ultimately 
the osculating planes of a curve OPQR : these planes intersect in P. 

Take P as the vertex of a circular cone which touches each of the planes, 
this cone is, in the limit, the osculating cone of the curve at P. Let PH be its 
axis, op, pq, qr the sections of the three planes made by a plane perpendicular 
to the axisi and t, u the points of contact with pq, qr. 
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Draw ^J7, uJET perpendicalar to the planes pP^, ^Qr; then the angle tHu 
will be the angle of torsion, and pPq the angle of continffence, and we shall 
have d'r = 2qt/Ht and dt-2qt/Pt ultimately; therefore, if 2^ be the yerticai 
angle of the cone, taai^-St/Pt = d»/dT = v/p. 

646. The rectifying line is the axis of the osculating cone at any 
point of the curve. 

For each of the planes through the tangent lines PQ^ QR 
perpendicular to the osculating planes ^P^, qQr ultimately contains 
the axis PH of the cone. 

647. To find the rate per unit of length at which the angle bettoeen 
principal normals increases. 

Let PQ^ rQB^ sES be the directions of the sides of a polygon 
which are ultimately tangents to a curve. 




In the planes PQr^ rRf respectively draw QU^ QV perpen- 
dicular to rQR^ sRSj these are ultimately in the direction of 
consecutive principal normals. 

Draw QlI' in the plane rRs^ perpendicular to RQr^ so that 

MM 



266 



LOCUS OF CENTRES OP CURVATUEB. 



UQU' is the angle between the conBecutive osculating planes «=(fr| 
and U'QVvA the angle between consecutive tangents ^dz. 

Let dx be the angle between the lines QU^ QVj and let these 
lines and QU' meet a sphere of radius unity, whose centre is in Qj 
in Uy r, i7', the angle F?7'?7 is a right angle; therefore, ultimately, 

rn'^vu'*^u'u% or (rfx)*=W" +(&)•, 

dxids the rate per unit of length of the increase of the angle 
between principal normals is the reciprocal of what we shall call 
the radius of screw ; if k be this radius, «"* = &^ + p"*. 

It may be noticed that dr^dx^osyft and de^dx^i^'^^ which 
represents that the angular motion round the rectifying line, which 
is normal to the plane UQVj is the resultant of two angular 
motions round the tangent line and the binormal which produce 
the rectification. <^ 

648. To find the angle of contingeneef and the element qf th0 are, <^ the loeue 
of the centres ofcurpa^re of a given curve. 




Let QR, RS be sides of an equilateral polygon which are uldmately 
tangents to the giyen curve; let J? F be the intersection of planes perpendicular 
to QRf as through q, r their middle points ; BV is therefore ultimately a 
tangent to the edge of regression of the polar developable; let BU, CWhe the 
tangents preceding and succeeding B V, 

From q draw gU, y F' perpendicular to BU hJid ^BF", join rV, which will be 
perpendicular to BV, and draw rTF perpendicular to CW. 

If WV be produced to u7, UVw and UV will ultimately be the angle of 
contingence dt and element ds' required. 

Let B be the radius of spherical curvature s.t q, and <f> the angle which it 
makes with the polar line B U. Since circles can be circumscribed about the 
quadrilaterals BVUq, CWVr, 
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q FCTo qB U= <t>, and V£ U-^VqTJr:^ th, ultimately, 

also r r«7 = rC^= rCV^ VCW^ <^ + rf<^ + rfr, ultimately. 

With Fas centre and radius unity describe a sphere, and let 9', r', u, w be 
the projections of q, r, IT, ^ upon it, and draw ux perpendicular to r'to, then 
^I'^dk^ xr^^tt^^fpt ux = d*costp, and tot^ = tu^ i- xto^ ultimately; 

/. (dtj = (d« cos<^)« + (rf<^ + cir)'. 

By drawing a diameter through V to the circle S VVq, it is easily seen that 
rU=' It OR^VB^j and therefore that dg' « Bdr. 

649. To find the radius of spherical curvature. 
If in the figure BVUq^ UM be drawn perpendicnlar io QV^ ^ 
VM^ dp ultimately ; .\ [Rdry = (prfr)' + (<Zp)" ; 

.\ E* = p*-^a^{dplds)\ also -B(?tcos^= Fif=dp5 

therefore the distance between the centres of circular and spherical 
curvature = jS cos^ = dp/dr = a dp Ids, 

660. To^find expreMiionsfar the raditsi of eurtature of the edge of regreenan 
qf the polar deveUmahk of a eurw. 

These are readily obtained by a method suggested by Bouth,* which can 
be explained by the last figure. 

Considering the curve BCD, U and V are the feet of the perpendiculars 
from q on the tangents to the curve ; and substituting the corresponaing letters 
in the known plane formulie p + €l'p/d4f\ rdr/dpf we obtain two expressions 
for the radius of curvature of the edge of regression, yiz. p^-d^p/dr^ and 
RdR/dp. 

From the expression dp/d^ for the distance of the foot of the perpendicular 
from the point of contact, we obtain R cob^P ^ dp /dr^ asm Art. 649. ^ \'\^^ "^ 

It will repay the student to read the paper referred to. *^ , ^* 

651. To expand ike coordinates qf any point qf a curve in terms 1^" /- 
qf the arcj when the- axes of coordinates are the tangent^ principal f 
normal^ and binormal at the point from which the arc is measured. 

Let Ox be the tangent at Oj Oy the principal normal, Oz the 
binormal, the planes of yz^ zx. xy being the normal, rectifying, and 
osculating planes, and let s be the distance of a point (a:, y, z) 
from 0, measured along the arc. 

Then, at the origin, «'= 1, y'=0, 0'=O; pa5" = 0, py"=l, p«"=0, 
these quantities being the direction cosines of the tangent and 
principal normal. If a be the angle made by the tangent at 
\xj y^ z) with the tangent Ox^ oi s cosa ; 

,-, j6" = — a'* coaa - a" Bina= — p"* ; 

since at 0, da, is the uigle of contingence, and a ~ 0. 

Again, if ^ be the angle made by the principal normal at 
(ar, y, 0) with C/y, py"=^cos/3j ,\p'y" -^ py'" = ^ ff sin fi'^ therefore, 
at O, p7P + Py'"~^> ^^d if 7 be the angle made by the binormal 
at (a;, y, z) with the principal normal at the origin, 

p {z'x" — xz") = COS7 ; 

.-. p' {z'x" - aV) + p {z'x"' - x'z'") = - 7' sin 7 ; 

♦ Quarterly Journal, vol. vii, p. 42, 
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hence, at 0, p«'" = 7 8107 = 0-"^ since d^ is the angle of torsion; 
therefore, by Maclaurin's theorem, 

652. Ib^nd the angle between ttoo consecutive principal normals^ 
The direction cosines of the principal normal at (x, Vf ^)t & point near the 

igin, are as -s/p i I : s/<r, and the secant of the angle between this normal 
d that at the origin is V{1 +«'fp"* + 0}; therefore, the angle required is 

ultimately «-/(/?"* + o-"*) ; .'. k"* = ^"* + c"*, where « is the radius of screw, as 

in Art. 647. 

653. To find the shortest distance between tttfo eonseeiUive principal nornuth 
and its position. 

The equations of the principal normal at (x, y, z) are approximately 

-p(f-ir)=«(»i-y) = <r(J-a), 

and its shortest distance from the principal normal at the origin is the perpen- 
dicular distance from the origin of its projection upon the plane of 2ar, the 
equation of which is f> (£ - «) + o-^ = 0, hence the shortest distance is 

If the line on which the shortest distance lies meet the axis of y at a 
4% distance r from the origin, the equations of the line will be B/p = i/^ wid 
, ij = r, and this line will intersect the line - f> (f - «) = «»i = 0-5 ; 

.: {p-r)/r^P^/^, .-. £^-^=-^. 

Hence the shortest distance divides the radius of curvature into two segments 
which are in the duplicate ratio of the radii of curvature and torsion. 

654. To find the angle between the rectifying line and the tangent at 
any point, 

1 he tangent plane to the rectifying developable at any point contains the 
tangent and binormal, and its normal is the principal normal whose direction 
cosines are in the ratio -s/p :l : s/ •-, retaining only the principal terms. 

Therefore the rectifying line is the ultimate intersection of the planes n - 0*, 
and-«/>'* (f - «) + n - y + s<r'^ ( J - g) = 0. Hence the tangent of the angle made 
with the tangent to the curve at is <r//>. 

655. To find the element of the arc of the locus of the centres of curvature, 
I^ (& *i> t) be the coordinates of the centre of curvature at (x, y, s), neg- 
lecting ^, -{^-x)p/s^v-y = {l'-z) <r/s = /B + p's, and the element of the arc 
is ultimately VIP + (n - p)* + 1*} = « '\/{p'\+ (p / "")*}• The direction cosines of the 

/. , tangent to the locus are as f : n - /> : t/ : />':/>/ <r. 

656. To find the axis and pitch of the helix which has the same ourvcUure 
and tortuosity as a curve at a given point. 

Let a be the radius of the cylinder and a the pitch, then, referred to the 
tangent, principal normal, and binormal, the coormnates corresponding to an 
arc s are, by transformation of coordinates, :i;sacosa6in(«coscE/a) + «8in'a, 
y = a~acos(«co8a/a), s = -a8inasin(«co8a/a) -htfsinacosa, and, equating 
these coordinates to those of the curve as far as «^, 

s-^ C08*a/6a« = « - fi*/6/>*, «» co8"a/2a = 8*/2p - ^p'/^p\ 

«■ cos'a sin a / 6a* = «*/ 6/><r ; .'. a = p cos'a s o- sin a cos o ; 

/ .'. C08a/o' = 8ina/^ = (/>'+cr«)-i and a«=/)0^/(/>"+<r«)j 

'^ hence the axis, whose inclination to the binormal is <ytan"' (p/^) lies along the 
shortest distance between consecutive principal normals. 
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Also, if along a curve and the osculating helix equal small arcs be measured 
from the point of contact and on the same side of it, the distance between the / 4. 

ends of these arcs will be xiltimately «y/66^. /F l j'/ 

657. Def. The line of greatest slope on a surface is the curve 
which at every point is inclined at a greater angle to a given plane 
than any other line drawn through that point on the surface. 

If the given plane be horizontal, the bed of a shallow brook on 
a hill side will be a line of greatest slope which the water will have 
selected for its course. 

658. To find the equations of the line of greatest shpe on a 
given surface. 

Let J?'(f , 17, ?) = be the equation of the surface, Z, w, n the 
direction cosines of the given plane. 

The equation of the tangent plane at any point {x^ y, z) is 

The direction cosines of the line in which this plane cuts the given 
plane are proportional to mW-nVj nU—lWj IV—mU. Of all 
the tangent lines drawn through (x^ y^ z)^ that line which has the 
greatest inclination to the given plane is perpendicular to the line 
of intersection. 

Hence the differential equation 

{mW-nV)dx + {nU-'lW)di/+{lV--'mU)dz^Oj 

with the equation of the surface, determines all the lines of greatest 
slope which can be drawn on the surface, the constant introduced 
in the integration being determined for any particular curve by 
some point through which it passes. 

If the given plane be the plane xy, since Z = 0, 9n = 0, the 
equations of the line of greatest slope will be 

Vdx" t% = and F{xyy, «) = 0, 

perpendicular to the lines of level Udx + Vdy = 0. 

659. To find the lines of greatest shpe on the cone as^ ■\^ b^ = of, the plane 
xy being the plane of reference. 

The differential equation is, in this case, hydx - axdy = 0; 

.'. h log a? - a logy = log C, or «* = Cg', 

The lines of greatest slope are the intersection of the cone with the cylinders 
represented by this eq^uation ; and it may be observed that no generatmg line, 
except those in the principal planes, is a fine of greatest slope, unless the cone 
be a right cone. 
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660. £qtuition of a curve of double curvature. 

If pf q, r, 8 be the four-point coordinates of any plane, the equation of a 
point is Zp + 3/^ + iVr + J2« = (1), and we have seen. Art. 131, that if 
Z, M, N, R involve one variable t in the first degree, the locus of all the 
points which can be obtained by giving to t values from - oo to + oo is a 
straight line. 
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Let L, My N, R be any functions of a single variable t, we can sbow that 
the locus of points corresponding to all values of the variable is a curve line ; 
for, if the focus be cut by any plane, and the coordinates of the plane be 
substituted for p, q, r, a in the equation of the point, the resulting equation will 
determine a series of values of the variable t, which will correspond to the 
points in which the locus is intersected by the plane; and, by shifting the 
plane, we obtain a continuous series of such points which form the di&rent 
portions of the curve line, of which (1) may therefore be considered to'he 
the equation. 

If X, J(f, iV, J2 be rational and integral functions of ^, not having a common 
factor, one at least being of the n^ degree, any plane will determine n values 
of ty real or imaginary, and therefore nteet the curve in n points, hence the 
curve will be of the n^ dep;ree. 

We may observe that, m order to be sure that the curve is of the ntb degree, 
it must not be possible to make any substitution of a new variable so as ta 
diminish the degree, while the functions remain rational. 

661. If the curve which is the locus of Mq + Nr ■\^E8^0 be traced on the 
fundamental plane BCD, every point in the curve which is the locus of (1) 
will lie on a Ime joining A with a point of this curve, that is, on the surface 
of a cone whose vertex is A and guiding curve Mq + iVV 4- J2« = 0. 

662. If X = <ia + ai< + aa^+..., M^b^ + bjt-^b^ •¥..., ., 

and flop + % + c*** + ^0* = »y » a,/> + ftjj + c,r + rf,» ta jy, , 

the equation of the curve may be written ap* + b'tq'-^ e'i^t^ + dW +...= 0, 

This reduced equation shews that a curve of the first degree is the straight 

line joining the points p' = 0, q' = 0. 

Also that a curve of the second degree is a plane eurve, the plane containing 

the three points p' = 0, <{' = 0, r* = 0. 

Again, by the precetun^ article, a curve of the third degree, which is not 

necessarily a plane curve, lies on two cones whose vertices are A' and 17, and 

whose guiding curves are the conies traced on B^Ciy and A'B'C\ whose 

equations are h'q' + e'tt* + rf'tV » and apf + h'tq' + c^<V = 0, whfch have a 

common generating line A'ly, 

663. To find the equation of the tangent to a eurve. 

Let f(t) = ip + Mq-^Nr + JB» = be the equation of the curve, and let t^ 
determine any point P in the curve, ^^fr a point Q adjacent to it, whose 
equation wUl be /(«, + t) S/(g + t/' (y + Jt"/' (<„) +. ..= 0. 

The straight line whose equation is f(t^) + frf' (O ~ is the equation of the 
tangent at P, since, when Q moves up to P and ultimately coincides with it, 
the straight line ultimately passes through Q. 

The distance between adjacent points in the tangent and curve is of the 
order t», generally, Art. 123. 

If /"(W = 0, the distance is of the order f*, and the curve, which in ordinary 
cases lies on the same side of the tangent on each side of the point of contact, 
in this case lies on opposite sides, or there is a point of inflexion in the 
osculating plane. 

The equation /(t^) + fif'{t^) + i^*'/" (^ = is the equation of a conic which 
has a contact of the second order. 

A double point occurs when L, M, K, M retain the same ratio for two 
values of t, 

664. To find the equation of the osculating plane at any point of a eurve. 
The plane whose equation is /(^) + fif* (t^) + "/"(^o) = is the plane which 

passes ttxroueh the points /C^^) = 0, /' (<j) = 0, and /''(<o)'*0, and therefore 
coincides with the limiting position of the plane which passes through three 
contiguous points of the curve; the equation is therefore the equation required 



SINGULARITIES OP CURVES. 271 

The distance of a point f(t^ ■(• t) ^ Q from the osculating plane is ultimately 
cry* (Qf or the curve geneially lies on opposite sides of the osculating plane 
in passing llirough the point of contact. 

Singuhrittes of Curves and Torses. 

665. A tortuous curve and the torse of which it is the edge 
of regression may be considered in connexion with one another; 
and we may expect that singularities in one will have corresponding 
singularities in the other. Cajley, in LiouviUe^s Journal^ torn, x., 
and in the Cambridge and Dublin Mathematical Journal^ vol. v., 
and Salmon, in the same place in the latter journal, have investi- 
gated equations among the number of such singularities ; and 
Salmon has proceeded to shew how curves of double curvature 
may be classified by the consideration of the number of apparent 
double points in the curves. 

We shall introduce the student to some of the methods employed| 
and leave him to consult the papers referred to, if he dedire to 
enter more fully into the subject. 

666. A tortuous curve may be considered as the locus of a 
system of points, or as the envelope of a system of straight lines, 
and the corresponding torse as tne locus of the system of lines, 
or as the envelope of a system of planes. 

We may consider the three systems of points, lines, and planes 
as connected in the following ways. 

i. If the system of points be supposed given, each line of the 
second system joins two consecutive points of the given system, and 
each plane contains three consecutive points of the same system. 

ii. If the system of planes be supposed given, each line of the 
second system is the intersection of two consecutive planes ^of the 
given system, and each point of the first system is the intersection 
of three consecutive planes of the given system. 

iii. If the system of lines be supposed given, each point of the first 
system is the intersection of two consecutive lines of the given system, 
and each plane contains two consecutive lines of the same system. 

667. The following terms will be employed : 

A line through two points denotes a line joining any two arbitrary 
points of the system of points. 

A line in tioo planes denotes the line of intersection of any two 
planes of the system of planes. 

A point in ttoo lines is the intersection of any two lines of the 
system of lines which intersect. 

A plane through ttoo lines is the plane containing any two lines 
which intersect. 

A stationary plane is a singular plane which contains four 
consecutive points^ or in three qonsecutive lines, and occurs when 
two consecutive planes coincide. 
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A stationary point is a singular point which lies in four con- 
secutive planes, or in three consecutive lines, and occurs when two 
consecutive points coincide. 

Any plane not belonging to the system contains a certain 
number of lines in two planes. 

Any point not belonging to the system lies in a certain number 
of lines through two points. 

Any plane contains a certain number oi points in two lines. 

Any point lies in a certain number oi planes through two lines. 

These four numbers will be denoted by Z, X, p^ and «r, respec- 
tively, and the numbers of stationary planes and points by s and a. 

\ is the number of apparent double points^ smce a line drawn 
from the eye in any position to the points where the curve seems 
to cross itself is a line through two points. 

668. The degree of a curve is the number of points in which 
it intersects an arbitrary plane. 

The class of a curve is the number of osculating planes which 
contain an arbitrary point. 

The degree of the torse of which the curve is the edge of 
regression is the number of points in which it meets an arbitrary 
straight line. 

The class of the torse is the number of tangent planes which 
can be drawn through an arbitrary point. 

The rank of the system is the number of lines of the system 
which intersect an arbitrary straight line. 

Hence the rank of the system is the same as the degree of the 
surface, and the class of the curve is the same as the class of 
the surface. 

669. Singularities in tortuous curves are by these considerations 
made to depend upon the singularities of plane curves. 

Let a given plane intersect the torse, the plane curve is thus 
CQnnected with the lines and planes of the system as follows. 

Every point of the plane curve is in a line of the system, every 
tangent to the plane curve is the intersection of the cutting plane 
with a plane of the system. 

A straight line in the cutting plane meets the torse in r points, 
if r be the degree of the torse ; therefore the degree of the curve 
of intersection is r. 

A point in the cutting plane lies in n tangent planes to the 
torse if n be the class of the torse, hence n tangent lines to the 
curve of intersection can be drawn through the point; therefore 
the class of the plane curve is n. 

When the cutting plane has a point in two lines the plane curve 
has a double point, since the curve of intersection may be supposed 
generated by the intersection of linos of the system with the cutting 
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plane, and the generating line in this twice passes through the 
same point. 

When the cutting plane has a line in two planes^ it may be 
seen similarly that the plane curve has a double tangent, since it 
IS the envelope of the intersection (^ planes of the system with the 
cutting plane. 

At the points in which the cutting plane meets the tortuous 
curve, which is the edge of regression of the torse^ two lines of the 
System meet the plane curve in the same point, and the plane 
containing the two lines intersects the cutting plane in a tangent 
to the curve, this point is therefore a cusp in the plane curve. 

For every stationary plane, two consecutive planes coincide, and 
therefore two tangents to the plane curve coincide, or there is a 
point of inflexion. 

If m be the degree of the curve of double curvature, the plane 
(sufve is of the degree r, and of the class n ; it has p double points^ 
I double tangents, m cusps, and 8 points of inflexion. 

Hence the formulas for plane curves give three independent 
equations among these numbers. 

These formula are given by Salmon* in the following forms : 

If fjk be the degree of a plane curve, v its class, 8 the number of 
double points, k of cusps, r of double tangents, « of points of inflexion, 

V = /* (/lA — 1) — 28 — 3/ic, * — /e = 3 (v — ft), 

and 2 (t - 8) = (v - /ia) (k + /* - 9) ; 

whence « = r (r — 1) — 2j? — 3wi, « — w = 3 (« — r), 

and 2(i-p) = (n-r)(n+r-9). 

670. If, instead of considering the system in connexion with 
a plane, which intersects the developable surface in a curve, we 
consider it in connexion with a point, which is made the vertex of 
a conical surface whose guiding curve is the tortuous curve, we 
shall obtain other relations among the number of singularities, 
which can be connected with those of a plane section of the 
conical surface. 

Every plane through the vertex cuts the curve in m points, 
eorrespondmg to which are m generating lines of the cone ; also 
a plane which cuts the cone meets the curve in m points ; therefore 
the line of intersection of the two planes contains m points on the 
curve, the plane section of the cone is therefore of the m^ degree. 

Again, r tangent lines meet the straight line joining any point 
in the cutting plane with the vertex of the cone, and hence r tangent 
planes to the cone can be drawn through the point in the cutting 
plane; therefore there are r tangents to the plane section, which 
can be drawn through the point, that is, the class of the plane 
section is r. 

* Higher Plane Curves, Art. 82, 3rd edit. 
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The vertex lies in X lines through two points, hence there are 
\ double generating lines of the cone, or \ double points on the 
plane section. 

The vertex lies in «r planes through two lines, hence there are 
VT double tangent planes to the cone, and therefore «t double 
tangent lines to the plane section. 

Each of the n planes of the system which pass through the 
vertex contains t^jree consecutive points on the edge of regression^ 
and therefore corresponds to three generating lines, hence there 
are n points of inflexion of the plane section. 

For every stationary point, two consecutive points coincide; 
therefore the cone has a cuspidal edge, and therefore the number 
of cusps of the plane section is or. 

Hence, the plane section of the cone is of the degree m and of 
the class r ; and it has \ double points, tr double tangents, a cusps, 
and n points of inflexion. 

Thus, three more independent equations are obtained, 

r = m(m— 1) — 2\— 3<r, w - <r = 3 (r — m), 

and 2 («r — \) s= (r — »i) (r -I- ?n — 9). 

671. As an exercise, the values of fi, v, &c. should he ohtained : i. when 
the plane section employed in Art. 669 is one of the planes in the system, and 
ii. when the vertex of the cone of Art. 670 is a point of the system. 

i. The plane section hecomes two straight lines and a curve whose degree 
is r -2, and class n - 1, and the number of points of inflexion «, whence, by 
the formula of Art. 669, d = p-2r + 3, ic = m-3, T = ;-n + 2, which numbers 
should be also accounted for separately, for example, by considering that 
every plane of the system passes through three consecutive points of the 
avstem, and that every point where the curve part of the section is met by 
the straight part counts for two double points. 

ii. For the section of the cone fi^m-l, v = r-2, <sn-9, «css6, 
*oX-m + 2, T = ^-2r+8. 

672. If a cone be described whose guiding curve is a given curve of double 
curvature, X lines through two points pass through the vertex and determine a 
double side of the cone. 

The two points through which any line through two points passes may be 
either distinct or coincident, as in the case of a multiple point of the curve ; 
to an eye placed at the vertex of the cone two different branches will in both 
cases appear to intersect, but will actually intersect only in the latter case ; and 
in the case of intersection the actual intersection will take place for all positions 
of the vertex. The sum of the apparent and actual double points is X, 

Salmon has employed the number of these double points to construct a 
classification of the curves which are the complete or partial intersections of 
two surfaces of given degprees; in which the distinctions are made according 
to the number of points in which the surfaces touch, and the nature of the 
contact where they do touch. 
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XLIV. 

(1) The eqaations of the tangent to the curve of intersection of the surfaces 
««* + 6y" + c«" = 1 and bx* + cy* + aa" = 1 are 

ab-c^ be -a* ac-t^ ' 
Shew that the tangent line at the point x^y^t lies in the plane 

(a - 6) X + (6 - c)y + (c - a) « a 0. 



/ 



(2) The equations of a sphere and cylinder being ^r* + y' + s* => 4a' and 
«* + 2*= 2a:ri prove that the eauations of the tangent to the curve of intersection 
at the point (/, g, A) are (/ - a) a; + A« = a/ and gy -^ax-a{^a -/), and that 
the equation of the normal plane is x/f-y/g = (1 ~ a/f) (z/h-y/g), 

(3) Shew that the equation of the normal plane at any point (/, g, h) on the 
curve defined by the equations x'/a t y*/b + «*/c= 1, a* + y* + a^ = rf* is 

xaijb - e)lf\yb (c - a)lg f ac(a - b)/h=^Q. 

(4) A curve is traced on a right cone so as always to cut the generating 
line at the same angle ; shew that its projection on the plane of the base is 
an equiangular spiral. 

/ (6) Prove that the curve af*/a* + y*/6" = 1, y/x^ tan (z/c) is unicursal, and 
shew that the cosine of the angle between the osculating planes at two points 
in which the curve meets the principal planes of the cylinder is 

a6M(aNc»)(6« + c«)}. 

(6) P, Q are two near points on a curve, QM is perpendicular to the 
tangent at P, QN to the osculating plane at F\ snew that ultimately 
QN : PQ - PM : : radius of curvature at P : radius of torsion. Shew also 
that the shortest distance between the tangents at P and Q is ultimately \QN'. 

(7) If a curve in space be defined by the equations :r s 2a cos^, y » 2a sin^, 
z a b^t prove tliat the radius of circular curvature will be 

2a-» (a« + 6V)* (a* + b* + W)"*. 

(8) When the radius of curvature is a maximum or minimum, the tatigent 
te locus of the centres of curvature is perpendicular to the radius of 

curvature. 
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(9) If /9 be the radius of curvature of a curve, then that of its projection on 
a plane inclined at an angle a to the osculating plane is /sseca if the plane 
be parallel to the tangent, and p cos*a if it be parallel to the principal normal. 



XLV. 

(1) Shew that the intersection of the surfaces s (z + s) (jp - a) » a* and 
z(y-^z){v-a)-a^ consists of plane curves, and find the equations of the 
normal planes at any point in each of the curves. 

(2) Prove that if every pair of consecutive principal normals to a curve 
intmect, the curve must be plane ; and find f\fi) so that the curve, whose 
coordinates are given by j; « a cos^, ^ = & sin^, z ^f{0), may be plane. 

(3) If a string be unwound from a helix so that the straight portion is 
a tangent to it, shew that any point on the string will describe the involute 
of a circle. 

(4) Prove that the locus of the centres of curvature of a helix is a similar 
helix; and find the condition that it shall be traced on the same cylinder. 
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(5) Prove that the equation of the polar developable of the helix is 

X cos^ + y sind 4 a tan*« - 0, 
where a* + y* = tan'a {a* tan'o + (« - a^ tan a)*}, 
and that its edge of regression is a helix on a cylinder i^hose radius is a tan'a. 

(6) Prove that the angle between the shortest distance of tangents at two 
consecutive points and the binormal at one of them is equal to half the cor- 
responding angle of torsion. 

(7) When the polar surface of a curve is developed into a plane, prove 
that the curve itself degenerates into a point on the plane ; and if r, p be the 
radius vector and perpendicular on the tangent to the developed edge of 
regression of the polar surface drawn from this point, prove that, /», <r and a 
referring to the points on the original curve, ^J{i* -p*) ^^dp/ds. 

(8) Find the equation of the projection on the plane of xy of the lines of 
greatest slope on the surface e = :r+ ii;log(x'-i-y')/a', the plane of xy being 
horizontal. 



XLVI. 

(1) Prove that the ratio of the radius of curvature of a curve traced on a 
torse to that of the curve which it becomes when the torse is developed 
into a plane is equal to the cosine of the angle between the tangent plane to 
the torse and the osculating plane of the curve. 

(2) The paraboloid whose equation is ax* + ht^ =■ iz has traced upon it a 
curve, every point of which is the extremity of the latus rectum of the parabolic 
section through the axis of z ; shew that the tangent to the curve traces upon 
the plane of xy the curves whose equations are r sin2^ » ± 2 (a - b)\ 

(3) A curve is traced on a sphere of radius a, and cuts all the meridians at 
an angle /3, shew that the radius of curvature at the point whose co-latitude 
and longitude are ^, ^ is a sin^ (sin'd + sin*/? cos'^)~^; test by the cajses /SsQ 
and fi-iir, 

(4) Prove that a system of helices having the same pitch can be intersected 
orthogonally by another system of helices. 

(5) A point moves on an ellipsoid ax*-\- by*-^e^=l so that its direction of 
motion always passes through the perpendicular from the centre of the ellipsoid 
on the tangent plane at the point ; shew that the curve traced out by the point 
is given by the intersection of the ellipsoid with the surface x^^'z^^^ const. 

(0) Shew that the shortest distance of tangents at the extremities of a small 
arc ^8 of a helix, whose pitch is a and radius of cylinder a, is — r— -5 — (3s)*. 

(7) If a tortuous curve be projected on a plane, the normal to which is 
inclined at angles «, i3 to the tangent and binormal at any point, the curvature 
of the projection will be to that of the curve as cos 7 : sin'a. 

(8) If p"*, <r-» be the measures of curvature and tortuosity at any point of 
a curve in space ; p^, ^^ similar quantities at the con*esponding point of the locus 
of the centre of spherical curvature ; then o-or^ = pp^. 

(9) If the measures of curvature and tortuosity of a curve be constant at 
every point, the curve will be a helix traced on a cylinder. 

(10) Prove that the nnele between the radius of the osculating sphere and 
the edge of regression of the polar surface is equal to the angle between the 
radius of the osculating circle and the locus of the centre of curvature. 
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XLVII. 



(1) If tlie oseulatiDg plane at eTery point of a ourye pass through a fixed 
point, prove that the curve will be plane. 

Hence prove that the curve of intersection of the surfaces whose equations 
are «* + y" + «" = a* and «* + y* + »* = Ja* are circles of radius a. 

(2) A straight line is drawn on a plane, which is then wrapped on a cone; 
shew that the radius of curvature of the curve on the cone varies as the cube 
of the distance from the vertex. 

(3) A curve is drawn on a right circular cylinder, so that its osculating 
plane at any point meets the normal section through the generator at that 
point in a line making a constant angle with the generator; prove that the 
curve will become a parabola when the cylinder is unwrapped. 

(4) In any curve in which the difference between the radii of absolute and 
spherical curvature is constant, the arcs of the loci of ihe centres of absolute 
and spherical curvature, measured between corresponding points, are equal. 

(5) A circle of radius a is traced on a rectangular piece of paper, which is 
then folded so as to become a cylinder of radius 6, shew that, if p be the radius 
of curvature at any point of the curve which the circle becomes, 

p-« ^ o"* + 6"* cos*(»/a,) 

9 being the distance of the point from a certain fixed point of the curve, 
measured along the arc. 

(6) Prove the following equations of the lines of greatest slope on the 
ellipsoid «*/a* + y'/6* + «*/c* « 1, placed in any position, 

dx »d*{r . dy .^d^ ^ dz ,d^ ^ 

^di^'^d^"''' ^i^*^=°' ^sj^-^-^"*^ 

where ^ is the inclination of the normal to the vertical at the point {x, y, s) 
and p the perpendicular on the tangent plane at that point. 

(7) A curve is given by x^iacoi^O, y = 4asinV, 2 = 3ccos'^, prove that 
it has four cusps. Find the equation of the normal plane at any point, and 
shew that the locus of the centre of the sphere of curvature has also four 
cusps. Find the condition that the locus of the centre of the sphere of 
curvature may be similar to the original curve. ' 
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CtmVATtTBB OF SrRFACES. NORMAL SECTIONS. INDICATRIX. 
DISTBIBUTION OF NORMALS. SURFACE OF CENTRES. INTEGRAL ] 
CURVATURE. LINES OF CURVATURE. . UMBIUCS. 

673. In this chapter we shall examine the curvature of surfaces, 
and explain how the amount of curvature may be estimated. 

If tne student will consider the simpler surfaces with which he 
is familiar, such as a sphere, an ellipsoid, or a hjperboloid of one 
sheet, he will have examples of the kind of flexure which may take 
place at an ordinary point of any surface. 

Any point of a sphere or a pole of a prolate or pf an oblate 
spheroid is an example of a point of a surface at which the 
curvature is the same for all sections made by planes containing 
the normal at the point. 

Any point of an ellipsoid is an example of a point on a surface 
at which, if a tangent plane be drawn, the surface in the neighbour- 
hood of the point will lie entirely on one side of the tangent plane ; 
such surfaces are called aynclastic. 

If a tangent plane be drawn at any point of an hyperboloid 
of one sheet, the surface will intersect the tangent plane, and bend 
from it partly on one side and partly on the other ; such surfaces 
are called anjticlastic. 

674. Let two planes be drawn through the same tangent line 
at any point of a sphere, one containing the normal and the other 
inclined at an angle to the normal, the sections made by these 
planes will have their radii in the ratio I : cos^. 

This simple relation between the radii of curvature of a normal 
and oblique section, containing the same tangent line, will be 
proved to be true for any surface at an ordinary point. 

The student may for an exercise prove it when the tangent line 
is drawn through the extremity of a principal axis of an ellipsoid 
parallel to another principal axis. 

4 

675. Consider next the curvature of the sections of an ellipsoid 
whose centre is 0, made by planes passing through OA^ the 
normal at A an extremity of one of the principal axes ; af AP be 
one of these sections intersecting the principal section BC^ perpen- 
dicular to 0-4, in P, OP and OA will be its semi-axes, ana its 
radius of curvature at A^OP^lOA:^ also OB'fOA and OC'jOA 
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Will be the radii of curvature at A of the principal sections AB 
and -4(7, and since OB^ OP^ 00 are in order of magnitude for all 
positions of OP, we see that, of all the normal sections through A^ 
the two sections which have their curvature a maximum and 
minimum have their planes perpendicular to each other. 

This property of normal sections will be found to hold for any 
ordinaiy point of all surfaces. ^ 

676. If POB^d, cos*^/05' + sin'^/00'=OP^; hence, if 
p, p be the radii of curvature of the sections AB^ AC vX A^ and R 
that of the section AP^ cos^fffp + sin'^/p = Br\ 

This relation between the radii of curvature of the normal 
sections of least and greatest curvature, called principal sections, 
and that of any other normal section inclined at an angle to one 
of the principal sections, will also be found to hold for any surface. 

677. These three properties which are true for all surfaces will 
enable us to determine the radii of curvature of all plane sections 
through any point, when those of any two sections, not containing 
the same tangent, are known. 

Normal Sections, 

678. To find the relation between the radii of curvature of sections 
fttade by planes containing the normal at any point of a surface. 

Let the surface be referred to the normal at the point as the 
axis of Zy and the tangent plane at as the plane of xy. . ^ 

The values of; and q at the origin vanish, 

.-. « = J (rjj* + 28xy + ty^) + &c. 

Let the surface be cut by a plane passing through Oz^ and 
inclined at an angle to the plane of zx ; at every point of thi» 
plane let a; = ucos^, y = t«sind; 

.'. « = i (r cos'^ + 25 cos;^ sin ^ + ^ sm'fl) w* (1 + s), 

where 8 vanishes in the limit. 

If £ be the radius of curvature of this section, 

iT* = limit 2a/u' = r cos'^ + 25 cos ^ sin tf + e sin'^. 

The directions of the normal sections of which the curvature is a 
maximum or minimum are given by the equation 

- (r - i) sin 20 + 2* cos2^ = 0. 

If a be one solution, the rest will be included in the formula 
\n'rr + a, hence the sections of maximum and minimum curvature 
are at right angles. 

These «ections are called the principal sections of the surface 
at the point considered. 

If tne planes of the principal sections be taken for the planes 
of zx and yz^ a » 0, and therefore 5 = 0, and the expression tor the 
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curvatui*e of anjr dection will become 5"* = r cos*^ + * sin'^ ; let 
/>, p be the radii of curvature of the principal section», then p^ —r 
and p^^^t, .-. 5"^ = co8*^/p + 8in"^/p ; also if -B, E be the radii 
of curvature of any perpendicular normal sections, 

These theorems are due to Euler. 

The Indtcatrtx. 

679. Euler^s theorems and other tfae<M'enn relating to thd 
curvature of plane sections of surfaces are deduced with great 
facility by means of a curve called the indicatrix, employed first 
by Dupin for this purpose. 

Def. The indtcatrtx at any point P of a surface is the section 
made by a plane parallel to the tangent flsme at P and at an 
infinitely small distance from it. 

In cases in which, as in anticlastic surfaces, the curve of inter- 
section extends to any finite distance, the name ' of indicatrix only 
applies to the portions of the curve which are infinitely near to P. 

680. At any ordinary point of a surface the indicatrix is a conic. 
Taking the axes as in Art. 6tl, the equation of the surface is 

of the form « = ^ (rx* + 2^sxy + ty*) + &c., and by transformation of 
axes the term involving xif may be made to disappear, so that 
"iz = aai? + by* + terms of a higher order. 

If the surface be cut b^ a plane parallel to the tangent plane- 
and very near to it, for which z^h^ in the neighbourhood of the 
point of contact 2A » aa^ + &^', the indicatrix is therefore a conic 
whose centre is in the normal. 

681. Fendlebury has noticed* that the iDdicatrix may be, at particular 
poiDts of some surfaces, of any form, and the number of directions of principal 
curyature for such points may be any number, in* fact, equal to the number of 
apses in the indicatrix. He gives a» an example a surface x*^-y*=az<p(y/x) 
generated by a parabola revolving round its axis, its latus rectum increasing or 
decreasing with the angle through which its plane has revolyed ; such surfacd' 
would look like a paraboloid with ridges and furrows radiating from the vertex. 

682. The radius of curvature of a normal section of a surface 
varies as the square of the corresponding central radius of the' 
indicatrix. 

Let CP be the central radius of the indicatrix which lies in the 
plane of any normal section whose radius of curvature at is B: 
then 25 = limit OP'/ 0(7 (see fig. page 283); therefore, since 00 
is constant for all normal sections, R x OF*, 

Hence all theorems in central conies which can be expressed by 
equations homogeneous in terms of the radii and axes, can be 
replaced by corresponding theorems in curvature. Euler's theorems 

* Messenger of McUhemalics, vol. i. p. 118. 
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follow at once ; if S, J?' be radii of curvature of normal sections 
inclined to a principal section of a surface at angles 0^ Q\ such that t<^ ^ 
tan ^ tan ^' = — pV /o, we obtain from known properties of conies cA,,v^^1u 
the relations 5 + 5' = p + p' and BE sin* (»' - ^) = pp. 

683. When the indicatrix is an ellipse, the surface is synclastic 
at the point considered. 

At a point of a surface for which the indicatrix is a circle 
the curvatures of all sections made by planes containing the normal 
are equal. Such points are umbilics. 

When the form of the indicatrix is hyperbolic, the surface is 
anticlastic at the point considered ; in this case the radii of curvature 
of normal sections containing the asymptotes are infinite, such 
sections pass througli the inflexional tangents, and their directions 
are given by tsLu' = p' [ py p, p' being the absolute values of the 
radii of curvature. 

In order to deduce theorems from geometrical properties of tbe 
hyperbola, it may be necessary to suppose two indicatrices, one on 
each side of the tangent plane at equal distances from it. 

If p^ =s p and B be the radius of curvature of a normal section 
inclined at an angle ^ to a principal section, B cos20 = p. 

When the form is parabolic, the part of the section which is 
called the indicatrix is two parallel lines which become ultimately, 
as in the case of a developable surface, two coincident lines. 

Such points are called parabolic pointSy sometimen also cylindrical 
paints. ^^ 

684. As an example of a parabolic point, take a point of the cone ^ 
a:*/o' + y*/6* = z«/c\ at a distance /from the vertex in the generator «/« = «/ c; \, ^ ' 
transform the ales so that the normal at this point is the axis of z, and the ^ ,»^ 
generator the axis of x, the resulting eqfuation of the cone is n 

&e3/«ac/26«-ax+z*(c"-a*)/2ac; • "^ 

let 2 s A and a^e tana, then y* - 2b^h {v -^ l-h cot2a)/ae, the section by a plane 
parallel to the tangent plane is therefore a parabola, the distance of whose 
vertex from the normal at the point considered is /-Acot2a, and since this 
itemains finite,, when h is made indefinitely small, the degeneration into two 
nearly coincident parallel lines in the neighbourhood of the point is explained. 
The finite principal radius of curvature Is b*t/ac. 

685. The intersection of two consecutive tangent planes and the 
line joining the points of contact are parallel to conjugate diameters 
qfthe indicatrix. 

Let (7P, CD be conjugate semi-diameters of the indicatrix for 
the point of a surface ; since the tangent plane to the surface at 
P contains the tangent to the indicatrix at P, its intersection with 
the tangent plane at is parallel to CD^ and proceeding to the 
limit, when UG vanishes, the proposition follows. 

Def. Tangent lines at any point of a surface drawn parallel to 
conjugate diameters of the indicatrix, are called conjugate tangents. 

00 
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Cor. It follows from this property of consecutive tangent 
planes, that if a torse envelope any surface the directions of the 
generating lines at any point of the curve of contact are conjugate 
to the tangents to the curve, 

686. To find the relation between the radii of curvature of a 
normal and an oblique section of a surface made by planes passing 
through the same tangent Une, 

Let the tangent line through which the planes are taken be the 
axis of x^ and let be the inclination of the planes of the oblique 
and normal sections through Ox. 

The equation of the indicatrix is of the form 2A = aa;' + 2cj^ + Jy% 
and where the oblique section cuts the indicatrix y—h tan 0, therefore 
xy and y* vanish compared with o^ ; hence the radius of curvature 
of the oblique section at is the limit of a?l'lh seed, and if £, R 
be the raaii of curvature of the normal and oblique sections 
R ^ R co%0 ] this is Meunier's theorem. 

687. Besant* gives the following elegant proof of Meunier's 
theorem : take a normal and an oblique section at any point of a 
surface, the two curves of section having the same tangent line, and 
therefore having two consecutive points in common. In each of 
the curves take a third consecutive point and describe a sphere 
through the four contiguous points ; the sections of the sphere by 
the two planes are evidently the circles of curvature of the normal 
and oblique sections, and the theorem follows immediately. 

688. Radius of curvature of the curve of intersection of two 
surfaces. 

Let p be the radius of curvature of the curve at any point P, 
r, / those of the normal sections of the surfaces made by planes 
containing the tangent at P; let cd be the angle between the planes, 
and <^, o — <^ the angles between the osculating plane of the curve 
at P and the two normal planes. 

Now the curvature of the curve is the same as that of the section 
of either surface by the osculating plane, since they have three 
consecutive points in common, and by Meunier^s theorem, 

r"* = p"*cos^, and /'* = p~^ cos (»— ^)=r'* cos© + p"* sinew sln^; 

.•. p"^ sin*© = r~* — 2r'V'* cos o) + /"*, as in Art. 644. 

689. In order to see how a surface bends in different directions, 
starting from a given point, we ought to have a clear notion of 
the manner in which the normals at points adjacent to the given 
point are directed. 

The indicatrix affords a satisfactory explanation of the mode 
of distribution. 



♦ Qitart. Jour, of Math. , vol, Tl. p. 140, 
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690. Normals at consecutive points intersect^ token taken along 
the directions of greatest and least curvature^ and not generally when 
taken in any other direction. 

Let P be any point of the indicatrix for the point 0, CD a 
semi-diameter conjugate to OP, FT a tangent at P, FF perpen- 
dicular to* CD. 

Since the normal F8' to the surface at P is perpendicular to the 
tangent FT^ FF is its projection on the plane of t|ie indicatrix. 
Hence the normal F8^ cannot intersect the normal at unless CF 
vanish, which is the case only when P is at one of the extremities 
of either axis of the indicatrix ; that is, when P is in one of the 
principal sections. 

The same kind of argument shews that, in particular cases 
where the indicatrix is not a conic, the normals still intersect 
whenever the tangent at P is perpendicular to CF. 

691. TFAtffi normah at consecutive points do not intersect, to find the 
direction and magnitude of the shortest distance between them. 

Let 8S' be the shortest distence of the normals OS, PS'; CF is its 
projection on the plane of the indicatrix, the shortest distance is therefore in 
the direction of the diampter conju^^ate to CP, 

Also, CF*^ CP* - PF* and PFCD ^CA.CB; therefore, if -R, Itf be the 
radii of curvature of the sections OP, OD, and p, p those of the principal 
sections, SS'* « CF* = CP* (I - pp'/ RR), Art. 682, 

where M'^p^-p - B = {coB*Op' /p^sinV p/p)R, Art,678\. 
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692. To Jind the point of nearest approach of a normal coneecutice to a 
given normal. 

Draw S'Hf FG perpendicular to the normal plane 80P^ then PH is the 
projection of PS' on that plane; the tangent PU to the xiormal section is 
perpendicular to PS' and S'H, ^uid therefore to PHy and R, the intersection 
of PH and OS, is ultimately the centre of curvature of the normal section OP. 

Thei^ CS: CRiiPG: CP :: PF* : CP«; 

/. 05 or CS :R::pf/ : RR ultimately; 
hence 05 is ultimately = /9/e>722^ and 05-i = JB(cos«^/^« + 8in"^ ///•), 

693. To find the angle between coneeeutice normals. 
The angle between the normals at O and P is ultimately 

PF^ PF PF CP^^(^P PP CP /(^^ 
S'F"^ Cs' R ' PG~ R'PF" B '\j\pp') 
' = CP V(co8*^/p' -f sin»^ //)**). 

694. We leave to the student the calculation of the shortest distance juxd 
its position from the equation of the normal at the point whose coordinates are 
r cos^, rsinO, \f* / R, viz. 

/E>C^-rcos^)/rcos^»/>'(»T-rsin^)/r8in^ = -Sf {r*/^. ^ 

The expression for the shortest distance will be found to be 

r sin ^ cos ^ (/>'■* -^ p"^) 

v(/>"*cos«e? f p"*&\u^O)' 

69«5. AU the normals to a surface in the neighbourhood of a point converge 
to or diverge from tvoo focal lints at right angles to one another. 

The equation of the surface being 2^= f^* / p f v*/p'-\^&c., the equations of a 
normal at (r oos^, r sin^, ir"/-R) are, neglecting r", 

/) (f - r cos0)/r cos^ = />' (»i - r 8in^)/r s}n^ = - J, 

when v = Q,l = p't and when B-0,% = p, hence all normals in the neighbourhood 
of O intersect two focal lines, eacn of which passes through the centre of 
curvature of one of the principal normal sections and is perpendicular to th« 
plane of that section. This theorem is due to Sturm. 

696. Certain properties of the principal radii of curvature may 
be conveniently investigated by consider! pg the angle between the 
two inflexional tangei^ts. In these directions three consecutive 
poipts lie in a straight line, and the radius of curvature of a normal 
section through either of these tangents is therefore infinite. 
Hence, if be the angle which one of these tangents makes with 
the tangent to a section of principal curvature, we shall have 
= cos'5/p + s\n*0jp\ p, p' being the algebraic magnitudes of 
the radii of principal curvature. Thus, for points at which the 
radii of principal furvature are equal in magnitude and opposite 
in sign, we shall have tau'd=l, and the tangents to the curve of 
intersection will therefore also be at right angles. ^ 

697. As an example of this method we shall take the following: 

To prove that at every point where the surface a:(a:* f y* + 2*) = 2a (a:' + y") 
meets the plane x = a, the radii of curvature will be equal in magnitude, and 
of opposite signs. This, by what has been said, will be true if we can prove 
that the two straight lines, drawn through any such point, to meet the surface 
in three consecutive points, are at right angles to each other. 
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Let ((-a)/X3 (i}-j^)/^«(S-2)/v = r be a straight line which meets the 
surface in three consecutive points ; the equation determining r is 

(fl + Xr) (a + vrf = (a - Xr) {(a + Xr)' + (y + firf), 

which must have its three roots equal to zero ; the conditions of which are 

2* ss a* + y*, y*X - ayfi + azv = 0, and 2z\» + av' =» - aX' + afj? - 2yX;A, 

which becomes {jt\-\-avf = (afi-y\f^»*ah^/i^i 

.-. yaX/ » = a (- y ± «) and yzfi/v = a*±yz, 

hence, if (Xi, fAi, v,) (X,, /a^, »t) be the directions of the inflexional tangents, 

XiX, + fi ji2 + I',!', = vjir, [a* (y« - «») + a*) /y V = 0. 

698. In connexion with the curvature of surfaces, the most 
important lines which can be traced on a surface are lines of 
curvature. 

Def. 1. A Line of Curvature is a curre traced upon a surface, 
suc;h that the tangent to the curve at any point is also a tangent to 
one of the principal normal sections of the surface at that point. 

Since there are two principal normal sections at every point, 
whose planes are at right angles, there will be two lines of curvature 
through every ordinary point, crossing one another at right angles. 

Def. 2. A line of curvature is a curve traced on a surface, such 
that the normals to the surface at any two consecutive points of the 
curve intersect each other. 

That the curves given by these definitions are identical, is shewn 
in Art. 690. 

699. Lines of curvature of a surface of revolution. 

Let PQ be an arc of the generating curve, and POO^ QHO 
normals to the curve at P and Q^ intersecting the axis of revolution 
in O^ H. When the plane of the curve turns round the axis GH^ 
let PQ come into the position P'Q^ then the normals to the surface 
at P and P' intersect in O^ also those at P and Q intersect in ; 
therefore the meridians and the circular sections are lines of curvature. 

700. To find the osculating plane of a line of curvature at any 
point of a surface. 

Let PQ^ PR be small arcs of lines of curvature drawn through 
P a point in the surface, RS^ QS lines of curvature through R^ Q 
respectively; and ht PHQ^ QH'O^ RH^ SH' be normals to the 
surface at P, Q, Ry 5, so that PH^ QH' are ultimately the radii of 
curvature of the principal normal sections PR^ QS^ and PO that of 
PQ] let these be ^, K -k-dR^ and -B, then dR is the increment of 
R due to a change ds along the principal section PQ, 

The tangent to PR at P is perpendicular to the plane Pff', and 
therefore to Hn\ and the tangent at R is, for a similar reason, 
perpendicular to HU\ which is therefore parallel to the binormal to 
the line PR at P, and determines the osculating plane POR. 
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Let <t> be the inclination of the osculating plane of PR to the 
principal normal section ; draw M'N perpendicular to POj 

^ ,. HN ,. HN PQ dR R 
then tan* = lim. -^7;^= lim. -p^. -^7^ = -^ .-g— g, . 

Cor. In the case of a surface of revolution, since R is the same 
for all points in the circular line of curvature supposed to correspond 
to R^ dRIds^Oj and the osculating plane coincides with the 
meridian plane. 

Surface of Centres. 

701. Dep. The surface of centres is the locus of the centres of 
principal curvature for every point of a surface. 

702. Let Lj L' be two lines of curvature passing through the 
point P of the surface S^ and let Q, R be points on L and L adja- 
cent to P; then QG and RG\ normals to o at Q and R^ intersect 
the normal at P in (7, C" which are ultimately the centres of curva- 
ture of the normal sections touching L and L' respectively^ and the 
planes QPQ^ C'PR are at right angles. 

Normals drawn at every point of L form a torse whose edge of 
regression CE\^ the locus of the centres of curvature of all normal 
sections of 8 touching Zr, these normal planes being tangent planes 
to the torse. 

If an infinite number of lines of curvature of the same system as 
L be traced on the surface, the corresponding edges such as GE^ DF 
will form a sheet of the surface of centres, and a second sheet will 
be formed by edges G'E^ UW corresponding to the lines of the 
system L\ Call these sheets 2 and 2 . 
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Every Dormal of 8 such as PO'C^ SUD touches each sheet j the 
two normals PC7, QC each touch 2\ and since C does not lie on 2^, 
PGQ is a tangent plane to 2', similarly PG'R is a tangent plane 
to 2. And, since these two planes are at right angles, the two sheets 
would appear to cut one another at right angles to an eye situated 
in a normal and looking along the normal towards both sheets. 

703. The two real sheets of the surface of centres for a surface 
of revolution are the surface generated by the evolute of the 
generating curve, and the portion of the axis from which normals 
can be drawn to the generating curve. 

Lines of Curvature common to two Surfaces, 

704. When the curve of intersection of tu>o surfaces is a line of 
curvature on each^ the two surfaces cut one another at a constant angle. 

Let PQRS in the figure of page 251 be ultimately the line of 
curvature common to two surfaces 8^ 8' ; and let pa^ qa be normals 
to the surface 8y which, since they intersect, must intersect in the 
polar line a UAj perpendLicular to the osculating plane p Uq ; similarly 
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qab^ rby normals at q and r, intersect in the polar line J F perpendicular 
to the consecutive osculating plane, and brV=bqV=^aqU+UqV. 
Let a', V be corresponding points for the surface 8^ ; 

/. iV F= a'q U^UqV; /. Vrb = aqa ; 

hence, normals to 8 and 8' at consecutive points ^, r are inclined at 
the same angle, therefore the surfaces cut one another throughout 
at a constant angle. 

In a similar manner it can be shewn that if tioo surfaces cut one 
another at a constant angle^ and their curve of intersection he a line 
of curvature on one surface^ it will he a line of curvature on the 
other also. 

Cor. If a line of curvature be a plane curve, its plane will cut 
the surface at a constant angle. 

705. The analytical proof given by Bertrand is very simple; 
Let P, Q be consecutive points on the curve of intersection of 
surfaces >S, S' ; a?, y, « and x -f rfx, y + rfy, z-\'dz their coordinates ; 
Z, 97?, n and f, m\ v! the direction-cosines of the normals at P to 
8 and 8\ 

If the carve be a line of curvature on S, the normals at P, Q 
will intersect ; /. a; - Zp = aj + (ic — (Z + <iZ) p ; 

/. dl\dx^dm\dy^dn\dz^p'^, (1) 

Since FQ is perpendicular to both normals, 

Idx-^tmdy-^ndz^^y and Vdx-Vrndy-^-n'da^O. (2) 

ir If the curve be a line of curvature on both surfaces, 

Idl' + mdm' -^ndn ^ 0, and Tdl + m'dm + n'dn = 0, by (1) and (2) ;: 

.-. d [W + mm' + nn') = 0, 

or the cosine of the angle between the normals is constant. 

ii. If the curve be a line of curvature on 5, and the surfaces* 
cut one another at a constant angle, 

Z'dZ + w'cfci + w'rfn = 0, and <Z (ZZ' + ww + ww') = ; 

.-. Z(ZZ' + w(Zm' + nc?n' = 0, also Z'dZ' + w'rfw' + w'cZn' = ; 

therefore, by (2), dVjdx^dmldy^^dn/dz^ the condition that the 
curve should be a line of curvature on 8\ 

706. When three series of surfaces cut one another orthogonally ^ 
the curve of intersection of any two of them is a line of curvature 
on each. 

Let the origin be a point of intersection of three surfaces, one 
of each series, and the tangents to their lines of intersection the 
axes. The equations of the three surfaces may then be written 

X + ay'-^-ibyz + cz^ +...= 0, (1) 

y + aV + 2 J'^a? + cV + . . .= 0, (2) ^ 

z + a'V + ^V'xy + c'y +. . .= 0. (3) 
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At a consecutive point on the curve of intersection of (2) and (3) 
we have y=iOj z=i0.x=x\ and the equations of the tangent planes 
are, ultimately, 

2(fx'x + y -f 2 J V« = 0, 2a'Vaj + 2&'Vy + «? = 0, 

and since these also are at right angles, 4a'Va5'* + 2yV+ 2iV = 0, 
or, ultimately, ft' + i"«0; similarly, i'' + i = 0, ft + i' = 0, which 
can only be satisfied by i = 0, i' = 0, 6" = 0, and therefore the axes 
are tangents to the lines of curvature on each surface. 

Hence, the tangent lines, at any point of intersection of the three 
surfaces, to their curves of intersection, are tangents to the lines of 
curvature of the three surfaces through that point, and, consequently, 
their curves of intersection must coincide with the lines of curvature. 
This is Dupin's Theorem. A proof is given by Cayley,* which puts 
in evidence the geometrical ground on which the theorem rests. 

Integral and Specific Curvature, 

707. Gauss gives the following definition of the Integral Cur- 
vature of a finite portion of a surface. 

Def. The Integral Curvature of any giv^n portion of a curved 
surface is the area enclosed on a spherical surface of unit radius by 
a cone whose vertex is the centre, and whose generating lines are 
parallel to the normals to the surface at every point of the boundary 
of the given portion. 

HorograpL The curve traced out on the sphere as described 
above is called the horograph of the given portion of the surface* 

Average Curvature. The average curvature of any portion of a 
curved surface .is the integral curvature divided by the area of the 
portion. 

Specific Curvature, The specific curvature of a curved surface 
at any point is the average curvature of an infinitely small area in- 
cluding the point. This is the measure of curvature which was 
shewn by Gauss to be the reciprocal of the product of the two 
principal radii of curvature at the point considered. 

708. To shew that the reciprocal of the product of the principal 
radii of curvature at any point of a surface is a proper measure 
of the curvature at that point. 

Let an elementary area QRS be described including the point P 
of a surface, and let a series of lines of curvature divide this area 
into sub-elementary portions, such as pqrs^ and let p^, p^ be the 
principal radii of curvature at p in the directions pq^ ps ; the horo- 
graph for pqrs will be a small rectangle whose sides are pqfp^ and 
psjpf^ and area =pi''^slp^p^. 

But if py p be the principal radii of curvature at P, 

■ - _ _ ■ — — — ■ ,. ■ - — -^^^-^^^ 

♦ Quarterly Journal^ vol. Xll. p. 185, 
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where e vanishes In the limit ; therefore the specific curvature 

= Urn. S(pW/> »p/) ^ JL. 




This expression Is independent of the form of the elementary portion 
including P, and is analogous to the measure of curvature in plane 
curves, the solid angle of the cone corresponding to the angle be- 
tween the normals to a plane curve at the extremities of the small 
arc on which a point of the curve lies. 

709. To determine the radius of curvature of the normal section 
of a surface through a given tangent line at a given point in tenns of 
the coordinates. 

Let the equation of the surface be F(^y 17, f ) = ; and let (a?, y, z) 
be the given point P, (X, /a, v) the direction of the given tangent ; 
also let (x + ax^y + dj/y z + dz) be a consecutive point Q taken In 
the normal section, so that ultimately dx : dy : dz :=\ : /a : v. 

Then, if QR be perpendicular to the tangent plane, S the radius 
of curvature of the normal section will be the limit of JP^*/ QB. 

The equation of the tangent plane is 

.\QB--±{Udx+Vdi/+Wdz)IP/dP'=lP+V'-\-Wi 
buty Q being a point on the surface, 

Vdx+Vdy+ Tr&+J{M(rfa;)'-f...+ 2M'dfy(&+...}==0, 
neglecting terms of degrees higher than the second ; 

. ff^,{(^^r+ (^yr +(&)'} p 

■ "^ 2{Udx+Vdy+Wdz) 

1 Since U\+VfA+Wv = and X' + m* + v*=1, the problem of 

/>Jb '^ finding the directions of the principal sections and the magnitude 

^^0 of the principal radii of curvature is the same as that of finding the 

. 'jl direction and magnitude of the principal axes of the section of the 

^ conicoid, tt«'H-...+ 2M'y«+...= i, made by the plane Di+ J^+ Wz=^0. 
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710. To determine the principal normal sections^ and the radii of 
principal curvature at any point of a surfojce^ in terms of the co* 
ordinates of the point. 

The radius of curvature of a normal section containing the tan- 
gent whose direction-cosines are X, /it, v is given by 

ttX* + Wf*' + M?i'' + 2i«>F + 2i(VX+2w'XAA--g(X* + /iA*+/)=0, \ (1) 

where U\+ F^+ TTv-O, (2) 

and when 22 is given, the corresponding tangent lines are the lines 
of intersection of the cone and plane represented^ these equations, 
X, fly y being considered current coordinates. When £ is a maxi- 
mum or minimum these directions coincide, and the plane is a 
tan^nt plane of the cone ; hence the directions of the principal 
sections are given bj 

{(tt- a) X + «?> + t?V} / 17= {u/\ + (v- a)fi + ttV}/ V 

= {v\ + u'fi'{- {to- a) v}l W^ where a^PlR^ 

which, by the equation U\ + F;* + Wv = 0, leads to 

[7»{(v-cr)(tt7-cr)-M''}+...+ 2FPF{t;V-w'(M-.iJ-)}-f...= 0. (3) 

This equation gives the values of the principal radii of curvature, 
and the values of X : /l( : v, corresponding to each root, are given by 
the preceding system of equations. 

711. To find an expression far the specific curvature at any 
point of a surfojce. 

The product of the roots of (3) is 

TP (t?K7 - O +...+ 2 FTr(t?V - uu') +... 

= ( ZT* + F* + IF*) X specific curvature. 

Since the specific curvature vanishes at every point of a develop- 
able surface, the numerator equated to zero is the condition that a 
surface should be developable. 

712: We cannot help calling attention to another form of the quadratic 
giving the principal radii, which was set in an examination paper for Clare and 
Caius Colleges in 1873. 

Since 2TFF/4i*= Xr>}- V^yf- TTV, &c., the expression for P/J2 can he 
put into the form -4X* + B}^ + Cv*, where -4 = u + ( CTw' - Tt?' - Wv>') Til VW, &c. 

Construct the conicoid AS^ + Brf -t- CV = Py having its centre at the point 
('t y» 2) of the surface, the directions of the axes of the section made by the 
plane U^\- Vn ■¥ WX = are the directions of the tangents to the principal 
sections of the surface, and the corresponding values of It will be the squares 
of the semi-axes of the section ; hence, by Art. 237 or 260, 

CP/(^i2-P)+ F'/(5K-P)+ TF*/(afi-P) = 0, 

a quadratic giving p, p the principal radii of curvature. 



Hf 
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Also the direction connes of the tangents to the lines of carratnre aie as 
U/^AR-P) : V/{BR-P) : W/{CB-P), 
where p, />' are to be written for IL 

713. To determine the conditions satisfied at an umhilic. 

At an mnbilic B retains a constant value for all directions (\, fi^ y) 
satisfying the two conditions (I) and (2], Art. 710. Hence, at an 
umbilic the cone (I) must break up into two planes^ one of which 
18 the tangent plane (2). 

The left-hand member of equation (2) must therefore be a factor 
of the left-hand member of (1), and the other factor will therefore 
be X (w — c) / Z7+ M (t? — <r) / F+ f (m^ — cr) / PT; multiplying the two, 
and equating coefficients^ 

{wa) F/PF+(t;-a) Tr/r=2tt', 

(r-cr) I7/r + (t*-cr) F/Z7 = 2t^', 
which, on eliminating <r, lead to the two conditions 






(1)< 



These two equations, together with the equation of the surface, will, 
io general, determine a definite number of points, among which are 
included all the umbilics. It may happen that a common factor 
exists, so that the three equations are satisfied by the coordinates of 
any point lying on a certain curve. iSuch a curve is called a Una 
of spherical curvature. 

it should also be observed that C/, F, W have been assumed to 
be finite in the foregoing investigation. Should one of them, say 
27, vanish, we must have in the same manner F/i + Wv a factor, and 
must therefore have (u -- a) X*+...+2wV^+-«« 

= {Vii-\- Wv) [k\ + (v - cr) II j F+ {w - cr) v/ TF} Identically ; 
thb gives three equations, and eliminating <r and ^, 

Ft;'= TFw',2tt'=(t?-u) TF/F+(w?-tt) VjW, 

which with ?7= 0, and the equation of the surface, give four rela- 
tions between the coordinates, unless t?' and w' are identically zero, 
and these will not, in general, be simultaneously true of any point 
on the surface. 

714. The conditions (1) for an umbilic are obtained by the 
method of Art. 712, from the consideration that the section of the 
conicoid must be circular, whence, when Z7, F, W are finite, it follows 

that^=:j8=a 

,;3 
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715. To deUrtnine the number ofumbtlics on a eurface of the n^^ degree. 
Writing the equations for an umbilic P/P"- Q/ Q^It/It, the degree of 

P, Q, E will be 2 (» - 1), and of P, Q, R will be 3» - 4. The degree of the 
BurfaccB QR - QR = 0, RP - RP = is therefore 5» - 6, and the degree of 
their curye of intersection is {5n - 6)'. But the cur^e R^O, R! = is part of 
their intersection, and does not lie on the surface PQ'-P'Q = 0. The degree 
of the curve P/P= Q/Q' = R/R is therefore 

(6n-6)«-2(n-l)(3n-4) = 19»«-46n + 28; 

but this curve includes three curves similar to • 

cr=o, JF*v^r*w-2VWu'r={r*^W)u, 

which do not meet the surface in umbilics, and the degree of this curve is 
(»-l) (3/1-4). 

Hence the degree of the curve, which meets the surface in umbilics only is 

I9n* - 46ii + 28 - 3 (n - 1) (3» - 4) = 10n«- 25n + 16. 

The whole number of real and impossible umbilics is therefore 

n(10»«-26w + 16). 

Thus in a conicoid the number is 12, four in each of the principal planes; 
but, if the conicoid be a ruled surface, none will be real, and in the other cases 
only one system will be real. 

There can never be real umbilics on a ruled surface of any degree whatever, 
since every point of a ruled surface is either parabolic or hyperbolic. 

716. To find the differential equation of the lines of curvature^ 
and the principal radii of curvature at any point. 

Let (^, 17, ^) be the point of intersection of normals at consecutive 
points (a?, y, z) and {x + do?, y + rfy, z + <&) ; 

.-. (f -»)/ ir=(,-y)/ 7=(r-«)/ TF=/,/P= <r-, 

in which equations ^, ^, ^ are unaltered when x + dx is written 
for a, &c., and f = a + t/ir"*, 17 = y + Va'^j f= « + Wa'^ ; 

.-. = rfa: + a"dU^ Ua^da^ = rfy + cT^d V- Va^da^ 

and = & + a^d W- Wa^da ; 

dx, dUj U 

dy, dV, F =0, 

dz, dW, W 

which is one of the differential equations of the lines of curvaturci 
the other being Vdx + Vdy + Wdz = 0. 

Expanding dUj dV^ dW^ and eliminating dx^ dy^ dz^ and da^ 



therefore 






^1 



«,', 


^', 


u 


r — o-, 


«', 


V 


«', 


to— (T, 


w 


^, 


w, 






= 0. 



The coefficient of W is - (t? - a) (w" g)-\- w'*, and that of VW 
IS u\u''a)—vw\ whence we obtain the quadratic given in Art. 710. 
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717. The foregoing equations for determininci^ the principal carratares 
undergo a considerable simplification, if the equation of the surface be of the 



form^^i (x) + 0, (y ) + 0, («) = 0, 

snail then haye u\ v\ ur aii zero ; the equ 
radius of curvature of any normal section, the direction of whose tangent line 



We shall then have ti', «', vf all zero ; the equation giving the length of the 



is (X, ^, v), will be Pi2~^=uXVv^*-i-u'<'*; the quadratic equation for the principal 
radii of curvature will be 

Ru-P^ Rv'P'^ Rw-F ' 

and the differential equation of the lines of curvature will be 

?7(t?-w)rfy«fa+ r(io-«)<fa(it+ W{H-x>)dxdy^t^. (1) 

The conditions for an umbilic in this case reduce to u^v^w when CT, F*, W 
are finite, but since this is the exceptional case mentioned in Art 713, in which 
u\ r', and vf vanish identically, there are other umbilics which are given by 
17=0 and (i?-m) Jr*+(io-a) ^' = 0, and similar equations when K = and 
Wo 0. The whole number of umbilics is therefore, as before, 

n {(n - 2/ + 3 (n - 1) (3« - 4)} = n (10n« - 25» + 16). 

718. To obtain the differential equation of the lines of curvature^ 
and to find the centres and radii of principal curvature when the 
equation of the surface gives one of the coordinates explicitly in terms 
of ike other two. 

Let the equation of the surface be f =y(f, 17), and let P, Q 
be consecutive points on a line of curvature whose coordinates are 
x^ y^ Zy and x-^-dxy y-^dy^ z-^-dz^ then the normals at P, Q intersect ; 
and if (^, 17, ^) be their point of intersection, 

Cfyi, f-aj+^({:-«) = 0, and i7~y + j(?- «) = 0, (1) 

but f , 17, ^ remain the same when x + dxy y + dy^ z + dz are written 
for x^yjZ] therefore 

dp(^—z)^dx'{-pdzj and dj(?-«) = e?y+ J&; (2) 

rdx + sdy _ dx -h j? (pdx + qdy} ^ 
sdx -\-tdy~ dy-^-q {pdx^-qdy) ' 

/. {(l+q^s^pqt}{dyy-\-{{\+f)r-^{l-^p')t]dxdy 

-{O+P')*-i>S^}(^y = 0, (3) 

which is the differential equation of the projection of the lines o^ 
curvature on the plane of xy. 

Let p be the radius of curvature of the principal section through 
PQ, hence by (1) />' = (1 +/+2')(« - ?)*> therefore, writing in (2) 
<r for « - f or p (1 +^'* + j»)-4^ 

(rdx + sdy) a-\-dx +p (pdx + qdy) = ; 

/. (ra H- 1 +/?*) diB + (sa +pq) dy = 0, 

and similarly («cr -h 1 + q') dy + (sa +pq) da: = ; 

/. (ra + 1 +y) (^cr + 1 + 2') - (sa -^-pq)' = 0, 

or (r«-5') flr[+ {(1 4 j') »• - 2pj* + (1 +;>') «} cr+ 1 -f2>' + ?' = 0. 
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Cor. The reciprocal of the specific curvature is 

which is iufinite for a developable surface. i / j 

719. To find the umhtlics of the surface z ^f(pc^ y). 

Since the normals at points passing in any direction from an 
umbilic intersect the normal at the umbilic, neglecting small 
quantities of the third order in dx and dy^ the equation (3) must 
be true independently of the value of dy : dx^ and this condition 

is satisfied by (l+i?;/'"'*!'?/*— (^+?*)/^ which, with the equation 
of the surface, determme the umbilics. , 

Curvature of Conicoida. 

720. To find the radii of principal curvature at any point 
of a central conicoid. 

Let P be any point on the conicoid, supposed in the figure to 
be an ellipsoid, PCP' the diameter through P, CL the radius 
parallel to the tangent at P to any normal section whose radius 




of curvature is required, PQL the central section having the same 
tangent. Let a plane be drawn through a point Q near P parallel 
to the tangent plane at P, meeting GP in V, and let p, vf be the 
perpendiculars on the tangent plane from G and ^, so that 
w : p : : VP : GP. The radms of curvature of the normal section 
is the limit of PQ'l2vr or QV*l2rsr, and 

QV'.GL^iiPV.VP': OP' :: isr. rP':^.(7P=2«r:y ultimately, 

hence the radius of curvature =s GVjp. 

If a, fi be the semi-axes of the central section parallel to the 
tangent plane, a^jp and fi^jp will be the prmcipal radii of curvature, 
which we shall call p and p . f^^>^^ )3 Y ^ Gl^Jt X ^/ 

721. To find the coordinates of the centre of curvature. 
Let the equation of the conicoid be a?la-k'jfjb-\-z*lc=^ 1, (1) 
and let (/, ^, h) be the point P, then f , 17, f, the coordinates of the 
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centre of curvature corresponding to />, satisfy the equations 

.-. f=/(l-a», i;=5(l-aV6), ?=A(l-aVc), 

and by Art. 296, if the equations of confocal conlcoids through P 
be a^/a' + y7y + «Vc' = l and x'la'' -hy'lb'' + z'lc'' = 1, a' and )8* 
are respectively a - a'' and a — a] therefore the centres of cur- 
vature are (/a'^/a^ 9^" l^^ hc^'lc) and (Jafa^ 9^1^ ^c'/c). 

722. If three confocal comcoids Ay B^ G intersect in P, the 
centres of principal curvature of A at P are the poles with respect to 
B and G of the tangent plane to A at P. 

Let the three conicoids A^ B, and G be 

x'la-^-y'lb + z'jc^l, x'la'+y'lV+z'lc'^ 1, x'la''+y'ir-¥ z'lc''= 1, 

intersecting in (/, ^, A). 

The coordinates of the centre of curvature of the normal 
section containing the tangent to the intersection of A and B 
are fa'^ja^ .9^'7^j hc'^fc^ and its polar, with respect to (7, is 
fxla-\-gylb-\'hzlc= 1, the tangent plane to A at P. 

Similarly for the other centre of principal curvature. This 
proposition is due to Salmon. 

723. The curve of intersection of two confocal conicoids is a 
line of curvature on each. 

Let PT be a tangent at P to the curve of intersection of twc 
confocals 8 and 5', PiV, PW normals at P to 8 and 8' ; and 
suppose a central section of 8 made by a plane parallel to the 
tangent plane WPT^ and therefore to the indicatrix to 8 at P. 
Now it is shewn, Art. 296, that PN' is parallel to one axis of this 
section, therefore PT is parallel to the other axis; hence, the 
tangent to the curve of intersection of 8 and /8' at any point is 
parallel to an axis of the indicatrix of either surface at that pointy 
and the curve is a line of curvature. 

724. At any point in a line of curvature of a conicoid^ the 
rectangle contained by the diameter parallel to the tangent at that 
point and the perpendicular from the centre on the tangent, plane 

^77 at the point is constant. 

Let the line of curvature on the conicoid 8 be the curve of 
intersection with S\ and let PT be a tangent to it at any 
point P, and PNj PW normals to 8 and 8' at P; then, if a, /8 be 
the semi-axes of the central section parallel to WPT^ the tangent 

?lane to 5, which are parallel respectively to PTand P^, it is shewn, 
!or., Art. 296, that ^ is constant, and, if p be the perpendicular from 
the centre on the tangent plane, pa^ is constant, therefore pa is 
constant* 
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725. The following proof is independent of the properties of 
confocal surfaces. 

Let P, Q be consecutive points on a line of curvature, the 
corresponding centre of curvature, p the radius of curvature, p the 
perpendicular on the tangent plane, a, the semi-axes of the central 
section parallel to the tangent plane, a being parallel to PQ, and let 
CP=^r^ then by the triangle OGF 

0C' = p' + r'''2pp, 

and since, for a change from P to Q, both and G are unchanged 
in position and p is unaltered, rdr = pdp. But, by Art. 277, 

a' + i8* + r* = a' + i' + c", a/fljp = aic ; 

:.ada + l3dfi-\'rdr = 0j and rfa/a-f J)8/i8 + rfjp/;? = 0; 

multiplying the last equation by a' or ppy and subtracting the 
preceding, we obtain (a* - /3*) dl3==0] therefore ff is constant, 
unless a = 13 J which is true only at an umbilic, therefore pa is also 
constant. 

726. To shew that the curves of intersection of a given conicoid 
with all confocal conicoids which intersect it satisfy the differential 
epilations of a line of curvature. 

Let the equation of the surface be x^la+y'lb + z^jc^l^ (1) 
then for the curve of intersection with the confocal n 

a'l{a^Jc)^y'l(^ + k) + z'l(c + k)^l, (2) f ^ 

xdxfa-^ydyjb + zdzjc = 0, (3) 

and xdxl(a + k)+ydyl(b + k) + zdzl(c + ft) =0; 

.-. a(a + k)(b'-c)lxdx=^b(b+k)(c''a)lydy = c(c+k)(a—b)lzdzi 

but subtracting (2) from (1) x^la(a-\-k)-\-y^jb(b-\-k)-^z^lc{c'\-k)=0\ 

/. x(b" c)ldx -\-y(c'' a)ldy -i- z(a — b)l dz = Oj 

and this is one differential equation of a line of curvature, see (1) 
Art. 717, the other being (3). 

The two equations (1) and (2) involving an arbitrary constant k 
are therefore tne complete integrals of the differential equations of 
the lines of curvature. 

Having given any one point (x\ tf, «'), we shall have the 

Quadratic equation x^la(a + k)-\- y'*lb(b'{'k) + z''lc(c-{-k) = for 
etermining ft, and to each value we shall have a corresponding 
line of curvature passing through the point (x\ y'y z'). 

727. To find the lines of curvature of a central conicoid from 
the differential equation of their prelections on a principal plane. 

The differential equation of the projections of the lines of 
curvature on the plane of xy may be obtained either by eliminating 
dz from the equations xdz j a + y dy j b '\- zdz j c = 

an\i x (b " c) dydz + y (c — a) dzdx -^^ z(a'-b)dxdy — 0^ 

QQ 
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or, by (3) Art. 718, the equation is 

xy (df/y (b -c)lb'\- {(a - c) x^ja + (c - J) y'/* + b''a]dxdt/ 

+ xy (dxy (c -0)10=^ 0. (1) 

7 1 / Multiply by ixyjaJ)^ and assume x*la=^Uy j^jb^v; therefore 

(J - c) M ((?«;)*+ {(a - c) M + (c — i) t; + & - a} rfw dt? + (c - a) V {duY = 0, 
or {{b — c) rfy — (c — a) (iw} (Wv — vdu) + (6 — a) e^i^cfv =* 0. (2) 
If we assume v — a + ajU +.. 4- aX +•••> 

hence the equation (2) cannot be identically satisfied unless a,, a,... 
are all zero, and substituting a + oLjU for Vj 

{(J-c)a,«(c-a)}(-a) + (i-a)a, = 0. (8) 

The solution t; = a + a^u is therefore the complete solution, since 
it involyes one arbitrary constant in the second degree. 

The projections of the lines of curvature are therefore conies 
of the form a?7*'+yV^'='^) ^^^^® J' = 5a, a'a, + aa = 0, so that, 
dividing (3) by a„ 

a'(a-.c)/a + y(c-i)/J4-ft-a = 0. (4) 

It can be shewn from this relation between the axes, or directly 
from the singular solution of the differential equation (1), that the 
system of conies is enveloped by the four straight lines whose 

projections are a: V{(«-<5)/aj ±y V{(c-i)/i} = ± V(« — ^); *jso, 
that each of these four straight lines is the projection of a generating 
line containing three umbilics real or imaginary. 

The projections of the intersection of the two confocals (1) and 
(2) of Art. 726 are cc* (a - c) fa (a + A-) + y' (b - c)/ J (6 + A) = 1, the 
axes of which satisfy the conditions (4), and the solutions agree. 

Another solution is given in Boole's Diff. Eq.j p. ] 35, Ex. 3. 

728. Lines of curvature of the paraboloids. 

Let 2z^ii^ja^-jflb (1) be the equation of a paraboloid; the 
differential equation of the projections of the lines of curvature 
on the plane oixy is, by (3) Art. 718, 

axy {dyY + [{a - J) aJ + bx* — ay^] dxdy — bxy {dxf = 0, 
the solution of which may be obtained as in Art. 727, viz. 
a^V^' + yV^' "^ ^ (^)} w^^^rc a', V are connected by the equation 

a'/a-'Vlb + a-b^^O. 
•// The equation of a paraboloid, confocal with (1), is 

2;5 + A: = a^/(a + i)+y7(J + ^0, 
and of the projection of the curve of intersection 

rr'/a (a + &) +//* (*+ i) + 1 = 0, 
which is one of the system of conies (2). 
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729. The differential equation of the lines of curvature of a 
hyperbolic paraboloid, whose equation is 02; = xy^ is 

(a- +«0{c?y/-(«'+y') (<£»)" =0, 

and the lines of curvature are the intersections of the paraboloid 
and hyperbolic cylinders, whose equations are 

the positive and negative values of G determining the two systems 
of lines. ^ 

Lines of Curvature through an Umbiltc. i 

730. To 8heto that there are three directions passing from an umbHie in 
which the normals at the consecutive points intersect. 

If the axis of z be a normal at an umbilic, the equation of the surface is of 
the form 1^ == « (£* + V) + M3 (1 + s), where tig is of the third degree in £ and ii, 
and e vanishes in the limit ; the equations of a normal at {x, y, s) are 

£-« + (2aar + c?tt,/dir)(J-«) = 0, v -y + (2ay ^ dujdy) (l-»)='0; H7i^ 

but if this normal meet that at the umbilic, the equations are satisfied by £ = 0; 
ifaO; .'. xduJdy-ydu^/dx^O^ which gives the three directions in which 
the point {Xy y, z) must be taken. 

781. Tojind the three directions for which normals to a eonicoid intersex the 
normal at an umbilic. 

Let af"+5i|' + c'C- 1 (1) be the eonicoid, (a, 0, 7) the umbilic, (a+\r, fir, 7+1^) 
a point adjacent to it in the direction (X, yit, v), the equations of the two normala 
are 

—7 — r— : = —7 — = -— ^. 9 ana ■ = , fr s j 

a (o + Ar) ojiT c (7 1 1^) aa 07 

one condition that they may intersect is /i » 0, and therefore one direction is 
that of the principal section containing the umbilic ; for the other conditions 

£ - a B \r - (a + Xr) a/b and l^-7 = vr-(7 + i^) c/b} 

.". 07 (6 - a) X = aa (b - c) v, 

but a"aV (ft- a) = c*7V(c- 6), :. aa\^e^pr.O, (2) 

and, by (1), a{a + Xr)« + 6/4V + c (7 + 1^)" = 1 j (3) 

.-. aX* + 6/*" + ci»' = 0; (4) 

(2) and (4) give the two other directions for which the normals intersect; and, 
since (3) is satisfied for all values of r, they are the directions of the imaginary 
generatrices through the umbilic. Since the argument is independent of the 
magnitude of r, it is true that all the normals at points along one of the umbilical 
generatrices intersect, and they have therefore this character of lines of curvature ; 
but Cayley has remarked in a note on a paper upon *' the direction of lines of 
curvature in the neighbourhood of an umbilic,"* that they are the envelopes 
of the lines of curvature, and belong to the singular solution of the differential 
equation of these lines, as stated in Art. 727. 

We may observe also that since (b - a) X' = (c - 5) v', 

.-. aX' + ft/t' + d^-ftCX' + zi' + i^; :, X» + /»« + i^o0by(4), 

which shews that these generatrices pass through the imaginary circle at infinity. 

♦ Frost, Quart, Jounh of Math,, vol x. p. 78, and Cayley, il;id. p. 111. 
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732. In the note referred to above, Cayley remarks that since, at an umbilic, 
dy/dx is determined by a cubic equation, there are generally three directions 
of the line of currature, which may arise from three distinct curres, or from a 
curve with a triple point at the umbilic; and, referring to a paper by Serret,* 
he states that the lines of curvature on the surface xyz - 1 are its intersection 

with the series of surfaces A = (a:* + a>y' + a>V)^ + (a:* + a;y + a>a^)*i (1). where 
OD is an imaginary cube root of unity ; now at the umbilic (1,1,1), corresponding 
to which A = 0, 

(«" + wy» + ii;V)'=(af* + wy + a;s*)'; .'. «" + w/ + o) V = «* + wV + a«*, 

or =w(«"+wy + ft;«*), or =w'(ar" + a;y + w£"); /. y* = 2', or a^ = J^, or «*=«■; 

hence, through the umbilic (1, 1, 1) three distinct lines of curvature pass, 
viz. the curves y = «, ay" = 1 ; a: = y, ar" = I ; and a = ar, ys* = 1. 

733. To shew that (I) of the last article is one of the equations of the lines 
of curvature of xyz = 1, we have 

xdydz (y* - s*) + ydzdx (z" - «*) + zdxdy («* - y*) = 0. 
Multiply by xyz^ and let ar* = jj, y' = ?i «* « r ; 

•'• p(q''r)dqdr -V q {r - p) drdp ^ r {p - q) dpdq^O. (1) 

Again, if A » ( /> + eoj^ + a?V)^ + (p + ««'V "^ *^^)^y 

{dp + ujdq + w^drf ( ja + wy + a;V) - (dp + tD*dq + ivdrf (p + iv^q + wr) = 0. 
The coefficient of {dp)* + 2dqdr = (w - a;*) (g - r), 

(dqy-^2drdp=:(u)-w*){r-p), 

(drf-^2dpdq'={a}~u)*)(p-q), 

and dp/p + dq/q^dr/r = Q, /. -{dpY^dpdqp/q-^dpdrp/r; 
,\ (- cfpdy p / 9 - «(iw;?r /»/♦• + 2dqdr) ( j^ - r) +. . .= 0, 
in which the coefficient of dqdr = 2 (j - r) - (r -^) q/r^(p-q)r/q 

^q'r^p{q/r^r/q)^p{q-r){p'Uq'^^r^)l 
:, p^q-r) dqdr +. ..= the same as (1) 5 
hence, the curve of intersection is a line of curvature. 



XLVIII. 

(1) A surface is generated by the revolution of a parabola about its 
directrix ; shew that one principal radius of curvature at any point is double 
the other. 

(2) If at any point of a surface i2, R be radii of curvature of normal 
sections at right angles to each other, and f>, p' be principal radii of curvature, 
the sections corresponding to R and p being inclined at an angle a, prove that 

Br^ C08*a - if "' sin*a s />"* COS 2a. 

(3) The principal radii o{ curvature at the points of the surface 
«V = 7? (»* + y*), where « = y = sj, are given by the equation 2p* + 2 yJZap - 9a* = 0. 

(4) If 9 be the inclination of any tangent to that of the principal section 
of least curvature, and ^ the inclination of a section through this tangent to 
the corresponding normal section such that the curvature is equal to that of 
the other principal section, p, p' being the radii of curvature of the two principal 
sections, prove that 2p sin* J^ = (/> - p') cos*0. 



* Lioui\ Journ.j t. 12 (1817), pp. 241—254. 
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(5) If pj p' be the principal radii of curTature at a point of a surface, prove 
that with thejiotation of Art. 710 



p'^ p'" dx\PI^ dy\P)'' dz\Pl' 



(6) Shew that the projection, on the plane of xy, of the indicatriz at any 
point of the surface s » (e* + e-^) 0O8;v is a rectangular hyperbola. 

(7) Prove that the radius of curvature of the surface «"• + y "• + »"• = a^ at an 
umbilic is 32» a/(m-l). 

(8) Prove that the specific curvature at every point of the elliptic paraboloid 
2s = a? /a + y"/6, where it is cut by the cylinder a^/ a* + y*/6' = 1| is (AabyK 



cut 



(9) The integral curvatures of the portions of the ellipsoid a:V«'+yVi'+«'/c*=l 
oflf by the cone ar*/a* + yVi* = ^/c* are in the ratio of V2 - 1 to V2 + 1. 



(10) A series of central sections of an ellipsoid are taken such that one 
axis of the section is constant, and planes parallel to these touch the ellipsoid, 
prove that the points of contact lie on a line of curvature. 



XLIX. 

(1) Prove that the principal curvatures are equal and opposite at points in 
the surface «* (y - a) + ayz « where it is met by the cone («* + ^yz)yz = (y - a)*. 

(2) If />, p* be the principal radii of curvature at any point of an ellipsoid 
on its line of intersection with a given concentric sphere, prove that the 
expression pp /(p + p'Y will bo invariable. 

* (3) At any point of the curve of contact of a cylinder circumscribed to a 
surface, the product of the radius of curvature oi the right section of the 
cylinder and the radius of curvature of the normal section of the surface drawn 
through the generator of the cylinder, is equal to the product of the principal 
radii of curvature of the surface at the point. 

(4) Shew that a sphere whose centre is the origin, and the reciprocal of 
whose radius is a + 6 + c touches the surface whose equation is (ax)! + {hy)\ + (cs)I = 1 
at an umbihc 

(5) Prove that the specific curvature at any point of an ellipsoid is propor- 
tional tJQp*iP being the perpendicular from the centre on the tangent plane. 

(6) Shew that the integral curvature of the whole surface 

(«« + y«)/a«-«Vc»=l is 47r{l -c/ -/(«' + c*)}. 

(7) The planes drawn through the centre of an ellipsoid, parallel to the 
tangent planes at points along a^line of curvature, envelope a cone which 
intersects the ellipsoid in a sphero-conic. 

(8) On an umbilical conicoid, the projections of the lines of. curvature on 
the planes of circular section, by lines parallel to an axis, form a series of 
confocal conies, the foci of which are the projections of the umbilics. 
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(9) In the helicoid, whose ec^uation ib y^x ia,n(z/a), the lines of curvature 
are the intersections of the helicoid with the surfaces represented by the equation 
2 ^{:^ + y') = a sinh {(« + e)/a] for different values of c. 

Also, prove that the principal radii of curvature are, at every point in the 
intersection of the helicoid with a coaxial cylinder, constant and equal in 
magnitude, but of opposite signs. 

(10) A helix is drawn on a cylinder, and the surface which has this^ curve 
as its edge of regression is cut by a coaxial cylinder. Prove that the principal 
radii of curvature of the surface at all points of the curve of section are equal. 



(I) A 

(«, A 7) ; 



L. 

^l) A series of conicoids, ax* + 5y' + 02*0 1, is drawn through a fixed point 
shew that the locus of the centres of principal curvature at the fixed 
point is the surface ayz {x - o)' + fizx (y - /3)* + 7Jry (« - 7)" = 0. 

(2) If a surface have contact of the second order at (x, y, 2) with the conicoid 
ax* + V + <?»" + 2afyz + 2b'zx + 2c'xy + 2a"x + 26"y + 2e"z +/= 0, 
then r" (a + g>' + 2b p) = «» [cqp + ap + b'q + e') = <"» (6 + c/ + 2tf'j). 

^3) Deduce the conditions for an umbilicus from the equation giving the 
radii of curvature, by making the roots of the equation equal. 

(4) Prove that the specific curvature at any point of the paraboloid 
y*/b + z*/c='X varies 9A{p/z)*y p being the perpendicular from the centre on 
the tangent plane. 

(5) If a plane curve be given by the equations 

«/a = 006^ -flog tan 1^, y/a = Bin0, 

the surface produced by the revolution of this curve about the axis of x will 
have its specific curvature constant. 

(6) Shew that the integral curvature of the portion of a surface of revolution 
cut off by two planes perpendicular to the axis is 29r (cos/3 -cosa), where a, /3 
are the angles which the normals to the surface at any points on the curves 
of intersection of the planes and surface make with the axis. 

(7) A cone of revolution circumscribes an ellipsoid, prove that the plane 
of contact divides the ellipsoid into two portions wnose integral curvatures are 
29r (1 i sin a), where 2a is the vertical angle of the cone. 

(8) If one series of lines of curvature on a surface be plane curves, lying in 
parallel planes, the other series will also be plane carves. 

(9) Prove that the three surfaces yx = ax, V(** + y") + V(** + a*) = ^ 
V{^ + y") - V(** + 2*) ■ Cf intersect each other always at right angles ; and hence 
prove that, on a hyperbolic paraboloid whose principal sections are equal 
parabolas, the sum or the difference of the distances of any point on a line of 
curvature from the two generators through the vertex is constant. 

(10) Prove that, if the normals drawn at the points where a straight line 
meets a conicoid intersect, those drawn at the points where the same line meets 
any confocal conicoid will also intersect. Hence shew that four lines can be 
drawn firom any point to touch the lines of curvature on a given conicoid* 
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LI. 



(1) The normal at eacH point of a principal section of an ellipsoid is 
intersected by the normal at a consecutive point not on the principal section ; 
shew that the locus of the point of intersection is an ellipse having four (real 
or imaginary) contacts with the evolute of the principal section. 

(2) The points of the surface *y2 = a (ya + «r + ary), at which the principal 
curvatures are equal and opposite, lie on the cone 

a:* (y + «) + y* (a + j:) + z* (x + y)=: 0. 

(3) If the product of the principal radii of curvature of a surface of 
revolution be constant and equal to a, prove that /)'o"" 4 b*y'* = 1 , where p is 
the radius of curvature of the generating curve, y the distance from the axis, 
and b some constant Prove also that, if the generating curve cut the axis at 
right angles, the surface will be a sphere. 

(4) A surface is generated by the motion of a straight line which always 
intersects the axis of x, prove that the radii of curvature at any point on the 
axis of X are coX\0dx/d4' and - tan|d(2r/c/i/^, x being the distance of the 
point from the origin, the angle which the corresponding generator makes 
with the axis of x, and ^ that which its projection upon the plane of y% makes 
with the axis of y. 

(5) Prove that the specific curvature at a point on a right conoid, whose 
equation in cylindrical coordinates r, ^, « is « =/(^), is - {/'(^)}V[r*+{/'(^)n*- 

(6) Shew that the specific curvature at any point on the surface xyz^ahe, 
varies as the fourth power of the perpendicular from the origin on the tangent 
plane at the point, and that at an umoilic it is i [ahcyi, 

(7) If any cylinder circumscribe an ellipsoid, it will divide the ellipsoid into 
portions whose integral curvatures are equal. Hence, if three cylinders circum* 
scribe an ellipsoid, uie integral curvature of the portion of the ellipsoid cut off 
is ir-POQ - QOB - BOP, where O Is the centre, and OP, OQ, OR are the 
directions of the axes of the cylinders. 

(8) Find the umbilic of the surface cor* + 6y' + C2* = A;*, and shew that, at the 
umbilic, ax^by- cz, the directions of the three lines of curvature are given by 
the equations adx s bdy, bdy » cdzy and cdz = adx respectively. 

(9) Tangent planes are drawn to a series of confocal conicoids from a fixed 
point on one of the axes, the locus of the points of contact is a surface ; prove 
that three such surfaces corresponding to three points one on each axis cut 
one another orthogonally ; also that part of the curves of intersection are circles. 

(10) Shew that the line which separates the synclastic from the antklastic 
ts of a surface is not generally a line of curvature, and that along it the 
exional taneents coincide. 



parts of a surface is not ger 
inflexional tangents coincide. 



LII. 



(1) The only surface of revolution, such that the curvaturee of the principal 
sections at every point are equal and opposite, is that produced by the revolution 
of a catenary about its directrix. 

(2) A plane curve is wrapped upon a developable surface. If p be the 
radius of curvature of the plane curve at any point, p' the corresponding radius 
of curvature of the curve upon the surface, R the corresponding principal 
radius of curvature of the surface, and the an^le at which the curve intersects 
the generator of the surface, R* sin*^ = p"* - p. 
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(3) A surface is generated by the motion of a Tariable circle which always 
intersects the axis of ar, and is parallel to the plane of yz. If r be the radius of 
the circle at a point on the axis of x, and the inclination of the diameter 
through that pomt to the axis of z, prove that the principal radii of curvature 
at the point are given by the equation p'r + ;?' (^ - r) = 0, where p is the value 
oi dx/dO 2X the point. 

(4) A surface is generated by a straight line which always intersects a 
given circle, and the straight line through the centre of the circle normal to its 
plane, prove that the principal radii of curvature of the surface, at any point on 
the circle, are given by the equation />• (dd/d^Y + ap cos^ - o' = 0, a being the 
radius of the circle, 6 the angle which the generator at the point makes with 
the fixed line, and ^ the angle which the radius of the circle through the point 
makes with a fixed radius. 

(6) Two surfaces touch each other at the point P ; if the principal curvatures 
of the first surface at P be denoted by a + 6, those of the second by a'±h'\ and 
if u) be the angle between the principal planes to which a vhj k + b' belong, 
the angle between the two branches at P of the curve of intersection of the 
surfaces, shew that (6* - 2bb' cos2w + 6'*) cos"^ = (a - a'f. 

(6) In a surface, generated as in (4), if ^ = logtanid, the measure of 
curvature will be the same at corresponding points on the fixed line, and on 
the circle. 

(7) Through any point of the hyperboloid a:' + y* - z* = a* two generators are 
drawn; shew that the integral curvature of the surface bounded by these 
generators and the plane of xy is -sin'*{A*/(a' + A*)}, where h is the distance 
of the point from that plane. 

(8) Find the differential equations of the first order of surfaces possessing 
the property that the projections, on a fixed plane, of their lines of curvature 
cross each other everywhere at right angles. Prove that they are satisfied by 
surfaces of revolution whose axes are perpendicular to the fixed plane. 

(9) Prove that the surface of centres of the helicoid, whose equation is 
t^mO in cylindrical coordinates, will be found by eliminating to between 

f* = ^m* sec 2a;, « = Jm tan 2tt> -i- m (^ - w), 

(10) Through a given generator of a hyperboloid a variable plane is drawn ; 
thi^ will touch the hyperboloid at one point A, and contain a normal at another 
point B't prove that the sum of the square roots of the specific curvatures at 
A find at B is constant for all positions of the plane. 



CHAPTER XXIIL 



GEODESIC LINES. 



734: Geodesic lines are among tbe most interesting lines which 
can be drawn on a surface, and they have long occupied the attention 
of mathematicians. The principal theorems connected with these 
lines contained in this Chapter are due to Cajley, Chasles, Gauss. 
Hart, Jacobi, Joachimsthal, Liouville, Boberts (M. and W), ana 
Salmon. 

When a string passes through small rings at two points on a 
smooth sphere, and is then stretched tight, it is easily seen that it must 
lie on a great circle of the sphere, the reason being that the resultant 
of the tensions at the extremity of any element of the string will 
then be balanced by the reaction of the surface. Moreover, when 
it occupies the smaller ai^c of the circle it will be in a position of 
stable equilibrium, since if slightly disturbed it would return to the 
original position ; whereas, if it occupied the larger arc, it would, 
on being displaced, slide along the surface of the sphere until it 
assumed the position of the smaller arc ; the equilibrium would in 
this latter case be unstable. If the two rings were at opposite ends 
of a diameter the equilibrium would be neutral. 

Any great circle is a geodesic line on a sphere, and the idea 
involved in this illustration may be generalised by either of the 
following definitions, which are so closely connected that it is 
indifiPerent which is considered to be the better description of the 
geodesic lines on a surface, since, when one is accepted, the property 
involved in the other is almost obvious. 

735. Def. 1. A geodesic line on a surface is a line whose 
osculating plane at any point contains the normal to the surface at 
that point. 

Def. 2. A geodesic line on a surface is a line along which, if an 
inelastic string were placed, it would be in equilibrium when strained 
by forces applied in the direction of the tangents at any two points 
of the line ; the surface being supposed smooth. 

ThU definition includes the cases both of stable and unstable equilibrium 
mentioned aboTCi which may occur on any surface. 

From either definition it follows that a proposition similar to Euclid I, 
prop. 11, Cor. about straight lines holds also witn respect to geodesic lines on 
a surface. 

736. The connecting link between the two definitions is obtained 
by considering that an element of a strained string on a smooth 

BB 



306 OEODESICJ LINES 

surface is in equilibriuin when the resultant of tbe equal tensions 
at the extremities of the element is balanced bj the reaction of the 
surface, thus the two tangents must be in the same plane with the 
norntial to the surface, and the first definition follows from the 
second ; and vice versa if we reverse the argument. 
• Unless specially mentioned we shall suppose that a geodesic is 
described by the first definition. 

737. A geodesic line has also been defined as the line of maximum or 
minimum length which can be drawn between two points on a surface, but this 
is not exact enough for a definition ; for take the case of a ^reat circle of a 
sphere APBQAy in which APB is the smaller arc, then if BQ be less than 
half the circumference, BQ would be a minimum line between B and Q, 
therefore some line BRQ would he greater than BQ^ and BRQA would be 
greater than BQA, so that it is hard to say in what sense the larger arc is a 
maximum. 

The following definition which, as well as the first, is independent of 
mechanical considerations, sufficiently expresses the properties of a geodesic. 

Def. 8. A geodesic line is a curve such that its arc between any two neigh- 
bouring points is shorter than the arc of any other curve on the surface joining 
the two points. 

The connection between this and the first definition is easily established, as 
follows, by the use of Meunier's theorem. 

738. The line of minimum length between two points on a surface^ 
measured along the surface^ is a geodesic line. 

The curvature of any curve on a surface is the same at any 
point as that of the section of the surface made by the osculating 
plane at that point, since the two curves will have three coincident 
points. Also, of all sections having a common tangent line, the 
normal section is that whose curvature is the least, by Meunier's 
theorem, Art. 686 ; hence any infinitesimal arc of the proposed line 
being manifestly the shortest possible between its extremities, the 
osculating plane must contain the normal to the surface, and so the 
line must be a geodesic, Def. 1. 

739. The particular case, that the line of minimum length joining two 
points on a torse is a geodesic line, can be shewn by considering that, if the 
torse be developed into a plane, the minimum line must be the straight line 
joining the two points. In the figure on page 202 let ABC...K be the polygon 
which in the limit becomes the minimum line joining A and JT; since on 
development this becomes a straight line, two consecutive sides £F, FG must 
be inclined at equal angles to the line Ff. Hence a straight line, drawn 
through F perpendicular to the line Ff in the plane bisecting the angle 
between the planes EFf, GF/t w^ill manifestly lie in the plane EFG, and bisect 
the angle EFG. This line will be in the limit the normal to the surface, and 
the plane BFG will be the osculating plane of the curve AB...K at the 
point F', therefore, by Def. 1, the turve is a geodesic. 

A similar proof could be given of the freneral proposition with respect to 
any surface, but we prefer the proof by Meunier's theorem given in the last 
article. 

740. Differential equations of geodesic lines on a surface. 

By the first definition the principal normal of a geodesic line at 



GEODESIC LINES. 307 

any point of a surface coincides with the normal to the surface at 
that point, hence, if F (x^ y^z)=:-0 be the eqaation of the surface, 
using the notation of Arts. 461 and 634, x"/U=^y"l K=a'7 TF(1). 

One integral of these equations is, of course, F (a?, y, z) = 0, and 
if another can be found it will involve two constants, which can be 
determined so as to make the line pass through any two points on 
the surface, or to satisfy any two conditions consistent with its 
nature. 

The form of the equations connecting the constants of integration 
with the coordinates of two proposed points may be such that many 
values can be given to the constants, to each of which will correspond 
a geodesic through the given points; examples of this will be given 
when the surfaces are right circular cylinders and cones. 

When the equation of the surface is given in the form z ^f (a?, y) ^ 
the fundamental equations (1) of a geodesic assume the forms ' ^'^ 
x" +pz" = 0, y" + qz" = 0. 

741. If a geodesic be either a plane curve or a line of curvature 
it will be both ; but a plane line of curvature is not necessarily a 
geodesic. 

i. Along a plane geodesic consecutive normals to the surface 
intersect, which is the fundamental property of a line of curvature. 

I'he case of a generator on a scroll is an exception, for although 
it is a geodesic and plane it is not a line of curvature. 

ii. In a geodesic line of curvature take -4, 5, G, D any four 
consecutive points ; since these are in a line of curvature the normals 
at B^ C intersect in some point (9, and since they are in a geodesic 
line ABG^ the osculating plane at B contains BO^ therefore A lies 
in the plane BGO) similarly D lies in the same plane. Thus, the 
whole curve lies in one plane. 

iii. A plane line of curvature is not necessarily a geodesic, as in 
the case of a circular section of a surface of revolution, Art. 699. 

742. The student should prove i. and ii. analytically by consider- 
ing that, if (Z, m, n) be the direction of the normal at a point (a;, y, ^), 
and t ^dljds^ &c. for a geodesic x" jl^y" /m = z" fn^ Art. 740, for 
a line of curvature x /I = y jm = « /n', (1) Art. 705, and for a plane 



curve 



x"\ y"\ z- 



= 0, Art. 627. 



743. If a serie$ of lines qf curvature he geodesies^ they will all he repetitione 
of tJis same plane curve. 

Let one of these lines of curvature, which have been shewn to be plane 
curves, lie in the plane xOy, and let Oy be the intersection of this plane with 
the plane ^Oy containing a consecutive line of the same system. Let a line of 
curvature of the other system cut these two curves in P, Q, then PR, the 
projection of PQ on the plane xOy, is a normal to the surface being the 
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principid normal of the plane line of cunrature in xOy, and thus the curve PQ 
cuts the plane xOy at right angles, and PR is ultimately of the order QiZ*. 

U x,y and i, n be the Xioordinates of P and Q in their respective planes, 
f - « and If - y will be of the order of PjB, and therefore of the square of the 
angle xO^ between the planes; hence the plane lines of curvature are plane 
curves equal in all respects, and by giving the angle between the planes 
successive increments, so small that the squares may be neglected, the result 
follows. • 

744. If tangents to a geodesic make constant angles with a fired line, the 
normals to the surface along it will be always perpendicular to that line. 

Let (^ m, n) be the direction of the given line, (x, y, z) a point of the 
geodesic, then Ix' + my' + nt' is constant, 

.'. ;*" + m/ + n«" = 0, and lU^mV^nW^O, 

745. Salmon has shewn that the edge of regression of the torse generated 
by tlie normals to the surface at every point of a line of curvature is a geodesic 
line on the sheet of the surface of centres in which it lies. For, in the figure 
page 287, PCQ is the osculating plane at C to the edge CE, and PC'R is a 
tangent plane at Cto the sheet on which CJ^lies; and, since the planes PCQ 
and PC'R are at right angles, the normal to that sheet at C li^s in the osculat- 
ing plane of CB, which is Uie condition that CR should be a geodesic on the 
sheet on which it lies. 

746. Oeodesic Polar Coordinates. If on a surface a fixed point 
8 and a fixed geodesic line SX be chosen, the position of any 
point P on the surface will be fully defined when the length of 
the geodesic joining 8 and P and the angle at 8 between 
the geodesies 6P and 8X are given; these are geodesic polar 
coordinates of P. 

For the study of carves referred to these coordinates, the 
following theorem, which wo give with Gauss' geometrical proof, is 
important. 

747. If geodesic lines of equal length be drawn on a surface from 
the same point in every direction the curve which is the locus of their 
extremities toill cut all the lines at right angles. 

Let 8P^ 8Q be two geodesies of equal length inclined at an 
infinitely small angle at 8^ and let PQ, if possible, make angles 
difierent from a right angle with fiP, 8Q ; by the law of continuity, 
if one be greater the other will be less than a right angle. Let 
SPQ be the acute angle, and draw QJt perpendicular to PQ meeting 
S'Pin Bj then, treating the small triangle as plane, BQ is less than 
JtPj hence 8B^BQ <8B + BP or 8P^ that is, 8BQisa, shorter 
path from 8to Q than SQy which is equal to SP, and, by Art. 738, 
this is contrary to the supposition that 8Q is a geodesic line. 

The curve is called a geodesic circle. 

748. It is easy to see that this theorem enables us to prove by 
the method of infinitesimals many propositions relating to curves on 
surfaces almost in the same words as are used in proving the corre* 
spending propositions in plane geometry ; thus, tf a curve be such 
that either the sum or difference of the geodesic distances of any point 
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in it from ttoo Jlxed points in the surface is constant^ ike tangent at any 
point will bisect the angle between the geodesies which join it to the 
two fixed points: the converse can also be shewn. 

749. If P, P' be two consecutive points on a curve referred to 

feodesic polar coordinates and PM be drawn perpendicular to SP\ 
^M will be a small arc of a geodesic circle and will be equal to the 
angle P^SP' multiplied by some function of the position of P. 
Let p, 09 be the geodesic coordinates of P; then 

(cfo)« = W+(Pt?6>)«, 

where P indicates the function mentioned above. 

The proposition of Art 747 can be shewn analytically as follows: The small 
arc of a geodesic circle is perpendicular to the normal to the surface, therefore, 
_ dx d^z ay d*y dz dFz 

^y -*■*• '*"• PdiJ 5pi + P5;;; ^' * PrfiJ ^' ° ®' •*^' differentiating the equa- 
tion (dx/dp)' + (dy/dp)' + {dz/dp)' « 1, we have 

<i*x dx tPu dy d^ dt ^ 



dwdp dp dtodp dp dtvdp dp 

, dx dx dy dy dz dz 
and, by these equations, t- 3- + -r^ _ - + -r- -7- is shewn to be constant for 

aw dp aw dp aw ap 

all values of p, and is zero, when p is indefinitely diminished, in which case the 

geodesic circle is ultimately a plane circle ; hence, all geodesic circles cut their 

radii at right angles. 

750. In the case of a surface of revolution which intersects the axis in 8, 
P is a function of p only. Draw PM perpendicular to the axis of revolution, 
and let SM^^ x, MP - y, 8P = «, the normal and radius of curvature at P are 
y/a^ and - «'/y", therefore, by Art 699, the product of the principal radii of 
curvature of the surface at P is - y/i/', and since ydw is the elementary arc of 

d*P P 

the geodesic circle, y^P and » = /», therefore —r-r + -pjsr = 0> where JR, R are 

the principal radii of curvature. It will be shewn in Art. 757 that this equation 
holds for any surface. 

751. To find the measure of tortuosity at any point of a geodesic 
line. 

Take a point in the geodesic as origin, and refer the surface to 
the tangent plane and toe planes of principal curvature, so that its 
equation assumes the form 2« = aj'/pjH-yY/3g+...; p,, /?, being the 
principal radii of curvature. 

Let the geodesic make an angle with the axis of x at the 
origin 0, and let ds he sl small element of the geodesic whose 
extremities are and P, so that ultimately x^dsco^O^y^ds sin 0. 
Then, if dx be the angle between the normals to the surface at 

and P, ooBdx^(i+x^lp,'+y'lp:y^, /. sinWx = a'VPi' + y' //>/ ^Iti- 
mately. 

But, since the normals to the surface at all points of the geodesic 

are the principal normals of the geodesic, by Art. 647, and with the 

same notation, (rfe)'+(^T)*=(^x)') .'. p"*+<^"*=cos*^/p/+8in*^/p,', 
and p'* = cos'5/pj + sin'5/p„ /. <r"* = cos"^ sin*^(p,"* - p,"*)'i 

or a"' = cos ^ sin {p^ '^ p,"*)- 
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Cor. a geodesic has oo tortuosity at poipts where it touches a 
line of curvature, or at any umbilic when it passes through one. 

752. Geodesic lines on a surface correspond to straight lines on 
a plane, and the geodesic which touches a curve traced on the 
surface is called a geodesic tangent to the curve at the point of 
contact. If geodesic tangents be drawn at the extremities of a 
small arc e29 of a curve traced on a surface, and du be the angle at 
which they intersect, the ultimate value of da^ when ds is indefinitely 
diminished, corresponds to the angle of contingence in a plane 
curve, and the limit of dsfdu is the geodesic radius of curvature, 

753. To find the geodesic radius of curvature of a curve traced 
on a surface. 

Let FQ be the chord of a small arc of the curve, Pr, QT 
tangents to the curve, which will also be tangents to the geodesic 

T 




tangents. Draw a plane through PQ parallel to the tangent plane 
at (7, the intersection of the geodesic tangents Pg^ Qg^ and let POj 
(?(? be the projections on this plane of PT and QT^ therefore PTO^ 
QTO are ultimately the osculating planes of the geodesic tangents, 
and du is the angle between PO produced and OQ^ which is the 
projection of rfs, the angle of contingence of the curve; hence, if 
^ be the angle between the osculating plane and the plane of the 
normal section containing the tangent line to the curve, which is 
ultimately the complement of the angle between the planes PTQ^ 
PGQ, PO.OQ Andu = PT.QTAad^ sin^, therefore, since PO^PT 
and QG^ = QT ultimately, ^ 

/. du = rfe sin ^, and 'ctsfdt^^ cosec <f> >fe/4^ = P cosec ^, t/s, 

where p is the radius of curvature of the cufve at P. 

754. Change of direction of motion on a surface. 

It is remarked in Thomson and Tait's Natural Philosophy that as, 
when a ship is sailing in a meridian or on the equator, her direction 
b said to be unchanged, so we ought to say that her direction is not 
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changed if she move on any great circle ; and, since on a spbere, 
an arc of a great circle is a geodesic line, we see the connexion with 
the case of a plane polygon, when it is said that the integral change 
of direction of motion of a point, moving on a surface along the 
perimeter of a polygon whose sides are geodesic lines, is the sum of 
the exterior angles of the polygon. 

755. The integral change of direction Jar a closed curve on a 
surface is equal to that of the horograph. 

If tangent planes be drawn at every point of a closed curve 
traced on a suiface they will envelope a torse, and if this torse be 
slit down one of its generating lines and developed, the trace of the 
original closed curve will be a curve cutting at the same angle the V f^/. 
bounding lines which were coincident before the slitting process, and 
consecutive geodesic tangents to the closed curve , will become 
rectilinear tangents to the curve on the developed torse. 

Let /8 , /8,... be the angles of successive facets of the enveloping 
tangent planes which ultimately form the torse, a, a„ a,... the angles 
which tne tangents make with the generating lines, u^, t^,... the 
angles between the tangents, which are the same as the angles 
between the consecutive geodesic tangents on the surface. 

Then aj-|-tt,=a+)8„ a,+w,=a,+/8^, &c. and a^=a, .-. 2(m)=S(;8).. 

Hence the integral change of direction for the closed curve is 
the sum of all the facets of the torse, which is clearly the same for 
all torses with parallel facets ; and, therefore, for the torse which 
touches the unit sphere along the horograph, so that the integral 
change of direction for a closed curve on a surface is equal to that 
of the horograph. 

This proof was suggested by Moulton, and leads to Gauss' 
proposition respecting a geodesic triangle on a surface. 

756. The excess of four right angles above the change <f direction 
of a point moving round any closed carve on a surface is equal to the 
area of the horograph of the enclosed portion of the surface* 

The area of a closed polygon whose sides are arcs of great circles 
of a sphere of unit radius is the excess of 27r over the sum of the 
exterior angles ; this is readily shewn by dividing the polygon into 
a number of triangles whose common vertex is a point within the 
polygon. If the number of sides be increased and their magnitude 
diminished indefinitely we shall have proved that the excess of 27r 
over the change of direction of a point moving round any closed 
curve on the sphere is equal to the area of the enclosed portion (X 
the sphere, and by the last article the proposed theorem is true. 

Cor. 1, If a closed geodesic he drawn on any closed surface 
wilJioiU singular points^ the integral curvature of tne two parts into 
which the surface is divided mil be equal. 
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For there is no change of direction in motion round the carve, 
and therefore the area of the horograph most be 2ir, or half the 
surface of the unit sphere. 

Cor. 2. One of Gauss' theorems is a particular case of the pro- 
position, viz. that the excess over ir of the sum of the angles of a 
geodesic triangle is the area of that portion of the unit sphere enclosed 
hy the horograph, 

757. To prove that -^r + 'dd> = ^ ^*^ ^^^ ^ ^ length of an 

dp MtC 

element of a geodesic circle. 

Let 8PF^ 8QQ be geodesic lines inclined at a small angle rfoo, 

PQ and P'Q' arcs of geodesic circles whose radii are p and p + dp. 

PTy QTj and P'T, QfT geodesic tangents to these arcs, du the 

angle at which PT, TQ intersect. 




Bj Art. 756, the excess of 27r over the change of direction in 
passing round QSPT is equal to the arcs of the horograph corre- 
sponding to it, which is therefore 2w — (ir— c?o>+ ^Tr + rfu + J^). 
But, ultimately, the difiPerence of the areas of the horographs of 
7 f SPTQ and SPTQ is PQQPIBE, where 5, B' are the principal 
radii of curvature at P; hence 

Let POQ^ P'O'Q be geodesic lines, and draw PJf, Q^ perpen- 
dicular to POQ, meeting P'G'Q in i/, N, then 

du^L TPQ ^lTQ a^LFPM^L Q QN={ F g-PQ)ldp=d[Pd<o)}dp ; 

•••,by(l), ^^+^-. = 0. (2) 

758. Another form of the measure of geodesic curvature arises 
from the equation (2). 

For, by (1) and (2) ->- f^j = ^« i integrating and observing 
that the constant vanishes, since, when p is indefinitely diminished 
i>=p and rfu/A = p-', we obtain ^" = ||. 



N 
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In the case of a sphere of unit radius, P=s sinp, and for a small 
circle whose geodesic radius is p, the measure of geodesic curvature 
is cotp, which is easily identified with the result of Art. 753. 

759. Oeodesics joining two points on a circular cylinder. 

Let the equation of the cylmder be a:* + y* — a% and let a, 0^ z 
be the cylindrical coordinates of any point in a geodesic line joining 
two given points A and JB, for whicn ^ = 0, « = and 5 = a, « = c 
respectively. 

By the equations of a geodesic «"=0 and ary"— yaj" = 0, /. 2' and 
ci^ff are constant, so that addjdz is constant, that is, any geodesic 
cuts the generating lines at a constant angle )3, and z = a0 cot 13^ 
where /8 is given by the equation c tan/S^a (2n7r + a), n being any 
positive or negative integer or zero. 

These equations have been obtained from the fundamental 
equations of geodesies, but it is obvious that we can wind a string 
round a cylinder in either direction as many times as we please, so 
as to start from A and pass through JS, retaining its form when under 
tensioui and the equations given above are easily deduced. 

760. Oeodesics Joining two given points on a right circular cone. 
Let the equation of the cone be r E a;* + ^ = 2' tan'o, and let the 

cylindrical coordinates of the given points A^ Bhe a sin a, 0, a cos a 
and isina, 2n7r + )9, icosa, n being any positive or negative in- 
teger or zero. 

The equations of the geodesic give 

a?y"-ya;" = 0, /. a?/ - yx' = r*^ = (7 

a constant quantity, and 

1 = r'* cosec'a + r'^, .-. cosec'a (drjdey + f^=^r^lC\ 

the general solution of which is r= (7sec(d sina + i?) and the 
constants are determined by the equations 

asina— Gsec'D and bs\na= (7sec{(2nTr + /8)sina + i)}, 

whence the equation of one of the geodesies joining AB is given by 

a"* sin{(2n7r+/8— ^) sina}+6'* sin(^sina)=r** sina sin{(2w7r+/9) sina}, 

If the cone, vertex F, be developed into a plane, and r , 0' be 
the polar coordinates of the point corresponding to r, 0y VA being 
the initial radius vector, r' sina = r^ ^= ^sind. The point B will 
occupy different positions corresponding to thci number of sheets 
unwrapped, so that 

^75=/8sina = i8',5FB,=5,Fj5,=...= 27rsina = S, 

and in the opposite direction BVB\=B\VB\=>--=^S] the equations 
of the geodesies developed on the plane are thus given by 

a" sin {nS + /3' - 0') + J"* sin 0" = r"* sin {nB + /S'), 

shewing that the geodesies become straight lines joining A with 

SS 
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The number of geodesies is not infinite as in the case of the 

cylinder but is limited by the consideration that ^ + nS must be 

between + w and — ir inclusive ; the number therefore exceeds by 

unity the sum of the greatest integers in (tt — /8')/S and (7r4 /3')/S. 

A geodesic on a right circular cone cannot have its two ends on the same 
generating line unless the vertical angle be less than 60°, for in that case 2^ sina 
must be less than ir, 

761. Throughout a geodesic on a surface of revolution the 
distance of any point from ike axis varies as the cosecant of the 
angle between the geodesic and the meridian. 

Let the equation of the surface be z ^f(x^ + y*), the axis of 
revolution being taken for that of «, .*. irq — yp = 0, and for the 
geodesic pv' — qx" ^ 0, .-. xy" - yx" == 0, or xy — yx ==C2l constant ; 
thus if r, a be cylindrical coordinates, rW= Cdsj hence r = Gfrff^ 
which represents the property stated. 

762. At every point of the same geodesic on a central conicoid pD 
is constanty where p is the perpendicular from the centre on the tangent 
plane^ and D is the centred radius parallel to the tangent to the 
geodesic. 

Let the equation of the conicoid be aa:* + %' + c«* = 1, and 
(7y 972, n) the direction of the tangent at any point of the geodesic, 

/. llax = m'jby=^n jcz^ksM^^o^^ (I) 

^ j*y also aa5Z+6ym + can = 0, (2) 

^ .^ ^ a V + ty + cV =p'\ (3) 

and ar-^-hm'-^-cn'^D-^. (4) 

Differentiating (2) and observing that x' = /, &c. 

axV + bym' + czn* + aP -f Im? + en' = 0, 

••• by (1), (3) and (4) Ap"' + IT' = 0. 
Again, differentiating (3) and (4), 

cfxl + Vym + (?zn = ^dp'^jds^ and k (a*xl + Vym 4 c^zn) = ^dD'^jds* 

:. Ifdp-^ +p'^dD'* = d (p'^I)-') = 0, thus pD is constant. 

This first integral of the equations is due to Joachimsthal.* 

763^ The important property given in the last article has been 
proved geometrically by Joycet as follows. 

Let LMj MN be tangents to a curve traced on a central conicoid 
at the points L and N^ MP the intersection of the tangent planes 
to the surface at L and N^ LM-\- MN is ultimately equal to tne arc 
between L and N^ whose osculating plane is LMN, If this curve 
be a geodesic line, LMN will be shorter than for any curve whose 
osculating plane LMN meets PM in any other point, hence LM^ 
MN make equal angles with PM and PM produced. Through the 

♦ CrdUy XXVI. t Q«<w*. Jowr. V. p. 265, 
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centre of the conicoid draw Om a central radius parallel to the 
conjugate line MP^ and draw w/, mn chords of the conicoid parallel to , • 

Jfi, MN, Then tw/, mn will be ultimately tangents to the central ^ *^ 




sections made by planes parallel to the tangent planes at Zr, N. 
Also, since 0ml and Omn are supplementary angles, the perpen* 
diculars on these tangents are equal ; that is, if a plane be drawn 
through the centre parallel to the tangent plane at any point of a 
geodesic, and a tangent line be drawn to this section parallel to the 
tangent line to the curve, the perpendicular q on this tangent line 
will be of constant length. The area of the section will be tfqD^ 
, and %qpD will be the volume of a parallelepiped enveloping the 
conicoid and having its faces parallel to conjugate planes, and will 
therefore be constant ; hence, since q is constant, pD will also be 
constant. 

When the geodesic is perpendicular to the conjugate tangent, it 
touches at that point one of the lines of curvature, being in the 
direction of an axis of the indicatrix, Art. 690, and pD is obviously 
the same for both cui*ves. 

This proof holds equally for the lines of curvature, since along 
a line of curvature Im and mn are always perpendicular to Om. 

764. The property that pD is constant at every point of a 
geodesic on a central conicoid has been replaced by another form 
expressed in terms of the primary axes of the conf'ocals which 
intersect in any point of the geodesic* 

Let a point P of a geodesic on a central conicoid be determined 
by the confocals, the squares of whose primary semi-axes are «*—&,', 
a —k*j then. Art. 296, k^ and A", are the perai-axes of the central 

♦ LiouviUe^ lz,iQi, 
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section by a plane parallel to the tangent plane to the conicoid at P. 
yjj Let 6 be the inclination of the geodesic to the line of curvature 
corresponding to A„ D the radius of the central section will be 
given by A;,"* cos*^ 4- k^'^ sin'tf = D"*, also k^k^p = ahc^ and k^k^ = qD^ 
where q is the perpendicular from the centre on a tangent line 
parallel to the direction of the geodesic at P, 

which, assuming Joachimsthars theorem, is a constant ; or, if a^ a, 
be the primary semi-axes of the confocals through P, 

a* cos- ^ + a* sin''^ = a" - q\ 

Cor. Since at an umbilic q^bii follows that a^' cob'5 + a^* sin'5 
has the same value for every umbilical geodesic. 

765. Chasles has deduced the second form of the first integral independently 
of Joachimsthal's theorem by making use of the proposition of Art. 310. The 
osculating plane of a geodesic at P is taken for the plane U, therefore, if a be 
the primary semi-axis of the confocal touching the osculating plane, which 
contains the normal to the conicoid on which the geodesic lies, since 0^ s Jn-, 
02* cos*^, + a^ cos*^j = a\ 

Hence, by Art. 310, since a consecutive |)oint on the geodesic is also a point 
in U, fox which 0^ » Itt, a,* cos*0, -i- as* cos'^t is unaltered, and remains the same 
throughout the geodesic. 

766. Tke constant pD has the same value for all geodesic tangents 
to the same line of curvature. 

For pD is constant throughout a line of curvature, and, at the 
point of contact with any gfsodesic, both p and J) are the same for 
the two curves. 

767. Two geodesic tangents drawn to a line of curvature on a 
central conicoid make equal angles with the lines of curvature which 
pass through their point of intersection.'^ 

For pD will be the same for both, and therefore at the point of 
intersection, since p is the same, D will also be the same, and then 
the axes of the central section will bisect the angle between the two 
directions of D. 

768. The same proof as for plane confocals shews that, if two 
geodesic tangents be drawn to a line of curvature from a point on 
another line of curvature of the same system, the sum of the 
tangents will exceed the intercepted arc by a constant quantity. 

769. The locus of a point on an ellipsoid^ the sum or difference 
of whose geodesic distances from two adjacent umhilics is constant^ is 
a line of curvature. 

For, let [7, V be adjacent umbilics, P any point on the ellipsoid 
for which the sum or diflFerence of the geodesic distances PJ7, FV 



♦ M. Roberts, Liouville xi , p. 1. 
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18 constant, it is easily shewn by the theorem of Art. 747 that i( 7^ f 
<? be a point in the locus very near to P, PQ bisects the external or 
the internal angle between JPU and PP^, according as we consider 
the sum or difference constant. But in the geodesies PUj PV the 
value of pD is the same, being ac^ the value at each umbilic, and p 
is the same for both geodesies at P, therefore the central radii 
parallel to the tangents to PZ7, PV are equal, and therefore equally 
inclined to the axes of the central section parallel to the tangent 
plane at P, which axes are parallel to* the lines of curvature 
through P. 

Thus the two lines of curvature through P bisect the angles 
between PU and PF, and the proposition is proved. Hence a mode 
of constructing lines of curvature is obtained similar to that by 
which an ellipse or hyperbola may be generated by means of a 
string fixed at the foci. 

770. AH geodesies Joining two opposite umbilics are of equal 
length. 

Let Uy TT be opposite umbilics, V one of the umbilics between 
them ; let a line of curvature through any point P of a geodesic 
UPV* meet the principal plane containing the umbilics in iZ, between 
Fand V\ then PU+PV=^RU-\-RV, and PU'- PV^RIT^BV; 
.% PU+PV'^RU-\-RU\ that is, UPU' is of constant length. 

771. Tangents to a geodesic on a central conicoid all touch the 
same confocal. 

Let be the angle made by the tangent at any point P of a 
geodesic on a central conicoid with a line of curvature through that 
point, then this tangent will touch only one confocal of the central 
conicoid. Art. 304 ; let a be the primary semi-axis of this confocal. 

If a cone whose vertex is P envelope the conicoid (a), and 
?, m, n be the direction-cosines of one of its sides referred to the 
normals to the three confocals (a), (aj), (a,) passing through P, 
?/(a" - a*) + fn'l{a^ - a') + w7(a,'' - a') = 0, Arts. 301 or 309. And 
the tangent at P to the geodesic is a side of this cone for which 
Z = 0, wi = sin ^, n = cos ^, /. a/ cos'5 + a,' sin*5 = a*. Therefore, by 
Art. 764, a' is constant for all tangents to the same geodesic, being 
equal to a' — g'. 

Cor. 1. The plane of two consecutive tangents to the geodesic, 
since it contains two consecutive tangent lines to the confocal will 
be a tangent plane to that confocal. Hence the osculating planes of 
a given geodesic on a central conicoid all touch the same confocaL 

Cor. 2. The conicoid on which the geodesix; lies and the confocal 
which is touched by all the tangents to the geodesic intersect in a line 
of curvature on each, and the geodesic touches this line, since, where 
they meet, the tangent to the geodesic is a common tangent to both 
surfaces. 
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772. The equation of the conicoid which is touched bj the 
tangents to all the geodesies for which a or abcjpD has the same 
value i8aj'/(a"-y')+y/(i»-y«) + «7(c*-j*) = l, (1) and deter- 
mines, by its intersection with the conicoid on which the geodesies 
lie, the line of curvature which is the envelope of all such geodesies. 

If the geodesies be on an ellipsoid whose axes are AOA'j BOB'j 
COC\ and U, F, U\ V he the umbUics in AO, GA', A'G\ Q'A^ 

i. b*>^>(f^ the equation (1) gives a hyperboloid of one sheet^ 
and the line of curvature consists of two similar portions on 
opposite sides of the plane ABA'R^ both of which are touched by the 
geodesies, for which q is the constant parameter. When q is nearly 
equal to ^, these two portions, lying in a very flat hyperboloid, are 
narrow curves nearly coincident with ZZCFand WCV*. 

ii. a*>q*>b*^ (1) gives a hyperboloid of two sheets and the line 
of curvature consists of two portions on opposite sides of the plane 
CBO'B. "When €^ is nearly equal to P these become narrow 
curves nearly coincident with UA V' and U'A' F. 

iii. q=^b^ (1) gives the focal hyperbola which is the limit .of 
the edges of either of the flat hyperboloids mentioned above, the 
tangents to the geodesies are tangents to these flat hyperboloids, and 
therefore ultimately pass through the focal hyperbola. 

In cases i. and ii. the system of geodesies for which q is constant, 
fill up the space between the two portions of the corresponding line 
of curvature. In case iii. they pass through the umbilics, the prin- 
cipal section containing the four umbilics being both a line of 
curvature and a geodesic line. 

Cor. If tangents to an ellipsoid from any point in the focal 
hyperbola be produced geodesically^ they will alt pass through the 
opposite umbilics. 

773. If A and B be two confocals of different species^ and a string 
have its two extremities at two fixed points of By then a pencil^ whose 
point is on A^ stretching the string so that it rests on both surfaces with 
rectilinear portions between^ will trace on A a line of curvature. 

Let the string be fixed at two points 0, (7 on jB, and let BQy 
SQ be the two curved portions of the string on A. Since the 
tangents to these geodesies both touch the same confocal B^ the 
value of pD is the same for both, and therefore that of D at the 
point S\ hence SQ and SQ make equal angles with a line of 
curvature on A through 5, and it follows, as in Art. 769, that 8 
remains on that line of curvature as the pencil moves. 

Cur. The focal ellipse can be constructed by a pencil guided by 
a string fixed at two points on the focal hyperbola. 

774. The locus of the intersection of geodesic tangents to two lines 
of curvature on an ellipsoid^ which cut at a constant angle^ is the 
curve of intersection of the ellipsoid with any one of three distinct 
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quairttca^ each of which is a surface of revolution round a corrC' 
sponding principal axis of the ellipsoid. 

Let a— A;/, a* — k^ be the squares of the primary semi-axeg of 
the confocal hyperboloids of one and two sheets which pass through 
the point of intersection P, whose distance from the centre is r; 
then &„ A;, are the major and minor semi-axes of the central section 
of the ellipsoid parallel to the tangent plane at P. Let D^ D' be 
the central radii parallel to the two geodesic tangents at P, inclined 
to the semi-axis k^ at angles d?a, whose difference is constant. 
Then, if j, q' be the perpendiculars from the centre on the tangents 
to the central section which are parallel to D and iX, q and q will 
be constant throughout the two lines of curvature and their 
respective geodesic tangents. Hence k^k^ = qD = qD^j and 

k* + A:," = a' -f i* + c' - r*= w suppose ; 
... k* cos' (^ - a) + V sln» (5 - a) = q\ 
whence (A,' - A;,') cos (20 - 2a) = u ~ 2q\ 
Similarly (A:/ - A:/) cos {20 + 2a) = u- 2j » ; 
/. (V - k^y = (w - J V ? )' 8®c'2a + (?'* - qy cosec'2a 
= (K + Ky - 4 W = «** - ^a'b'c'lp% 
and since it can be shewn that 

a^V(flp^^a\V-{'C*'-r'^-\-{c?^V)(a'--(?)x'ja\ 

the equation is of the form F(r^^ a?*) = 0, therefore the locos lies on 
a quartic surface of revolution round the principal axis 2a, and 
similarly for the other principal axes. 

Cob. 1; If the geodesies touch the same line of curvature the 
equation reduces to co8'2a a*iV//?' = (5* — m sin'a) (u cos'a — g'*). 

Cor. 2. If the geodesies cut at right angles the locus is a sphero- 
conic, the square of the radius of the sphere bein^ a'+JVc^-j*— j'*. 

This may be shewn independently of the eeneral proposition, since, 2) and D" 
being perpendicular radii, D^ + jy* = h{^ + k{* ; .*. ^ + j*" = a' + 6" + c" - H. 

Or, by adding the equations of the two geodesies, h^ cos*0 + k^* sin*d s ^*, 
k* sin'd + k* cos*0 » q'*, we obtain the same result. 

Cor. 3. Tfiefoot of the geodesic perpendicular from an umbilio 
on any geodesic tangent to a line of curvature lies on a sphero-conic. 

For any geodesic through an umbilic touches the limit of the 
lines of curvature for which j = 6. 

775. Tojind the conditions that it may he possible to draw geodesic tangents 
to two lines of curvature on an ellipsoid which shaU intersect at right angles. 

The surfaces a:»/o* + y76« + «Vc»= 1, and ar« + y" + «* = a" + 6«+ c'-g'-g'* 
intersect only when the hyperbolic cylinder 

intersects the ellipsoid, which can happen only 

when g* + ^* - c* lies between a* and &*, 
or g*+ j" - a* lies between b* and c*. 
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776. A torse circumscribing a conicaid along a geodesic line has 
its edge of regression on another conicaid. 

Each point of the edge of regression is the intersection of three 
consecutive tangent planes of the torse, which touch the enveloped 
conicoid A in three points on the geodesic, hence each point of the 
edge is the vertex of a cone enveloping A^ and having an osculating 
plane of the geodesic for its plane of contact ; and since, by Cor. 1, 
Art. 771, these planes all touch the same conicoid JS, it follows that 
every point of the edge of regression is the pole with respect to A 
of a tangent plane to B and therefore lies on a fixed conicoid C 

For umbilical geodesies on an ellipsoid this fixed conicoid, being 
the polar with respect to the ellipsoid of aj*/(a"— i')-«*/(i*— c*)=l, 
reduces to the hyperbola (a" — b) x^'ja* — (J* - c') «*/c* = 1. 

777. Geodesic lines of paraboloids. 

Let (Z, 7n, n) be the direction of the tangent to a geodesic line 
at a point (a:, y, z) of a paraboloid whose equation is y'*jb-\-z'^jC'=^'2x^ ( 1 ) 
and let D be the length of the chord drawn through the vertex 
parallel to the tangent, p the perpendicular from the vertex on the 
tangent plane at (x, y, z). 

By the equations of the geodesic 

m'^-lylb, n'^-Tzlc, (2) 

also xy = y*/ y + ^Vc* + 1 , (3) 

^2W''^m'lb + n'lc. (4) 

Differentiating (1) twice with respect to «, we have 

mylb-^nzlc = l^ and m^jb-\-n*lc'\-ym'jb-\-zn*jc^T*j 
:, by (2), (3) and (4) 2lD-^ ^ T (1 +y /^' + «"/«') = ^^P^^ 
Differentiating (3) and (4) 

d [x^p^)lds = 2y7n/y + 2«n/c', 

d{lir)lds^mm'lb + nn'lc^-T{ymlV-Vznlc^)] 

/. ay W ilD-^) + ID^d [x^p^) = ; 

/. Ix*Ip*D is constant, 

hence (7n*/6 + w"/c)(l+y'/i* + «*/c'')= constant is one form of a 
first integral of the equations. 

778. A second form of the first integral Is derived from the 
confocals of the paraboloid. 

The confocals which form the lines of curvature on the paraboloid 
are given by the equations y*/(J — A) + «*/(c — A) = 2aj — ^, Art. 312, 
where k is either of the roots k\ k" of the equation 

or A' - (6 + c + 2x) k + (y'lV + z^jc^-^l) Jc = 0, 
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EeferriDg to Arts. 242-244, we find that the semi-axes of a 
section parallel to the tangent plane at (x^ y^ z)^ whose equation is 
Vylb-^fyjc—^^x^ are the two values of r given by . 

{t^IpY - (J + c + 2a;) r'/p + [y^jV + z'jc' + 1) Jc = 0, 

hence, comparing this equation with the quadratic in k^ the squares 
of the semi-axes of the section are pk' and pk". 

If 6 be the angle which the geodesic makes with the line of 
curvature corresponding to i', and U be the corresponding radius 
of the section, i?" cob*0 I pk' + D"" ain'ff I pk" = 1, but, by Art. 244, 

{m'lb + n*lc)iy'^p, 

.\ h" cos'5 + k' sin»5 = *'i>/i)'« = ic (1 + fIV + «7c«) (m7 J + n'/c), 

which is constant. 

At an umbilic, y = 0, «' = c (J - c), P/ (6 - c) = n*/c, 

.-. A:"co8'5 + i'8in"5 = i. 

779. The results of the preceding articles can be obtained from 
the corresponding properties of geodesies on central conicoids by 
transferring the origin to the extremity of the axis of x and making 
the axes infinite, so as to reduce the equation x*la*+y'lb'*+z'lc*=l 
to the form yV J + z''lc = 2x. 

Thus, let i ' = ab and c ' s= a'c, and the equation becomes 

«•/«' - ^x+y'lb + z*lc = 0, 
which is of the required form when a is infinite. 
' The condition pD = constant makes 

(P/a" + rnVJ'* + n70 {(x - a'YIa'' + y'jb" + z'/c'*} constant, 

/. (?/a' + m'/ft + n'lc) {{x - ay/o" + y/i* -I- i^Vc*)}, 

or, making a infinite, {m*lb + n*lc) (1 +y*lb'^ + z^lc^ is constant. 

Again, if we write x — a for a; and ak for A'* in the equation 
x^Ka^- k'*) +...= 1 6( a confocal of the central conicoid, and make 
a infinite, we obtain the confocal to the paraboloid, and also the 
constancy of k" eos'tf + A' sin*d. 

780. Tangents to a geodesic on a paraboloid all touch the same 
confocal. 

Following the steps of the proof for central conicoids in Art. 771, 
let the equation of the confocal touched by a tangent at P to the 
geodesic be y*l(b-a) + z*l{c-a)=^2x-a; then, by Art. 318, 
the relation between ?, tw, n the direction cosines of a side of the 
cone enveloping this paraboloid referred to the normals to the three 
confocals passing through P, is (r'/(-a)+wV(i'-a) + w7(F-a) = 0, 
and for the tangent to the geodesic which is one of the sides Z = 0, 
7n = cos ^, w = sm 5 ; /. (k" - a) cos'^ + (A' - a) sin'tf = 0, and 

rcos'^ + A'8in'^ = a, 

TT 
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which, by Art. 778| is constant for all the tangents to the same 
geodesic. 

781. To find the hcua of the intersection of geodesic tangents to 
tioo lines of curvature of a paraboloid at right angles to each other. 

The geodesic tangents make angles 0^ ^tr—d with the lines of 
cnrrature, the parameters of which are a and a ; 

.-. k" cos'^ + k' sin' 6 = a and F sin«^ + *' cos'^ «= a' ; 

/. A" + A' = 6 + c + 2aj = a+a', Art. 778; 

the locns is therefore a section of the paraboloid bj a plane per- 
pendicular to its axis. 

782. A point of an ellipsoid and a line of curvature on it are projected on the 
plane of a circular eeciion by lines parallel to the greatest or least axis ; proce 
that the angle between geodesic tangents drauni from the point to the Une of 
curvature is equal to the angle between the tangents from the projection of ike 
point to that of the Une of curvature. 

Let {Xt y, t) be any point on the ellipsoid a^/a + y*/b 4- t*/c » 1, X, Y the 
coordinates of its projection by a line parallel to the axis of » on a plane of 
circular section whose inclination to the plane of xy is w, the axis of Y 
coinciding with that of y, and the axis of Jt lying in the plane of the circular 
section, so that y Y and 2 > Xsinw ; /. «"/a = 1 - Y*/b - X* sin^cw/c. 

If the line of curvature be the intersection with the confocald:'/(a-i-X')+...Bl 
by substituting the above values of «, y, % in the equation 

ar«/a(a4X) + //6(6 + X) + »«/c(c + X)-0, 

and observing that b(a-e) sin'o; - c (a - b), the equation of the projection of 
the line of curvature will be reduced to 

XV(c + \) + rV(6 + X) + b/{a - J) « 0, (1) 

a conic, the focus of which is the projection of an umbilic. 

Let k^t h^ be the elliptic coordinates, defined as in Art. 287, of the point from 
which the geodesic tangents are drawn, then 26 the angle between the tangents 
is given by ^^ ^^t0 ^ ^ gj^.^ „ X. (2) 

The projection of the point being (X\ Y'), X;,, A^ are the roota of the 
equation 

X V(c + *) + YV(b + *) + b/{a - 5) = 0, (8) 

and if 2^ be the angle between the tangents from (X', Y) to the conic 

X«/(c + X) + FV (ft + X) + 6/(a - &) « 0, 

writing i for 5 /(a - 5), 

{X'«+r« + <J(5 + c + 2X)}*tan«2« = -4<i{X'*(64X)+r*(c + X) + i?(J + X)(c+X)}. 
But, by (3), 

X'«(5 + *)+r'«(c + Aj) + <J(6 + ifc)(c + *)=rf(*-*J{*-*J; 

and X'*(6 + X)+F"(c + X)+rf(6 + X)(c + X)-:<J(X-Jfej)(X-*,); 

/. tan«2^ = -4(X-*,)(X-Aj,)/(2X-*i-ifc,)«, 

and sec«20= (*i-*2)V(2X-A;i -*,)»; 

.-. 2X - ft, - A, t= ± (ki - A;,) (cos«0 - sinV), 

whence hi cob*<P + ft, sinV = X, or ft, sinV + ft, cos'^ = X, 

therefore, by (2), ^ - ^ or Jw - ^, which proves the theorem. 
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783. Umbilical geodesies on an elliptoid. 

Let the tangent QP to an umbilical geodesic UQ iotersect the 
focal hyperbola in J", and let PB be a tangent to the hyperbola at 
P; QP is a side of the circular cone enveloping tbe ellipsoid, 
the axis of which is PR in the plane of the umoilics, Art. 322, 
and tbe normal at Q intersects Pfi, bo that QPM is the osculating 
plane of the geodesic at Q. Draw QM, QB perpendicular to the 



plane of the umbilics and to PM, then the angle QSM is the angle 
of inclination of the osculating plane to the plane of the umbilics, 
measured in the figure towards the extremity of the primary axis 
nearest to U. The osculating plane turns round QP to its next 

Eoaition QPR, FPK being a consecutire tangent to the focal 
yperbola, and its inclination is then QRM ultimately, R being 
the intersection of MR and P'R. 

Let ^, 8 + d8 be these inclinations, and a, a + da the semi- 
vertical angles of the corresponding cones, let 0, tp + dtft be tbe 
inclinations of PR, P'R to the primary axis of the ellipsoid. 
Then -d6=lBQR=RR &in$/QR and -dif,=LBPR'=RRjPR, 
«nd QR = PEXAaa,.:dS/fAa0 = d<l>cota. 

Let a;'/a+...= 1 and a;7(a + i) +■■■=! be the equations of the 
ellipsoid on which the geodesic lies and of tbe confocal ellipsoid 
through P, and let p,j>' be the perpendiculars on the normal and 
tangent to the focal hyperbola at P which is an umbilic of the 
conlbcal ellipsoid, the squares of whose coordinates are 

(a + k){a~b)j{a-c),Q, and (c + A){ft-c)/(a-c); 
.■.p' = {a + k)(c + lc}l{b + k) and p"- (a-ft) {6-c)/(J + *), 
also p = dp'ldip^ .: d0jsin8'!=dp' cota/p, 
and, by Art. 324, tRn'a = bjkj 

dd >J[a-h)^I[b-c)^Jkdk 

■"■ und ~2t6+Ajv/iV(a+A)Vtc+A)' 
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where and a diminish when k increases, and if a> be the value of 
6 at the umbilic U^ 

. - tan i<» _ r* V(g — i) ij{h — c) fjk dk .. 

Since A;»=& cot* a, the integral (1) is easily reduced to the form 



/: 



(2) 



V(6 + a tan' a) ^J[b + c tan' a) * 
or, if p be the primary semi-axis of the confocal ellipsoid, to the form 
V(a-J)V(*~c) fP dpjs/{p*-a) 






sJ[p*''a'\-b){p''-a-\'C)' 



784. Let logm be the value of the definite integral (1) taken 
from to 00 , or of (2) from to ^tt, and let 6^ be the value of 
at. the point where the geodesic runs parallel to the asymptote of the 
focal hyperbola, then tan ^w = m tan ^0^ (3) ; if we work backwards 
from the opposite umbilic. J7', at which & = «', to this point we 
must write in the formula (3) w — ^j and or — co' for 0^ and m, 
therefore cot ^0)^=771 cot ^d, and so tan^a>=m'tan^(o^; also, if »'' 
be the angle at which the geodesic passes through U a second time 
tan^a>'«7n' tan|(o'^ An umbilical geodesic will therefore pass 
and repass the opposite umbilics, making with the plane of the 
umbilics a series of angles such that the tangents of their halves 
are in geometrical progression. 

785. The points where the geodesies are parallel to an asymp- 
tote of the focal hyperbola are in the curve of contact of tne 
circular cylinder which is the limit of the circular cone when its 
vertex passes to infinity ; the radius of this cylinder is &, and the 
geodesic crosses the curve at a point whose distance from the 
plane of umbilics is h sin 0^. If /3 be the value of w for the 
particular geodesic which passes through an extremity of the mean 
axis, for which tfj = |7r, then 7w = tanJ/8, and 0^ is determined by 
the equation b sintf^ = J sin)9 sino)/(l — cos/S cosa>). 

For the geodesic which leaves the umbilic at right angles to the 
plane of umbilics tan ^5, = cot |/8, .•. ^^ = tt — ^. 

786. To find the point at which a particular umbilical geodesic 
meets the curve of contact of the cone whose vertex is a given point on 
the focal hyperbola. 

Using the same notation as in Art. 783, let the geodesic be 
particularized by the angle to at which it leaves the umbilic. By 
Art. 302, the equation of the plane of contact referred to the 
normals to the confocals through the given point P is pxjk +/?'«/ J = 1, 
or since a? = rco8a, « = rsinaco8^, where r is the length of the 
tangent from P to the geodesic, r~^=:p cosa/A:+p' sin a cos 5/ J, (1) 
whence r is known, since 0^ /?, p' and a are all given in terms of k. 
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Again, if y be the distance of the point from the plane of 
mnbilics, y = r sin a sin ^, therefore by (1), since tan*a«i/A, 
b sin 6jy =p tan a -^-p cos 5, 

or tan*i5(ptana-j?9-2tanJ^J/y+ptana+/ = 0. (2)- 

It follows from (2) that if (o, (o' correspond to two geodesies 
which cut the plane of contact at points which are the same distance 
from the plane of umbilics tan \(o tan ^a»^ is constant. 

The cotangent of the an^le which the geodesic (ct>) makes with 
the curve of contact is drjrsmadd^ which, bj (1), is equal to 
rp' sin Ofb =yp' jb sinoL 

787. If P be a point in the focal hyperbola which meets the 
ellipsoid, on which the geodesic lies, in [7, and the confocal ellipsoid 
which passes through P be intersected by a tangent plane at 27, 
it has been shown in Art. 354, and could be shown directly from 
the equations, that U will be a focus of the section ; also, if PQ, 
a side of the circular cone enveloping the ellipsoid, be a tangent 
at Q to the umbilical geodesic Z7Q, then Q^ the point in the 
confocal ellipsoid which corresponds to Q^ will be a point in the 
section of which Z7 is a focus, Art. 334, and since P corresponds 
to Z7, by Art. 332, VQ = PQ, which is Jvory's theorem, and since 
every side of the cone is equal to the focal distance of the cor- 
responding point, it follows that the equation (1) of Art. 786 is 
the polar equation of the section, which may be written in the form 

1_ C{a-\-k)(c + k)dk Ka^b)(b^c)dk 

r"} k(b+ky +^»^J b(b+ky • 

Hence the inclination of the osculating plane of an umbilical 
geodesic to the plane of umbilics is equal to that of UQ" to the 
axis of the ellipse. 

788. To find the element PdoD of the arc of a geodesic circle 
whose radii are umbilical geodesies inclined at an angle da>. 

Let PQ^ PQ be tangents to two neighbouring geodesies from P 
in the focal hyperbola, then since A; is constant, logtan^w—log^an^d 
is constant for Q and Q^ .'. do}lB\n<o = d0/&in6^ and if QM be 
perpendicular on P^, Pdo) = QM = r sin add ultimately ; 

.'. P^r s\ua Bind I smm^ylsina}. 

CoR, 1. If Uj Vhe neighbouring umbilics, and UQ=py VQ=^p' 
be the geodesic distances of a point Q^ let (P^, a>^) for VQ correspond 
to (P, co) for UQj then P sin <» = P' sina>\ 

Cor. 2. If ^Q' be a small arc of a line of curvature, the per- 
pendiculars from Q on UQ' and VQ" will be ultimately equal; 
.•. Pd(o±P'da)' = Oj ± as the line of curvature bisects the angle 
J7^F externally or internally; /. dcj I sinm ± do/ 1 biiko' ^ Oj so that 
throughout a line of curvature tan^o tan^o or tan^oi cot^co^ is 
constant. 
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789. To find the length of an element of a curve traced an an 
ellipsoid^ the dliptic coordinates of whose extremMes are /i, v and 
/* + dfiy V + dv. 

The four lines of corvatare corresponding to constant valaes of 
these coordinates form an infinitesimal rectangle of which the 
element is a diagonal, and if (x^ y, z) be the point (ji^ v) using the 
notation of Art. 287, 
-/87ir' = a(a + /A)(a + v); .\2dxlx=^dfAl(a'^fA) + dvl(a + y)j 
•-Afiy(dxy = a(a + fA)(a + v){dfjLl(a + f/i) + dy/(a'¥y)Y] 
similarly for (dyy and (&)*, 

.-. ^ds'^Midfiy + ^BdfLdy-^Nidyy, 

where M= ^^^"^"^^ I ^^^"^^^ I "^"^'^^ 

(^a-bXa-cXa-hfir {b^aj(b^clb+^)^ {c--aXc-b)icA-f^)' 

which are the partial fractions of 7 ^~j ~ r-, and 

similarly for if ; (« + /*)(* + /*)(c + /*)' 

also B^-(aa + b0 + cy)lafiy = O. 

Hence W = ,, l^'^T^l^^^/^ ^ •^ ./ "K'.t^^t/ x - 

The two terms in the expression for (dsy are the squares of 
elements ds^ and ds^ of the lines of curvature v=: constant and 
/inconstant respectively. Hence, if d be the inclination of the 
curve to the line /a = constant, 

-^ W (« + /*)(* +/^)(c-t-/*)* . 

790. A first integral of a geodesic on an ellipsoid is 
fjLCOffO-tv 9in'd-\-k = 0i .'. tan"5«-(AA + A)/(v + A), 

hence, by the last article, 

"^^ V (a+M)(6+M)(c+M)(A+M) * ^"^ V (a+v)(6+v)(c+v)(A+v) ^ ^ ' 
and since the variables are separated, this gives rise to the complete 
integral of the differential equations of a geodesic on an ellipsoid. 

791. To find the length of any portion of an umbilical geodesic. 
Let (&,, ds^ be the elements of the lines of curvature /t =3 constant 

and V = constant, corresponding to the element dp of the ireodeuc 
inclined at an angle 6 to the former ; 

.'. rf/) = cfo, cos 5 + c?5j sin ^, and ft cos'^ + v 8in*5 + 6 = 0, 
.'. C08*5 = (i + |/)/(K-/*) and 8in'^ = (J + yiA)/(/A- v); 
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Lin. 



(1) On a right circular cone, whose Tertical angle is cos'^^, two points are 
joined hy a geodesic which completely surrounds the cone ; proTe that the two 
tangents to this geodesic at the double point are at right angles to each other. 

(2) If two surfaces touch each other alon^ a curve, and if the curve be a 
geodesic line on one surface, prove that it will also be a geodesic line on the 
other surface. 

(3) The umbilical geodesies through the eitremities of the mean axes of a 
system of oonfocal ellipsoids all touch one or other of two planes. 

(4) The geodesic distance of the extremity of the mean axis of an ellipsoid 
from an umbilic is equal to the perimeter of a quadrant of the ellipse passing 
through the four umbilics. 

(6) If /f*, ff"*, be the measures of curvature and tortuosity at any point of a 
geodesic, and /»,, /», the principal radii of curvature at the corresponding point 
of the surface, prove that "^ + (/>'' - pC^) (/>"' - pt^) = 0. 

(6) A geodesic is drawn on a torse, and cuts any generating line of the 
surface at an angle ^, and at a distance t from the edge of regression measured 
along the generator, p is the radius of curvature of the edge of regression at 
the point where the generator touches it; prove that dt/d^ + tcot^jf ^ p. 




(8) The ratio of the radii of torsion and curvature in a geodesic line on a 
torse at any point is equal to the tangent of the inclination of the curve to the 
correspondiing generating line. 



LIV. 

(1) If a geodesic on a torse be a plane curve, it must be one of the 
generators, or else the torse must be a cylinder. 

SS) If a geodesic be drawn on an ellipsoid from an umbilic to an extremity 
e mean axis, prove that its radius of torsion at the latter point will be 

(3) If an ellipsoid be such that its central circular sections pass each 
through a pair of umbilics, prove that the geodesies drawn from two adjacent 
umbilics to any point in either section will be at right angles. 

(4) When an umbilical geodesic which passes through an extremity of the 
mean axis is produced until it meets a second time the curve of contact of 
the cylindrical envelope whose axis is parallel to an asymptote of the focal 
hyperbola, prove that at that point the inclination of the osculating plane to 
the plane of the umbilics is 2 cot~'m', with the notation of Art. 784. 

(6) AB, A C are geodesic lines on a surface, a6, ac corresponding lines on 
the borograph, shew that, if torses touch the surface along AB and ^C, the 
angle between the two generating lines which pass through A is equal to 
the angle between the tangents at a to ab and oc. 
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(6) If P be a point on a ^iven line of curvature of a conicoid, PQ, PQ' 

feodesic tangents to another given line of curTature of the same system, PIT, 
' Fgeodesics to two adjacent umbilics, prove that the ratio cos } QPQ : cos i UP V 
will be constant. 

(7) 2) is the semi-diameter of an ellipsoid parallel to the tangent at a pohxt 
P of a geodesic traced upon it, <r is the radius of torsion at P, A is the area 
of the central section parallel to the tangent plane at P, A' the projection 
upon the osculating plane of the geodesic of the central section conjugate to 
Dj prove that «• = AD/A\ 

(8) Prove that, if ^ be the inclination of a geodesic line to a generating 
line of the helicoid whose equations are x^r cosO, y = r sind, s = aO, and 4^ 
be the inclination of the tangent plane at the corresponding point to the axis 
of z, sint^ sec^ will be constant. 

(9) If the geodesic on a surface lie on a sphere, the radius of curvature of 
the geodesic at any point will be equal to the perpendicular from the centre 
of the sphere on the tangent plane to the surface. 

(10) The sides of a geodesic triangle traced on a surface of revolution make 
witn the meridians which pass Uirough the angular points six angles ; prove 
that the product of the sines of the three angles not adjacent is equal to the 
product of the three others. 



LV. 

(1) The angle between the geodesies passing through the point (x, y, z) of 
the paraboloid p'/h ■¥ t^/e^2x, and through the umbilici, is given by the 
equation h {b - e - 2xf tan*0 » 4 (6 - c) y*, b being greater than c. 

(2) If X be the parameter of a geodesic on the conicoid ar*/a'4y"/6'+«*/c*=l, 
and a be the radius of torsion of the geodesic at a point {x, y, 2), prove that 
a*b*e*<r'* - Vj>* (a* + 6' + c* - «■ - y" - s" - X*) - a*b*c^p\ p being the central distance 
of the tangent plane. 

(3) If a line of curvature on an ellipsoid be the intersection with a h]mer- 
boloid, one of whose principal sections is a rectangular hyperbola, no geodeaic 
tangents, which are at right angles, can be drawn to it, except from the 
extremities of one of the axes. 

(4) Prove that the projection upon the plane xy of a geodesic on the 
surface ar" E « (** + y*) = «* has the equation c^r*/^ = (r* + 4aV)/(r* + 4a*). 

(5) P is any point on a geodesic A P drawn on a conoidal surface, s is the 
length of the geodesic AP, <r, iV^, O are the projections of 8, P, and the axis of 
the conoid on a plane perpendicular to the axis. Prove that, if q be the 
projection of OiVon the tangent to the geodesic at P, dq/dv = dc/da. 

(6) If a geodesic bisect the angle between the lines of curvature on a 
central conicoid at every point along it, prove that the sum of the principal 
curvatures will vary as the cube of the perpendicular on the tangent plane at 
any point of the geodesic. 

(7) If ABC be a geodesic triangle on a conoidal helicoid, and («„ «,) 
(^if (^2)9 (71* 7s) ^^ ^^^ angles at which the sides cut the generating lines through 
Af Bf C, prove that sinai sin/3i sin7i = sinoj sin/3, sin72, 

(8) The intersection of a tangent to a given geodesic on a central conicoid 
with a tangent plane to which it is perpendicular lies on a sphere. 
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LVL 

(1) A geodesic is traced on any conical surface, and any involute of the 
geodesic is taken, prove i, that it lies on a sphere whose centre is at the vertex 
of the cone, ii, that each tangent to the geodesic makes a constant angle with 
the corresponding radius of Uie sphere, ill, that the radius of curvature of the 
geodesic is perpendicular to the radius of the sphere. 

(2) At every point of a geodesic on a conicoid for which pd a X*, and 
perpendicular to it, lines are drawn touching the conicoid. 

Prove that the surface generated by these Unes is a scroll, whose equation 
is given by eliminating «, y^ z from the equations Ca;/a* + ny/&' +&b/c'= 1, 
{(f -«)*+. ..}aVc*/X* = a*(^-a:)*+...-{(5-a?)a:+...}*, and those of the geodesic. 

If two planes be drawn perpendicular to the tangent to the geodesic at P, 
one through the centre and the other touching the conicoid, 0', p* being the 
distances of P from the first and of the centre from the second, p^'-p'*^{a*b*c*)/\\ 

(3) The angle of geodesic contingence of a curve traced on a surface of 
revolution od{r sin0)/r cos^, where is the angle made with a meridian, and 
r the radius of the corresponding parallel. 

(4) The curve soc tan'>^ revolves about a straight line in its plane perpen- 
dicular to its axis, at a distance 2e from the cusp, not cutting the curve. Sne^ 
that the polar equation of the projection of the geodesies on a plane perpen- 
dicular to the axis of revolution is r = a cosh(2cd/a}. 

(5) A surface is formed by the revolution of a catenary about its directrix ; 
prove that the projection on a plane perpendicular to the axis of revolution of 
a geodesic upon the surface Is given by the equation p 6n{<p/kfk)^c. 

(6) Find the differential equation of the projection of a ffeodesic on a 
spheroid upon a plane of circular section, and shew that it is uie same curve 
which the case of a right elliptic cone would trace if the cone rolled on a plane. 

(7) The meridian curve of a surface is the roulette of the focus of an 
ellipse rolling on the axis of revolution, a, ^ are the greatest and least values 
of tne focal distance ; prove that the projection of a seodesic on a plane perpen- 
dicular to the axis is given by the polar equation r"*= «"* en* {fiO) 4 p^sn* {fiO). 
Shew that if the geodesic cut the meridian at its maximum distance from the 
axis at an angle 7, then /* = /3 cot7/(o + /3) and &• « (a"/ /3* - 1) tan'7. 

(8} The polar equation of the projection of any geodesic of a helicoid on 
its prmcipal plane is of one of the forms 

r tn{(o - ^) / A} a m, or r en (a • ^) ■ mk/k, mod. k, 

m being the pitch of the helicoid, and a, k arbitrary constants. 
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CHAPTER XXIV. 



CURVILINEAR COORDINATES. CURVES TRACED ON BURFACEa 
DEFORMATION OF INEXTENSIBLB SURFACES. 

792. In this chapter we give an account of the method of 
dealing with the geometry of surfaces by curvilinear coordinates 
employed by Gauss, and we call attention to work done by 
Liouville, Cayley, Bour, and Maxwell in the general treatment 
of the subject, but especially in establishing propositions concerning 
deformation of inextensible surfaces, and tne applicability of such 
surfaces to one another. 

793. The coordinates a;, y, 2 of a point are regarded as 
functions of two parameters p and a ; bv eliminating p and 9 from 
the three equations, we should obtam. the ^equation of a surface S 
on which the point must move as the parameters change their 
values. When a constant value is given to y, we can, by elimi- 
nating jp, obtain two equations which will determine a curve lying 
on the surface 8 ; thus the surface can be striated by a series of 
curves corresponding to a series of constant values of q^» 

In the same manner B can be striated by a second series of 
curves corresponding to constant values of ^. These curves can be 
conveniently described as the curves (g) and (p) respectively. 

Every point on 8 will be the intersection of two curves 
corresponding to certain vdues of f and q^ which are therefore 
curvilinear coordinates of the point considered. 

794. To express the length of an element of a curve traced on 
a surface in terms of curvilinear coordinates. 

Let FQ be a small arc of any curve passing through the point 
P, the values of the parameters being jp, q at P, and p + dp, g + dq 
at Q, and let Pif, NQ be the curves for which q and q + dq 
respectively are constant, PN^ MQ those for which p and p + dp 
are constant. 

Suppose a:, y, z the coordinates of P to be expressed as functions 
of the two parameters p and q^ and let the partial differential 
coefficients of x with respect to p and q be denoted, those of the 
first order by a and a\ and those of the second order by a, a', a", 
and let a similar notation be used for if and z. If oxy Sy^ Sz 
be the projections of FQ on the coordinate axes, we shall have, 
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« 

neglecting terms of the third order, 

8x = dx + id^x »adp + a'dq + i {a [dpY + 2a!dpdq + a" (rfj)'}, 
S!f^d2f + ^'y = ldp + Vdq + ^{l3{dpy + 2ffdpdq + l3"{dqyi 

and S« = & + id'» =^cdp'\- c'dq + i [7 {dpY + 2y'dj>dq + 7" (rfj)'} ; 

eliminating dp and dq^ we have ultimately Adx'^Bdy+ Cdz^O^ 
where A = bc -- b'cj &c.| and this is the differential ecjuation of the 
surface. For the length of the element of the curve, if PQ » ds^ 

{d8y=^{dxy + {dyy + {dzy^E{dpY + 2Fdpdq^G{dq)\ 

where ^^a^ + i' + c*, (? = a'» + 5" + c", -F^ aa' + 66' + cc', also 
EG'-F'^^A^ + B^ + G'^V suppose. 

It should be observed that, since for FM dy = 0, PJf =s rfp ^^J?, 
and that ajts/E^ 6/ V^j ^/^ ^e the direction cosines of the tangent 
to PM at P, also that ^/F, -B/T, C/F are those of the normal 
to the surface at P. 

795. To express the direction of a curve at any point hy curvi" 
linear coordinates. 

Let &j, ds^ denote the elements FN and PM of the curves (p) 
and {q) which are the sides of the infinitesimal parallelogram 
of which FQ l=ds) is the diagonal, then if d, oi be the angles 
QPN^ NPMy since ds, ^dp^E mAds^^dq^/ G^ 

also (c&,)" + 2d8^d8^ cos© + ((&J' = E{dpy + 2^^^?^ + ff [dqf ; 

.\ QOBio^FI*J{EG) and, by the triangle C^Jf, 

{fo cos tf =5 {&, + cfo, cosea = rfj a/G^ + dpFltJG^ 
d8Bm0=^^/{{dsy'-{dq^G'\'dpFI^/Gy]^dpVI^G. 

If the two systems of curves be orthotomic, dq ^GtsxiO'^dp ^/E. 

Cor. For geodesic polar coordinates, with the notation of 
Art. 749, p = p and q^o)] therefore, since (cfe)* = (rfp)* + (Pii©)', 
J5?=l, F=0^ G^P\ 

796. To express the radii and directions of principal curvature 
hy curvilinear coordinates. 

Let B be the radius of curvature of the normal section cor- 
responding to the direction dp : dq of the element P^; QTj the 
perpendicular from Q on the tangent plane at P, 

= (ASx + BSy+CSz)IV^^{E'{dpy-¥2Fdpdq + G'{dqy}IVy 

where E\ t* and G' ara written for -4a+-By34 Oy, ^a'+P^'+Cy, 
and ^a" + P/8" + 67", and B = FQ'l2QT ultimately ; 

B_ EjdpY + 2 Ja^jdg + G {dqy . 

•'' V E'[ilpy-{-2b"dpdq^ (^'(dqy: ^^^ 



«i), (4) 
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Making B a maximum or mmimum by the variationB of dp : dg^ 
we obtain for the radii and directions of principal curvature 

B Edp-^Fdq _ Fdp-^Gdq 
V^E'dp + rdq'^ Fdp-^G'dq' ^^^ 

, dq BE'^VE BF' ^ VF 

wnence —^^ i^p' ^yp^ j^ff^y^f 

B^{E'G'''F')''BV{Eff+E'a-2Fr)+V'(EG''F')^0, (3) 

{dq)% ^dpdq, {dpY 
and Ey F^ G 
E\ F, G' 

(3) and (4) give the radii and directions of principal curvature 
independently of each other. By ^2), when the magnitude of one* 
of the principal radii of curvature is given, we can determiue the 
direction of the corresponding line of curvature, and vice versft. 

(4) is the differential equation of the lines of curvature of fbi-. 
surface, and by (3) the specific curvature or Gauss' measure of 
curvature is [E'G' - F")I(EG - F')\ 

797. We shall in what follows use the notation employed by 
Cayley In the memoirs referred to, viz , if ?7be a fuuction of 2? and 
J, the first and second dlff'erential coefficients with respect to p 
and q will be written U^y C/,, Z/.j, Z7,„ U^. 

798. To express (Jie specific curoature in terms of E\ F and (7, 
and their partial differential coefficients^ 

The following functions can be obviously so expressed^ viss. 

w=#/a +lfi +try, u Ea'a +Vi3 +o'7, 
• V Eaod +6/8' +07', v' =aV +Vff -f cV, 
t€ = aa" + Ifi' + oy'\ w' = <i'a" + Vff' + oV'. 

We have thus \E,^^u,\E^^v.\G.^^v.\G'^w\ F,^c^u\ or 
F,-\E^^v:K^dLF^^w^J,^TF^--^G,^w. 

Also iS;'«Ja+-Bi8+(77, ez-^aa+i^+oy, w's*a'a f J')8+o'7; 

therefore since 

and similarly Bo - Ch = a'E- aF 
eliminating successively yS, 7 j 7, a ; and a, ^ ; 

AE'-{-{aG--aF)u^-[a'E-aF)v!'^V\ 

BE' +(bG^b'F)a + {b'E - bF) a' = F'/S, 

CE' + (cG^ - cF) u + {c'E - cF) u' - V'y, 

'. E'G' + iwG-- wF) u + {w'E^ wF) w' = F' (aa" + 3/3" + 77") ; 
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in a flimilftr manneri dince F' ^ Aa* + Bff + C^\ we obtain 

J^"* -|. [vG • v'F] » + [v*E^ vF)v'^V' (a" + ^8^ + 7'"). 
Now u\ - aa" -{ j'a, 4 /S/S" + 4'/8, + 77" + ^V,, 
and <« a" +y<+ iS** +yi8> 7'^ +c'y\i 
therefore, rince a^ *- j„ « a„ -» a\j &c., 

Lence 

i' O- F"^ V\a\^ • c7\) 4 Eiv*"^ a' of) 4-G^.y- tf«?)4-jP(i*ir'4-u'w-2W), 

tbe firal terra of wlucL \^ -^!EG'-F'][E^'-2F^^+ GJ; the 
third differential coefBcienU of cl.e cooi'dioates, which ^eem ic enter 
the expression, disappear, a^ car* be shewn direcrlj, or indirectly 
by considering that tbc term E'G' - F'^ from which it was derived 
involves second differential coctHcicnt>^ only ; since u, u\ &c., can 
be expressed as above io terms of tLe djiTerential coefficients of 
-E; -Fand (?, the apecific curvatiu'e {EG ~ F^ifiEG-^F'f can be 
80 expressed. 

C()K4 In the case of geodesic polar coordinates, E^ 1, F^ 0, 
G = P', ttj v. u' vanish ana v = ^ffj. /. the specific curvature 

as in Alt. 7j7. 

799. If the curves [p) be geodesic lines, and the q system cut 
these orthogonally, since, by Art. 794, A^ if, are proportional 
to the direction-cosiues ;>f the normal to tbe suiface^ which is in 
the osculating plane of the geodesic, 

A, b. a 

also JBc'^Cb'^^aG,&c.i /. aa"4-J^'4-<^"-0, 

hence - ^6^^ » 0, or (? is a function of q only. 

This is apparent geometrically, for the two curves (j), {q + dq) 
by Art. 747, cut off from the curves (p)j {p-\-dp) equal lengths, so 
that V Gdq is independent of j9. 

Hence, by assuming q* a new value of the second variable such 
that sJGdq-dq\ the expression E [dpy + G {dqY can always be 
put in the form E[dpy+ [dq)\ 

800. Liouville* has shewn that the expression ^((f/i)'+... for ((f«)* can be 
put in the form X \idaf + {dp)% for, being never negative, it is expressible in 
the form of the proauct of two imaginary expressions 

dp ^E^dq [F± %y/{EQ - F*)]/y/E, 



5^ 



* Liou, Jour, tome 13. 
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and, if /ft + I't be an integrating factor of the above expression with the upper 
sign, fA^px will be one for &at with the lower sign, and multiplying by 
these factors, the expressions become d(a^ pi) and dia- pi), 

and since the number of integrating factors is infinite the expression for {d$y 
can be expressed in the form X {[da)* 4 {dpy] in an infinite number of ways. 
The specific curvature referred to these coordinates is 

j^ rdMlogX) d* (logX) l 
"2x1 da* "^ dp" J' 

801. Lines of curvature mth curvilinear coordinates. 

If ^ s constant, q = constant be the equations of two systems 
of lines of curvature the eauation (4) of Art. 796 must reduce to 
dpdq = 0, .-. -F= 0, i?" = 0, the first of which, viz. aa' + hb' + cc' = 0, 
represents the fact that the two sets of lines are at right angles, 
and the second enables us to obtain a differential equation in terms 
of E and Gj which is satisfied by the coordinates x^ y and z. 

For i-E, = aol + bff + 07', 

and jF' = = ^a' + 5)9'+Cy; 
hence, eliminating j3' and 7', observing that VG— dB—aO^ &c., 
\a OE^ + \a'EG, = [A^ + 5' + C) a' = EQot ; 

d^x , dE dx , dG ^V ^r^ /|\ 
''• d^^^Ed^d^^^'Gd^dq^^ ^' 

and Similarly for y and z. 

The equations (2) of Art. 796 shew that p constant gives the 
line of curvature for which R=^VGIG\ and q constant that for 
which R^VE]E\ 

802. If the surface be the conicoid ar«/a + y*/h + jb*/c = 1, 

(a - 6) (a - c) a:* = a (a +jp) (a + q\ 
£^(dx/dpy +...=p {p - q)/{(a +JP) {b +JP) (c +p)], 
d log E/dq = -(;>- q)'^ ^-d logG/dp, 
dx dx d*x 

80 that the equation (1) of the last article Is satisfied, 

803. To find the direction of the inflexional tangents at any 
point of a surface^ and the differential equation of the inflexion or 
chief curves. 

If dp : dq give the direction of an inflexional tangent, for which 
the radius 01 curvature is infinite, by (1) Art. 796, 

E' {dpY + 2F'dj>dq + G' [dqY = 0, 

which is the differential equation of the inflexion curves, called by 
Cfq^ley. diij^ curves. 
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If J?'aO and &'ssO the equation becomes dpdq^O^ so that the 
surface is striated by chief carves. 

In this case, by (4) Art. 796, the differential equation of the 
lines of curvature is G {d^y - E {dpf = 0, (1 ), repl-esenting that 
the lines of curvature bisect the angles between the striating 
curves. Also the principal radii of curvature are 

I± 'J {EG) + F} s/{EG - F')IF'. 

In the case of the hyperboloid of one sheet and the hyperbolic 
paraboloid these chief curves are the generating lines. 

804. If a paraboloid be given by x-lp-¥mq, y^Vp-^m'q^ z = pqt the 
general equation of the lines of curvature obtained by integrating (1) Art. 803 is 

JPV«* + qV^ - 2Dpq/ap = i>« - 1, 

where 2) is an arbitrary constant, and P + 1»' = a\ J'« + m** = /S*, and if i) = oosec27, 

{p/a - tan7 . q/P) {p/^ - cot7 . y//3) = cot^27. 

805. Geodesic lines. Suppose p^ q to be functions of a new 
variable <, and write p\ jp", &c. for -^ , -^ , 

x' ^ap 4 o J ) 

x" = ap" + a'q" + op" + 2a'p'q' + a V ; 

and the direction-cosines of the normal being bs A:B:C^ Art. 794, 
the condition that it lies in the osculating plane of the geodesic is 

A, B, G 



X 



X 



u 



y", 



«' 



ji 



= 0; 



or, if f , I' be written for the terms inyolvlng p",2" aadp\^ reapectlTolj, 



A, B, 






0. 



A, B, 

<^\ y\ «' 
Now yr-A"(Jc'-5'c)(pV'-2>Y); 

hence the first determinant is F' (^j" — jp'V) ; 

also Bz'-Gy'^p'{Bc-Cb)-^^{Bd-Gb')=p\Eal-Fa)'-^lGa-Fa') \ 

hence the differential equation of a geodesic in corrilinear coor-^ 
dinates is 

{EG-F'){pY-^p") 

+ (ap" + 2ay 2' + a"?") { p' {Ea' - Fa) + q'{Fa'-Gd)]+...^0. 

"When the curves 2? = 0, ^ = intersect at right angles F=Oj 
and the geodesic equation is, having regard to the values of 
a'a+... &c., given in Art. 798, 

2EG {p'i" - q'p'') + Fp' (- F,p" 4 2 G,p's' + G,q") 

'Gq'{E,p1 + 2E,p'q'-Ga'^^0. 
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If, moreover^ q = constant be b- geodesic line, the condition will 
be E^ — 0, whence £ is a function of p onlj. 

806. Itaditu ofrelatwe g&odesie eurwUure ^ hoo curves traced on a eutface^ 
Let FQ, PQ! he small elements of two coires having common rectilinear 

and geodesic tangents PT and PM, and let a plane through T perpendicular 
to the tangent PT intersect the sur&ce in the curve MQ, so that PQ^PQf^PT 
ultimately. The rate of increase of the geodesic angle of contact QPM of PQ 
per unit of len^ is MQ/P^, and, hy analogy with plane curves, PQ^/2MQ 
18 called the radius of geodesic curvature. The measure of the relative geodesic 
curvature of PQ and PQ is 2QQ/PQ. 

Cayley* has fully worked out the formulsB connected with geodesic curva- 
ture. The following articles sufficiently represent his method of working. 

807. JExpression for the radiue of relative geodesic curvature in curvilinear 
coordinates. 

Let pt q be given functions of e an arc of PQ measured ft'om some fixed 

Eoint in it, j/, ^ their differential coefficients with respect to <, also let P^, Q' 
e written for ^", q" when », q belong to the curve PQ. Therefore, with the 
notation of Art. 794, since dp ^p'ds + iff (ds)\ dq = q'de + \^ (ds)\ 

ix = (op' 4 aV) de-^i {ap" + a'q^ {dsy + J (ap'« + 2ay^ + afq'*) (ifo)« 

is the projection of PQ on tiie axis of x, and, if PQ s PQ, that of PQ differs 
from ix by writing P', Q for/>", f. 

Hence, QO'=i{a(p"-P0 + d'(^'- Q")}«(ifo)«+... 
« i (^, P, OXp" - P', q" " Q'Y {ds)\ 
and the relative curvature = 2QQ/{ds)* « ^{{E, P, Gj^p^ - P*, fi^ - OT}. 
For orthotomic coordinates the expression becomes 
y/{E{pr - P^« + (? (j" - Q")"} » p-^, and 1 = Pjp^ + G'j* for both curves, 
.-. 0-2Pjpy +20gfgf' ^ {^iP^ + B^ pT^ ^ (Gip' -^ O^ q^ 

and = 2Pp'P"+2G^y'Q"+ ; 

.-. = 24''(jp^-P") + 2(?y'(y^-(l"), 
.-. d^'-P') ^JE/qWO^^iq''- Q") ^0/-pWE=p-"/(Ep'*-^ Of); 
.-. f|-*-V(P(?){r^^-jy-(PV.Q>')}. 

The general expression for the relative curvature, when the curves (p) and 
(9) are not orthotomic, viz. V{p''gf-q"p'-(P"gf''Q'p')} may be found in the 
same way, but the particular case is siuScient to shew how the problem can 
be dealt with. 

808. To find the radius of geodesic curvature in terms of orthotomic curvi- 
linear coordinates. 

The differential equation of the geodesic line is 

2E0 {P'q'-Qy)«JBp^(- B^P^i^O.p'qf'^Q^) -6?/(^,j3'»+2ftpy-6?ij'«), (1) 

whence the radius required can be expressed in terms of p, q, and their first 
and second differential coefficients belonging to the curve itself. 

For the special curve q » constant, q* = and ^^ » 1 ; let /) e />. for this 
curve, then O (Py - (jy ) = - iE^p^ » - J^, /E V A^ 

Pi^«-EJ2E*/G, 

Similarly, if /> « />i for the curve p » constant, 

p;'^GJ2G^E, 

p^ being considered to be measured in the same direction as p% when the con- 
cavities of the curves (p) and (q) are in the same direction. 

* bond. Math, iSoc, voL xii. p. 110. 
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809. If be the mclination of the curve to the line q = constant, 

/. ^"«-^8in^/V^-icoB^(^if>' + ^^)/^V^, 

hence V(-S^) 1^ — ^^ - ipW ^ {^^ + -Srf')/V-S. 
similarly V(^G^j"= &E^^\q'^E(Q,p' ^Oi^y^Q, 

and by (1), Art 808, since Ep'* + G^'»= 1, 

-•. />'*-- i (-^t/ -G^yiECf) ^ff^pi' cos ^ + /)j-' sin^ + d^/A. 

810. The relations between the coefficients E^ E'j &c. being 
so much simplified when the striating cnires are orthotomic, it is 
worth while to eo through the wo^ for this case of curvilinear 
coordinates in a form better adapted for shewing the geometrical 
meaning of the operations. Considering the infinitesimal rectangle 
QNPMj let FM^PSpj Pj^= QSq be the elements of the curves (q)j(p) 
respectivelj) and let \, ^^ v and X', fi^ v' be the direction-cosines 
of the tangents to these elements at P, Z, m, n those of the normal 
to the surface at P. and let Bx^ Sy, Sz be the excess of the coor- 
dinates of Q over tnose of P, 

Sx = P\Sp + QX'Sq 

+ i[(P\X8p' + 2{(PX).or(<2\0JSp83 + (<2X0.(82y]+..-; 

and £| the radius of curvature of the normal section containing 
the tangent at P to PQ^ is the limit of 

iw _ J^(8p)'+<y(8?)' 

lSx-¥mSy + nSs KP* (Sp)' - 2 TFQSpSq + HQ' (Bq)* * 

where ZP»»?(PX),+...-P(Z\j + «i/*, + ni'^, 

- TPQ = P(Z\ + «t/*, + nv;)=Q (l\\ + mf*\ + kk'^, 

It is obTlons that K, H are iibe cnnratares at P of the carves 
(ih (P) respectively ; T will be interpreted in the foUowbg article. 

B , S'j the mazimam and minimnm values of B, are given 
by the condition of equality of the roots of 

(BK- 1) (Pdpy - 2BTPtIp.Qdq + (BE- 1) (Qdq)' = ; 

.'. (jr-ir»)(2r-ir')-2"-o, 

and the spedfic corvatnre at F^ HK-' T\ 
It follows from the above equation that 

(K- IT) Pdp = TQdq, (H- Jf*) Qdq = TPdp ; 

80 that Jf' = {KPdp - TQdq)lPdp = (HQdq - TPdp) / Qdq ; 

.-. T(Qdqy-(K-s)Qdq.Pdp- T(Pdpy^o 

the differential equation of the lines of curvature. 

XX 
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811. Torsion of a geodesic. L^t 5, jB' be the principal radii 
of curvature of the surface at the point ( », q) of a geodesic inclined 
at an angle to (j), so that cosd ^ Pdjpfds^ Pp' and let ^^ be the 
inclination to (q) of the normal section corresponding to JS. "By 
Art. 751 the torsion of the geodesic is 

a^ = sin (tf - 0,) cos (0 - 0XSr^ - -B"')- 
Now, by Art. 810^ 

cos0J^(H^Br')^Bva0J^(K^ IT) « H'JiR'' - Br^) ; 

/. ^{E " - Sr') sin (0 - 0,) = Qj' V(fi - JBr') - P/ V( Ji^- i2"')i 

and s^(S! -* - iTO cos (0 - ^,) « Pp' ^{H-' B") + Qq' >J(K^ ST") j 

= rcos2^ + i(Z'-ir)8in2^; 

.'. T is the torsion of the geodesic tangent at P to either of the 
curves (j) or (p). 

If the geodesic tangent to either of the curves or the curves themselTes 
were rectilinear, as might happen in the case of a scroll, it might appear that 
TsO, but what is called the torsion in that case is rate of increase of the 
angle between consecutive principal normals which are the normals to the 
surface along the line; T will not vanish except where the normals are all 
parallel to the same plane, as in a torse. 

812. Bpecijic curvature in terms of P and Q, 

Since jKP== l\ + mfjk^-\-nv^y (1) 

« XX, + /i/x, + vvi, 

let L = \\ + /A>^+ v\ = - XX\ - fLii\ - vv\ ; (2) 

and, by Art. 146, /iv' - f/a' = Z, ft'n - v'm = X, wiv- n/A = X'; 

/. KPl +iX' = \, 

similarly KPm + Lfi' == fA^^ (3) 

and KPn + Lv' = v,. 

In the same way, if J[f=XX', + /A^',+ vv', HQl + M\=^\\. 
Multiply the left side of equations (3) by IHQ^ mHQ^ nHQ^ 
and the right side by their equivalents, and add, 

KEPQ:^\\\ + ii^fi\ + v,v\, (4) since X\+...= 0. 

Again - TQss ZX, + w/a, + ny„ 

= XX, + MA*» + ^^v 

-Jf=:X\+/A>, + vV,; 
similarly ^TPl'L\^\\] .-. T'PQ:^\\\ + fi,fji\^vy,. (5) 
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Now Z, = X',\ + \\, + M>, + A*>„ + v>, + vV„, 

and - if, = \',\, + X'X„ + /»'j/i*, + M'/*n + "'i"! + "'''.i i 

.-., by (4) and (6), (KH^ 2") PQ = Z. + if. ; 

and since (P\), = ($X')„ P,X + PX,». gjV+ ^\, &c.; 

/. P, - Q ( W, + /*/, + w',) » - QL, (6) 

Q, = P (V\, + /»>, + v'k.) — PJf ; 
.-.A, the specific curvature at P, =-{(P,/<2),+(^i/P,),}/PC. (7) 

Cor. For geodesic polar coordinates i>»A>)2=>p> Q = l; 

d*P 
:. T-,- + ^Pss 0, as in Art. 757 ; 

and, bj Art. 808, or geometrically by Art. 814, the geodesic curva- 
turo of p IB — 7,^ , as in Art. 758. 

813. Geometrical interpretations of some of these analytical expressions 
are as follows. 

Since X|/ParfX/Prfjp.«(fX/<&,arf*jr/((f*,)^ if/)' be the radius of curvature 
of the curve (q)f «t> the inclination of its osculating plane to the normal section 
'which is the osculating plane of the geodesic taneent to {q), p'Xi/P, pfi^/P^ 
p'yj P are direction-cosines of the principal normal, therefore, by (1), Art. 812, 

cos = (A-i + mfi^ + Wi) p /P = p'K^ Meunier's theorem, 

and by (2), sin </> = (VXi + /*>, + vV,) p*/P = p'L/ P4 

:,f by Art. 7^3, X/P is the geodesic curvature of the curve (j), which also 
appears from (3) since J5r* + (Z/Pj* =»/>'"•. 

814. To express the specific curvature at any point of a surface 
referred to orthotomic striating curves^ in terms of the geodesic 
curvatures of the curves intersecting in the point 

Let PM^ NQ bo elements of the curves (y) and {q + rfj), PxV, 
MQ of the curves {p) and (jp + dp\ and let geodesic chords of the 



t2!r 
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four curves be drawn ; draw FT. TM geodesic tangents to the 
curve PM at P and 3f, and let geodesic tangents Pt and Mt' to PN^ 
MQ meet the chord NQ in t and *', and draw Pp^ Mm perpen- 
dicular to NQ. 
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Then, ultimately, {NQ -'PM)IFp^-^{Np-{' Qm)IFp 

since Z t'MQ — Z ^PAT vanishes compared with either of the angles ; 
hence the angle at T, which is the angle of geodesic contingence 
of the curve (j), — — d(Pdp)jQdq^ and dividing by PM or Prfp, the 
geodesic curvature of (y)*— JP,/-r<?, similarly that o{(p)'=^-QJPQ. 
If />,, p^ be the two radii of geodesic curvature, by (7) of Art. 812, 

1 ^ /l\ 4, /M J. 1 

815. Differenticd eqitatiotu connecting S^ K and T. 

By Art. 812, (KP\-^ iTQ\'=^ Z,X,- i,X,+ m^,- 1»,^,+ »j,v,- fi,v,. 

Now Zasftv'— /tV, m = vX'-v'X, and n = Xf»' — X'/». 

'i = /»/ - "iM' + A*"', - "/»',» TQK = Z 0»ft, + w^ - X (««/*, + ny,)', 

ln-m\'=v\ lv-n\»-n'; .-./*/- v^ = T^X j 

fi"ax' - - Z (mV, + i^f',) + X' («/*', + nv'^ ; 

— Ift' + »iX' s=s V, — Zv' + nX' ■! — /t } 

/. yfi'," iiv\>= EQX: ', :. l^=Q(T\-mr). 

Similarly TFX' = I Qi'/i'^ + vV^) - X' (m/»', + «"'») = - "m'i + M"',! 

£PX as - Z (/*/*, + i^j) + X (m/t, + tiK,) = - fty + K,;*' ; 

/. Z, « P(- jK'X + TXO ; 
.-. (KPX + (TQ\''-HQL+ TPM=EP,- TQ,, (6) Art. 812; 
.-. T,Q+2 TQ, + ff;P+ (iT - IT) P. = 0. ._. 
Similarly 2;P+2TP,+J2;«+(fl-i:) (2, = 0. ''''' 

816. If geodesic polar coordinates be used, and q be the 
geodesic radius vector, Q»l, and the equations (7) become 

2;+pjr.+(jsr-j)p,=o, or 2;+(Ps:),-izP.=o, 

and P2; + 22'P,+^j = 0, or (2'P'), + PS;»0; 

these, with the equation derived from the specific curvature, viz. 
F^+P(HK— 2™)=0, are the three fundamental equations employed 
by Bour* in his memoir on deformation of surfaces. 

Jour, UEc, Poltft, tome xzii. 
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817. To finA the differential equation of a geodesic considered 
as a line of minimum length between two points on the surface. 

Let PQ be a small element of the geodesic joining two points 
Ay B on the surface, and let AP'QfB be a curve slightly differing 
from the geodesic ; let p^ q and p + dpjO + dq be the coordinates 
of P and Qj jp + Sp, q and ^ + Sp + aQ> + op), q + dq those of 



P' and Q^y so tnat p and p + ^are different functions oiq. 

If 8^fds=JsJ[{Pdpy + (Qdqy} be a minimum, then, for aU 
values of dp^ SS:^ 0, 

and S5=/[{PP, (dpy + QQ, (dqY) Spjds + rdpSdpjdsl 

^fSp[{pp,(dpy+ QQ,(dqy}ids^d(P'dpids)i 

since Sp. P^dpjds vanishes at A and J5; 

.% PP, (dpy +QQ^ (dqy - dsdiP'dplds) == ; 

and if be the angle at which the geodesic crosses the curve 
j = constant, Pdps^dscoBdy Qdq = dsBm0\ 

:.P^dp(M&e+Q^dqsin0^d(PcoB0}=^(P^dp-^P^dq)coBd-P9!in0ddi 

:.d0=^dpPJQ^dqQJP, 

and by eliminating we obtain the equation of Art. 805, writing 
P" and (2* for E and respectively. 

818. Integration of the equation of a geodesic on a central conieoidf referred 
to lines of curvature. 

By Art 789, P*o - « (g -p), Q' = » (q -p), where u and v are respectively 
fanctions of j? and q alone, also, by Art. SIT, 

de = dpP2/Q-dqQ,/P='dq cote. P^/P-dpt&n0.Qi/Qi 

:. 2d0 sin OcoB0^ (dq cos*0 + dp sinV) /(q-p), 

/. dq cos*0 + q dcoB*0 + dp sin'0 +|) dnn^O = 0, 

/. q co9*0 -^p Bin^O = constant, 

which is a first integral of the equation. 

819. The equation of Ai*t. 817 enables us to obtain Liouville's 
equation, Art. 809. Let PJj, TQ be geodesic tangents to the 




curve PQ, PT intersecting NQ in q] and let be the inclination 
of PT at P to PJ/, 0-]-d0,0-{'S0 those of TQ and PTq to NQ^ 
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then, by the triangle TQq^ d0 - iO is the geodesic angle of contin- 
gence of P^, and (dd'-h6)jd8 the geodesic cnrvature p"\ 

But, since iO is the dd of Art. 817, Be=[dp.PJQ^dq.QJFi 

.-. p"* = dOjds + />,•* cos + Pi"* sin ^, as in Art. 809, 

Pi) Pt ^^S Pleasured in the direction towards vrhich 6 Is increasmg. 

Deformation of Burfacea. 

820. The method of curvilinear coordinates is of special impor- 
tance in the investigation of surfaces which are applicable to each 
other when they are considered to be flexible and inextensible. 

A familiar example of the deforms^tion of a flexible and inexten- 
sible surface is that of a torse which may be developed into a plaice 
and then be transformed into any other torae, and it is obvious 
that the generating lines of one torse may be curved lines on 
the other. 

It should be noticed that the edge of regression, when the torse becomes 
a plane, is developed into a plane curre, and although every part of the torse 
lies on the plane some parts of the plane do not become parts of the torse 
when reversion of the process of development takes place, viz. those parts from . 
' which no tangent can oe drawn to the plane curve. And, a fortiori, the whole 
of a torse cannot always be deformed so as to form the whole of any other torse. 

821. Conditions that a given surf ace may he lent into the form 
of another surface. 

These can be deduced from the consideration that any line 
drawn arbitrarily upon the surface will be unaltered in length, 
although its form will generally change. 

Let (a?, y, z) be a point on any surface 8 and let (f , 17, 5*) be 
the changed position of the point when the surface 8 has been 
deformed into the surface 2. If x^ y, z be expressed as functions 
of p and q so that p^ q are curvilinear coordinates of (a;, y, z) on 
the surface Sj then |, ^, ^, depending only on a;, ,v, z and the 
constants which determine any change of positioii of the surfaco 
as a whole, will also be functions of the same p and q. Hence, in 
order that no line may be altered in length, the elements of corre- 
sponding arcs measured from any point in any direction on 8 and 
2 will be equal. 

!Now for an element ds of an arc measured from (x, y, z) on the 
given surface 8, (ds)' = E(dpy + 2Fdpdq + O {dqY, where E, F, G 
are definite functions of p and j, viz. a;,* + 2fi* + 2?,*, XxX^'\-yju^'\-z^z^ 
and af,* + y/4-«,', and smce the corresponding value of (ds) must 
be the same for all directions me^isurcd on the surface 2, that is for 
all values of dp and dq^ the coefficients of (c^)', dpdq and (dqf 
must be the same functions of p and q ; therefore flie coordinates 
f , 17, f of the point, corresponding to (a*, y, «), in the deformed 
surface must satisfy the differential equations 
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If a general solution of these equations could be obtained we 
should have a solution of the problem, to find all the surfaces into 
which a given surface can he transformed by bending toiAoiU extent 
sion or creasing. 

Since Ej F^ and G are functions of p and q unaltered by the 
deformation of the surface, the same is true of any function of these 
quantities and in particular of the specific curvature, Art. 798. 

The invariability of the specific curvature is a necessiuy but 

not a sufficient condition of the possibility of a transformation from 

8 to 2, since we cannot generally deduce from this alone the 

equality of all corresponding arcs. 

It should be observed that the integral curyature of any closed area is the 
sum of the integral curvatures of all the elements of the area; also the integral 
curyature of an element is the area of the element multiplied by the specific 
curvature which is unchanged by deformation, therefore the integral curvature 
of any closed area, as well as the specific curvature at any point, is unchanged 
by deformation. 

822. The subject of deformation has been variously treated by 
Liouville*, Jellettf, Minding}, Bonnet§, Bour||, and Maxwelllf ; but 
anything like a complete solution has been obtained in only a very 
few cases. * 

823. It will give some idea of the form in which the general solution of 
the equations (1) Art. 821 would appear, if we take a particular case which has 
considerable generality. We will suppose that the curvilinear coordinates are 
orthotomic, and that { is a function of ^ only, so that (ds)* ^ {Pdp)* -^ {QdqY 
and S, 8 0; in this case 

f ,» + 111' » i* - ?»• = ^*, suppose, 

Let £ia CT'cosv, fii^UBiuVf (1) 
5,9 Q cost?', ii2 ° Q sine'; (2) 
/. CTQ cos (i/ - 1?) = anrf fy-v^lir, 
and (a a - Q sin r, Vt^Q cos v, 
Ci9** ^2 cost? - Uv2 sini7 s - Q^ Bin V- Qvi coso, 
^12 3 IT, sini7+ ZTbjCOSVa Qi cos v - Qvi sin t) ; 
.'. U^^Qvi^O and Qi-l7tPa = 0j (3) 
.". (Cr')*t?, + (Q«)iVi = or (P')2t>2 + (Q')iV, = 0, 
and this being a linear equation, if /(j9, ^) e /) be a solution of 
[Q*hdq-{F»hdp^O, v^F{f{p,q)], U^Q,/v,i 

whence £, n, and t could be determined in terms ofp and q, 

* Monge ed, Liouville^ p. 588. § Jovr, VEc, Polyt, tome XIX. 

t Proc, Ir, Ac, vol. xxii. p. 848. || Ibidt tome xxii. 

} CrtUe, XVIII. pp. 297, 866. i Cdmb, PhiL TV. vol ix. 
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824. To find turfacea appUcahle to each other for which {diy^{dqy^{g^^a^dp)% 
and for which th$ distance of any point from a fixed plane is a function either 
of p {{) or q (ii) only. 

Take the plane for that of xy, 

u In this case St a 0, Xi*-^y^^^-¥a*-»^ = \\ (1) 

Let X| a X Bin 0, yi = X oos v, 
x^= tmv't y,» cost/, 
cos (t?*^- r) = 0, t/ o t? + J'', 
x^ s cos «9 ys ° - sin t?9 (2) 
'it - ^t s^n ^ + ^^a cos V a - 1?! sin Py 
yu * X2 cos + Xv, sin 9 s - t^i cos t? ; 
/. »,aO or ©=/(;>), 
and X, B - t?i « -/' (/)) or X = - j/' (/)) + * (p); 
••.. by(l), /'(p) = ±l, 0(|>)=O, «,* = a«, «i = -(e8in/i, y, = Tjcos/;; 

.'. s - op, a? = gr cosp, y, = + <y sin/?, 

since by (2) the arbitrary functions Tanish and the origin may be chosen bo 
that any constant wili disappear. 

iu In this case %i s 0, 

«j*+y/=l-Sj« = />, (1), where Mi = 0, 
and, as before, x^^P sin 9, yi^P cos o, (2), dr, « ^ cos v, y^^^fitm o, (3) 

^13 B i^a sin o + Pv% C0S9 s - fivi sin o, 
y^j = P, cos© - P»j sint? = - ^©j cos ©5 
/. Pt + A*©i = 0, ©,»0; .-.©=/(/)), also <y/V(/ + a*) + M/"(jP) = 0, 
and p. being a function of q only, /' (^) is constant » - n, suppose ; 

.-. np,^q/^{f^a% 
by (2) fM;sV(/ + a^ cosnp, ny = V(/ + «*) s"^ **P» 
since, by (3) the arbitrary functions of q disappear. 

Again, nV = n« - j«/(2« + ««) « {aSi« - (1 - n«) jVtf + «•) 5 

andifi-i^^^ ^=-cos^, — = /-;r; r-s-iBxi 

or «2/a = P(n, ^) - -S (», ^). 
Case i. gives a helicoid, and case ii. a surface of revolution for which the 
equation of the meridian is given by nr s V(l?* + ^*)t 



nsK 



""^ -/v(;j$rai)V{a'-(l-«')«V}. 



These surfaces are therefore applicable to each other. 

If n < 1, since / < aV/(l - n*), a portion only of the belix is applicable. 

If « = 1, « = a log {r/a + ^/{r*/a* - 1)}, and r^ia (e*/« + e"'/') ; 
therefore the surface is formed by the revolution of a catenary about its directrix. 

If » > 1, and ^ V(l - O = - « cot ^> ♦• = « V(cosec*^ - »"•)/(»* - l)i 

d0 



5°j« 



8in'^V(l-»"*sin'^)* 
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825. Maxwell* has given a means of forming a conception of 
what takes place when a surface changes its form bj bending. 
He has also shewn how to construct the lines about which the 
bending takes place. 

826. General conditions of the applicability of two surfaces. 

i. Every point, line, and angle on one surface has its corre- 
sponding point, line, and angle on the second. 

ii. If any lino whatever be drawn on the first surface the 
corresponding line on the second will be equal to it in length. 

iii. If two curves on the first surface intersect, the corresponding 
curves on the second will intersect at the same angle ; for if on the first 
a third curve be drawn so as to form a triangle with the first two, 
and be then moved towards the point of intersection, the triangle 
becomes ultimately a plane triangle and the corresponding triangle 
on the second surface will have its sides, and therefore its angles, 
equal to those of the first triangle. 

827. Polyhedrons can be inscribed in each of two surfaces which 
are applicable to one another^ such that corresponding facets are 
parallelograms equal in all respects. 

Let one of the surfaces be striated by two systems of curves 
such that the tangents at each point of their intersection are 
parallel to conjugate diameters of the indicatrix at that point. If 
abed be a quadrilateral formed by two consecutive curves of each 
system, it will ultimately be a parallelogram inscribed in the conic 
section made by the plane of aJc, whose sides are necessarily 
parallel to conjugate diameters of the conic. The two systems of 
carves are called conjugate systems. 

Consider two surfaces applicable one to the other; take two 
points, one on each surface, corresponding to one another, and 
suppose the surfaces to be so placed that the tangent planes at the 
two points are coincident, and then the surfaces to be turned about 
the common normal, until the tangents to corresponding curves 
drawn through the points arc also coincident, which, by iii. of 
the last article, is possible. The indicatrices of the two surfaces are 
conies which intersect in four points, and these points are the 
angular points of a parallelogram whose sides are parallel to 
coniugate diameters of both conies. 

There are therefore at every point of one of the surfaces two 
parti<iular directions which are conjugate and remain conjugate 
when deformation takes place. Hence there are two conjugate 
systems which remain conjugate systems on deformation. 
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828. Deformation of the corresponding polyhedrons inscribed in 
two applicable surfaces. 

Let P be a solid angle of the polyhedron inscribed in one of 
the surfaces, the four facets of which are the quadrilaterals, ultimatelj 




parallelograms, abj bcj cd, da, the deformation about P is effected 
bj changing the angle of inclination of two of the facets having^ 
a common edge Pa, in consequence of which there will be a 
definite change of the angles about the other edges, and these 
changes define the new positions of the adjacent facets, such as ef. 

When we proceed to the limit, the polygons bPd, aPc, &c , 
become the curves which belong to tne conjugate systems common 
to both surfaces, which are thus lines of bending, 

S29. Instantaneous and permanent lines of bending. 

In passing from one surface to another by deformation we 
may suppose the bending to take place continuously. The lines of 
bending in the passage from any one surface to the next consecutive 
will generally cnange their position at every instant, and for every 
intermediate form of the surface there will be a definite system 
which are instantaneous lines of bending. But, under certain 
conditions, these lines may retain the same position while a finite 
amount of bending takes place; they are then permanent lines 
of bending. An example of this will be seen in the case of the 
scroll described in Art. 833. 

830. Specific curvature at any point is unchanged by deformation. 

The horograph of the portion of the polyhedron including the 
four facets A, B, C, D forming the solid angle at P, is a quadri- 
lateral a'b'cd' whose sides are arcs of great circles. The arc a'b' 
is generated by the extremities of radii corresponding to lines 
perpendicular to the edge [A, B), which take the place of normals 
to tne surface, hence the inclination of the planes of ab' and ad is 
equal to the angle of the facet A, which does not change. 

The specific curvature of the polyhedron at P is measured by 
the area ab'c'd'j which depends only on the angles, and therefore 
remains constant as the polyhedron changes its form. 

Hence, proceeding to the limit, we obtain another proof of the 
proposition, which is due to Gauss, already proved in Art. 821. 
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Buled Surfaces. 

831. Scroll referred to curvilinear coordinates. 

Let Aa^ Bb, Cb... be consecutive generating lines of a scroll, 
each inclined at the same indefinitely small angle dp to the 
preceding line. Let ABy BC\ &c., be the shortest distances of Bb 
from Aa^ Cc from Bb^ &c., so that the polygon ABG,.. is ultimately 
the line of striction. The extremities of radii of an unit sphere 
drawn parallel to Aa^ Bb, Cc, &c., will ultimately form a curve, 
and p will be an arc of this curve measured from a fixed point 
m it. 

AB depends only on the position of Aa apd the inclination of 
Bb to Aa, and may be represented by I3dp, where /S is a function 
of p only ; similarly BB = a'dp, and the angle between BG' and 
AS' = ydp, where a' and 7 are functions of p, and a'^dajdp. 

If the scroll be striated by the generating lines and curves 
cutting them orthogonally, let any one of these curves be identified 
by q the distance measured along a generating line from one of 
them a'b'c... chosen as the curve of reference, and let q^ be the 
value of q at the line of striction, so that dq^ = a dp, and q^ = a. 

Let FQ be an element ds of a curve crossing Aa, Bb at P, Q, 
whose coordinates are p, q and p -f dp, q + dq, and let a plane 
through P, perpendicular to Aa, meet Bb in N, and draw NM 
perpendicular to the plane through Aa parallel to Bb, then, 




ar 



ultimately, NQ = dq, PM^ [q - yj dp, MN^ j3dp, and 

PQ" := NCy •¥ PN' == NQ" •]- PM' + MN% 

y{dsy^{dqY-^{{q^q;)^ + /3*]{dp)\ 
If / be the inclination of the tangent plane at P to that at A, 

tunl^PMIMN^iq-^q^jllS. 
The specific curvature at any point (p, q) is 

- P„/P= - ^/ {(2 - yj' + /S«j' = - cos V/^S 
which is negative, the surface being anticlastic. 
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The three quantities a, p and 7 are the functions of ^, which 
are suflScient to determine the form of the scroll, and it is to be 
observed that ds is independent of 7, which is the only one of the 
three quantities altered by deformation, Art. 833. 

The cone, whose vertex is the centre of the unit sphere and 
generating lines parallel to those of the scroll, is called by Bonr 
the jdirector cone of the scroll. 

832. The equation P" = {9 - a)' + j8* might have been deduced 
from Bour's equations of Art. 816, for H^ being the curvature of' 
the generating line, vanishes; .-. (TP*) =0 or TP^=f(p)^ also 
P =.PT*^[f{p)YlP\ (I), which is satisBed by P'=Lq''h2Mq+]Sr,^ 
where L, M, N are functions of p only, and, by a proper choice of 
the parameter /?, 2/ = 1 ; hence P* is of the form {q — a)* + ^*, and, 
substituting this value in the equation (1), fi^f[p), 

J5y the remaining equation T^-V (PA'), = 0, we obtain 

dpj[q-ay + ^' dp\ fi ^wyj> 

:.K=:--d{I-^<f>{p)]IPdp, 

therefore, since K is the curvature of the geodesic tangent to the 
curve [q), and Pdp an element of the curve, — d{/+<^(p)} is the 
angle of contingence of the normal section perpendicular to the 
generating line, and -c/(/>(/>) is therefore the angle between the 
consecutive shortest distances; .'. <f>' [p] = — 7. It should be noticed 
that / is unchanged on deformation. 

Since a radius of the unit sphere which is in the direction of the 
shortest distance is perpendicular to two consecutive generating 
lines, the cone generated by these radii is the cone reciprocal to the 
director cone, and a small arc of its intersection with the sphere is 
equal to ydp the corresponding angle of contingence of the director 
cone. 

833. Deformation of a scroll when the generating lines are the 
lines of bending. 

The scroll may be deformed in such a manner that all the 
shortest distances are parallel, by turning the whole portion of the 
scroll above Bb about Bb through the angle ydp until BC is 
parallel to AB\ and then about Cc and so on, and in that case the 
director cone becomes a plane. 

By bending this new scroll back about its generating lines, 
through proper angles, it may be deformed into another scroll, 
whose director cone is perfectly arbitrary, which is one of Bour's 
theorems. 

When the scroll is deformed so that the shortest distances are all 
parallel, the director cone becoming a plane to wliich all the 
generating lines are parallel, the projections of the shortest 
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distances upon that plane is a curve of which (idp=-da' Is an 
elementary arc ; and since p is the angle made by the tangent to 
the curve with a fixed line, this is the intrinsic equation of the 
curve. 

The deformed scroll can therefore be generated by constructing 
on a plane the curve adp^da^ and a cylinder of which this curve 
is the base, take MP=Jtidp on the generating line 6f the cylinder 
passing through a point M of the base, whose distance from a fixed 
point measured along the base is a ; draw a line parallel to the base 
touching the cylinder at P, this will be a generating line of the 
scroll. If the cylinder were unwrapped the locus of the points of 
contact would be the curve given by x*^a, y^Jffdp^ being the 
developed line of striction of the deformed scroll. 

834. We can illustrate the propositions given above by taking the particular 
scroll which is a iiyperboloid of revolution of one sheet, given by the equations 
of one of its generating lines x/a » cos^ - sin z/e, and y/a = sin ^ i cos^ z/c, 
so that with the notation of the preceding articles 

cos dp = {a» sin tft 8in(0 + d<f>) + a* cos0 cos (</> 4 d<t») 4 c'}/ (a* + c'), 

or l-J(4>/«l-Ja»(c/0)V(a« + c*), /. dp^ad4>/y/((^ + (^). 

Now the line of striction for this surface is, by symmetry, the principal 
circular section, and - o'dp U therefore the projection of the arc adi of this 
line, whose direction-cosines are - sin </>i cos <p, 0, on the generating line ; 
/. - a'dp = a V<^ / V( «• + «') = odp, and {pdpY = {ad<t>y - {adpf = c* {dpy j 

.-. (d,y^{dqY^{{q^ap)Uc']{dpf. 

If (\, |i, v) be the direction of the shortest distance of consecutive generating 
lines, since it is perpendicular to both 

-Xasin0-v/4acos<^ + vcsO and ^cos'A + ;i sin0 = O; 

/. X/sin <P = P'/- CO80 = vc/a = c/V("* ^ c')f 

but f^dp is the angle between consecutive shortest distances, 

.•. cos (7^^) = {c* sin <t> sin (^ + d<p) + c* cos </> cos (<^ + «/</>) + a') / (a* i c*) ; 

/. l-i{ridpy^l-i{d<pYc*/{aUc*); 

,\ rfdp = cd(p/\/{a*ic*) and 7 = 0/ a. 

When the scroll is deformed so that all the generating lines are parallel 
to a fixed plane, the cylinder which they all touch has for its intrinsic equation' 
adp -f £^0- = 0, and is therefore circular with radius a, and the locus of the points 
of contact cuts the generating lines of the cylinder at the constant angle 
tan"*(fl/c). 

Surfaces of Revolution. 

835. Condition of applicability of two surfaces of revolution. 
Let the curvilinear coordinates which define the position of a 

point P on a surface of revolution be p the longitude, and q the arc 
measured along the meridian from a fixed point in it to P, and let 
r be the distance of P from the axis, which depends only on y, then 
(dsy = (dqy + r* (dp)^. If r', p', q' correspond on another surface of 
revolution to r, j?, q on the first, for this surface (rf«)*=(rfj)*+r *(^')', 
and the surfaces will be applicable to one another, if the two 
expressions for (dsy are equal for all positions of the element, and 
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this is clearly the case if }' = ?, ^' = ^''1 p'^pl^] "* f*ct> ^^e 
elements of the arcs of the meridians and parallels of the two 
surfaces are respectively dq' = dq and rdp = rdp. 

If yftj yjr' be the inclination to the axes of revolution of tangents 
to the meridians at corresponding points, 

sin ^' = — rfr'/cZj = — kdrjdq = k sin^ ; 

hence, taking k>l^ the only parts of the first surface which can 
be applied to the second are those for which sin ^ is not greater 
than A"^ 

836. Caylev has discussed the forms of the surfaces of revolution 
to which portions of a spherical surface included between two 
meridians and two parallels can be applied. 

Measuring ^ from the equator which is the great circle of the 
sphere perpendicular to the axis, 

(dsy^(dqy + coB'q(d2))% 

if the radius of the sphere be taken for the unit ; also, for the 
surface of revolution to which any portion of it is applicable, 

(dsy = (dqy + A' co8«2 (dp'y. 

If (z, r) and (z\ r) be corresponding points, 

«=sinj and (dz'y = (dqy ^ (drj = (dqy (i ^ k' An'q) ^ 

.'. «' =Jdq V(l - A" sin'?) = -E(A, j), 

which is an elliptic function of the second kind if k<l. 

Also, if '^' be the angle at which the tangent to the curve at 
(«', r) cuts the axis, sin ^' = - dr jdq = — kdrfdq = k sin j. 
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Consider the spherical quadrilateral bounded by two meridians 
AB^ BC, and two parallels, one of which AB is an arc of the 
equator and the other BC has latitude q. First, let A-<], the 
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surface into which the quadrilateral is deformed is AB'C'iy, 
where the radius of A'B' is A, and lA'OB' ^LAOBjk. Also, 
if DN^ D'N' be perpendicular to the equator, D'N' >DNj since 
each term of fdq^/{\ —k'^ein'q) is greater than the corresponding 
terms o(fdq \/(l — sin'y). Considering the semilune AEB^ deformed 
into AE'B\ at the equator sin^' = 0, and at E* for which 2«i^, 
sin^' = ^; therefore the surface A'E'B' cuts the equator at right 
angles and has a conical point at E'^ whose semi-vertical angle 
is sin"*i. 

1( AB> 2vk^ A' OB' will be > 27r, and to effect the deformation 
the hemisphere must be slit along a meridian AE and overlap 
the surface A'E'B\ 

Next, let ^> 1, then the latitude of the parallel which bounds 
the portion of the sphere which can be applied to the corresponding 
surface of revolution cannot be greater than sin"* (A"*). Also 




sink's: A; sin 7, /. the surface meets the equator at right angles, 
and at F'^ which corresponds to F in the highest latitude on the 
sphere, the tangent is parallel to the equator. 

837. Dkp. a helicoidal surface is generated by the revolution 
of a given curve about a line, fixed with reference to the curve, 
which moves in its own direction with a velocity always propor- 
tional to the angular velocity of the curve ; so that every point 
of the curve describes a helix of the same pitch. 

838. A helicoidal surface is applicahh to a surface of revolution. 
Let r, 6, f "^e cylindrical coordinates of any point P of the 

curve in an initial position, these will be functions of 9, the len^h 
of the arc measured from a fixed point to the point Pj the position 
of P in any position of the curve will be given by 

^ = rcos(j> + ^), y = r8in(j> + ^), » = ap + f; 
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hence, denoting drjctq by r', &c., 

{dvY + {di,y = {r'dqY + r* (rfp + ^dq)', dz^adp + ^'dq ; 
/. [dsY = [dqY {r • + 1^6" + r) + 2dzc?p [r^ff + a?') + (rfp)* (r* + a') 
= (d?)' {r"W[aff^ ?')7 (^'H- a')} + (r'+ a*) {dp+ rf? (Z^'+aD/r'+a')}' 
= [dq'Y + (r* + a*} (cZp')*, and, since j' ia a function of } only, and 
therefore r' + a* a function of <j[ only, the helicoidal surface is 
applicable to a surface of revolution, of which the arc of a nieridiaa 
is J , and the distance of the point (/, q) from the axis is ^/{r'+a^). 

839. If the generating curve be replaced by a straight line cutting the axis 
at an angle of 45^, 

z^iy/2qcoBp, y=ly/2qsmp, z = ap + i'^2q, 
and (rf«y = i [[dq)* + q^ {dp)*} -^ {adp + J V2 dq)* 
= idqY + V2 odpdq + 0?« + a«) {dp)* 
'{dq7^(lq'^a*){dp')\ 
where dq'* = ((/j)« ( j« + a')/{q* + 2a«) 
rfp'-rfj) + V2fl<?<7/te* + 2a«) 
and 80 y = p + tan'* (g/a -/Q). 

Let a', y be coordinates of {p\ q*) a point in the curve generating the 
surface of revolution ; 

y" = i!7' + a", 'J2dy' = qdqH{^^2a*), 
{dxr^(dqy-{dyy^i{dqy; /. ar'«=Jj«; 

hence y'* ^ x'* + a'; therefore the meridian curve is a rectangular hyperbola. 

If (r', y\ t!) be the point in the hyperboloid which corresponds to (p, g), 
and y/aV2 = tan^, 

y' = -JM + <**) co8(p + 'I') e a cosp - Va ? sin;*! 

d = V(a3' + «*) sin (p +'/') = fl sinp + VJ ? cosjj ; 
.*. y' to%p 4 s'sinp^a, the equation of the tangent plane to the hyperboloid 
y'« + 2**- x'* = «* at the point (0, a cosp, a sinp): hence every generating line 
of the helicoid has for its corresponding line a generator of the hyperboloid, 
and since when q = 0, y'' + z" = a^ the axis is bent into the principal circular 
section. 

840. It has been shewn that, when the form of P in the 
equation {ds)* =^ {dqf -^ [PdpY is given, wc have equations suflScient 
to determine the values of if, H and T for all the surfaces which 
are applicable to one another and which have the same valpe of P; 
and that when these three quantities have been determined, such 
curves as the lines of curvature and the chief curves can be formed 
for each surface. 

Instead of supposing P given, as by giving one of the above 
surfaces, we may endeavour to find what must be the form of P 
in order that the surfaces applicable to each other may all be 
derived by deformation from a surface possessing a given property 
which can be represented by a relation between //, K^ T] an 
example of such a property is that the area of the surface included 
within any closed curve traced on it be less than for any other 
form of the surface bounded by the same line, in which case the 
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two principal curvatures at any point must be equal and in opposite 
directions, the corresponding relation is J2'+-8r=0; Bour has 
obtained a differential equation for the Talue of P in this case. 

841. To find a differential equation for determining P when the 
corresponding surface is applicable to a surface of minimum area. 
In this case, since H-h K= 0, the fundamental equations become 

{£?•), = -P7;, [TP\^PK,, and r + K'^S^ Art. 816, 

where — fi* is the specific curvature — P^l P» 

Let K=S cos (f>j r=iSsIn^, /. KdT^TdK=^S'd(f>i 

.-. 8'<I>,^KT,^TK,=-^{K{KP'\^ T{TP\]IP^^{8*P')j2P'i 

:. ^, = - iP{log (5'P^)}. = - iP{log(P>PJ}.. 

Similarly *, = iP-Mlog(P-^PJ},; and i^„ = ^„, 

which is the differential equation required. 

By Art. 810, if 6 be the inclination of a line of curvature to 
the curve (p), since Pdp J Bind = dq I cos0, jrco825=»-Srsin2^, so 
that the subsidiary angle is 20. 

Cor. If the surfaces which are applicable to surfaces of minimum 
area be surfaces of revolution, the first term only remains, since P 
is a function of q only. 



Lvn. 

1. ProYe that the curve given by 

2x» (a« - h*) (a* - c«) = 0*0" {2a* - 6' - c»J, 

2y« (a* - i«) = J V - ^" - ^)> 

is a line of curvature on x*/a* + y*/b* + z*/c* =» 1. 

2. If FMQN be an infinitesimal rectangle formed by striatine curves of 
two systems cutting orthogonally, and a, ^ be the angles made with Uie tangent 
plane at P by the tangent at if to MQ and that at iV to AQ, prove that 
a . MQ = p . NQ ultimately. 

3. Prove that the chief lines on a surface are not generally geodesies. 

4. If the line of striction of a scroll cut the generating lines at a constant 
angle it must be a geodesic line. 

5. Shew that every scroll may be deformed into a surface generated by 
straight lines moving parallel to a 'fixed plane. 

zz 
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6. When a scroll is deformed so as to become another scroll, the relatiTe 
position of the tangent planes along any generating line are unaltered by 
the transformation. 

7. The curvilinear coordinates of a point on a sphere are the longitude p 
and co-latitude q^ shew that the differential equation of any geodesic line is 

^-2ooty^-singco8j = 0. 

Find the complete integral of the equation and determine the constants 
when the geodesic joins two given points on the sphere. 



Lvm. 

1. Prove that, if the two sets of curves (a), {fi\ and (a'), {p) divide a 
surface into square elements, so that (rf»)' « X ftrfa^ + (rf/3)*j = V {(<;a')« + (d!^)«), 
a' + ip is any arbitrary function of « -f »)3. 

2. When an ellipsoid is striated by the lines of curvature, corresponding 
to constant values of ;i and 9, find thoiprincipal curvatures at any point in terms 
of the values of |» and (7 at that point, and shew that they satisfy the equations 
(7) of Art. 816. 

3. Prove that if the curves (/)) and (^) on a hyperboloid of one sheet be 
generating lines the equation of any plane curve will be of the form 

cpg Jthp\eq^\d^Q. 

4. Prove that a flexible and inextensible surface in the form of a hyperboloid 
of revolution of one sheet, whose transverse and conjugate semi-axes arQ 
respectively a and c, and the angle of whose conical asymptote is 2/3, may be 
deformed as follows : 

i. The principal circle may be bent into a straight line, in which case one 
system of generating lines will be the generating lines of a conicoid of uniform 
pitch inclined to the axis at a constant angle, the axis being the straight line 
into which the circle was bent. 

ii. The circle may be bent into a helix of pitch i^r -/3 traced on a cylinder 
of radius a, in which case the generators become tangent lines to the cylinder 
perpendicular to the axis. 

iii. The surface may be applied to the surface of revolution of which the 
equation of a meridian curve is r = c sec/S coBh(d?/c). 

5. Shew that a sphere may be deformed into a surface of revolution, which 
in its general form resembles that obtained by the revolution of an arc less 
than a semicircle round its chord, the half chord being greater and the versed 
Bine less than the radius of the sphere. Also that a zone of the sphere contained 
between two parallels may be deformed into a surface, which in its general form 
resembles that obtained by the revolution of a half ellipse about a line parallel 
to and beyond its bounding axis, the semi-axis being less, and the greatest 
radius of rotation greater, than the radius of the sphere. 
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6. Find the area and length of the circumference of a small ffeodesio circle 
traced on a surface, neglecting higher powers of the radius than uie third ; and 
deduce that, on deformationi the specific curvature at any point is unaltered. 

7. When a scroll is transformed into another scroll the angles of contingence 
of the normal sections perpendicular to the same generating line increase or 
diminish by the same amount as do those of the director cone. 



LIX. 

1. A hyperboloid of revolution is given by the equations ^^a sec^ cos^, 
y^a 8ec<^ sin 0^ and s *•= a cot y3 tan 0, shew that the curves which cut orthogo- 
nally all the generating lines of one system are given by the equation 

0-4>-\^ co8ec*y9 tan ^ e cosec)3 q/a, 

where q is the constant part of any generating line intercepted by two of the 
curves, one of which passes through the point 6^0, ^ a 0. 

' 2. Two generating lines of a hyperboloid of revolution intersect the principal 
circular section at points A, P, the arc AP subtending an anele p at the 
centre. A curve cuts all the generators of one system orthogonafiy and meets 
the generators through A and P in A^ A\ A",., and Q, Q^ Q'^..f shew that 
-4^1' = ^'^"«...= QQ'=Q'Q"=..., and that the leneth AQ of the curve is 
Ja cot'/j (cot«/^ co8eo«/^ + log cotiv/'), where 2/3 is the vertical angle of the 
asymptotic cone, and cot ^ -p sin p tan )3. 

3. If a finite quadrilateral be formed on a conicoid by four lines of curvature, 
the distances of the angular points from the consecutive confocal will form a 
proportion. 

4. Prove that the equation of the wave surface referred to elliptic coordi- 
nates is (j + r - a - 6 - c) (r +/> - a - 6 - c) (j? + J - a - 6 - c) = 0. 

6. Prove that the complete solution of the equation {P(logi*P,2)t}t = ^» 
Art 842, Cor. is given by the equations g + c = a {r*V(» + 1) + <" /(» - 1)) and 
P = ma (r^^ 4- f^% the four arbitrary constants being c, a, m and it. 

6. Shew that, when a surface of minimum area can be obtained by the 
deformation of a surface of revolution, 

i. Its lines of curvature are cut at a constant angle by a geodesic which is 
one of the deformed meridians. 

ii. The same line of curvature cuts any two deformed meridians at angles 
whose difference varies as the difference of their longitudes. 

7. Shew that the surface formed by the revolution of a hypocydoid of four 
cusps about the line joining opposite cusps, may, by slitting it along the circular 
cuspidal edge, be deformed into two parts of another surface generated by a 
similar hypocydoid, which cut one another at an angle 2a, where cos'a is the 
ratio of the linear magnitudes of the two hypocycloids. 

8. A point moves along a generator of a scroll with velocity F, prove that 
the angular velocity of the tangent plane to the scroll at the point is 
V/yJ{RiR^)9 R^R-i being the principal radii of curvature at the point. 
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!• A quadrilateral figure ABCB is formed on an ellipsoid by four lines 
of curvature, prove that if O be the centre of the ellipsoid, OA*-^OC*^OB''¥OJD^f 
and that the chords A C, BD will be equal. 

Prove that "when a confocal ellipsoid intersects the hyperboloids, vhich 
determined the above four lines of curvature, in another quadrilateral A'B'Ciy 

OA'*- OA^^OB'^'OB^^ OC*-OC*=^ OD'*- OD* 

2. The principal radii of curvature at the intersection of two of the three 
confocals«V(a+/)) + y*/(6+|>) + «*(c +/))«!, (1), a!»/(a + y)+...= l, (2), and 
a* (o + »•)+...= 1, (3), are, for the confocal (l),^^/t)r; for (2), cr^ o> ; for (3), Tp, t,, 
p^ corresponding to the normal section touching the line of curvature common 
to (1) and (2), &c. Prove the equations p^^r^p^ p/'f'^q} ^r/^p^'^J'Tp^li 

V*^* + PrIPq =* 1| and pjp^ + fr,/Cr ^ !• 

3. If the polar equation of a surface be expressed in the form 

prove that the angle ^ between the radius vector and normal will be given by 
tan'«^ s P* i- Q*; verify this result in the case of the ellipsoid. 

4. A hyperboloid of one sheet is determined by the equations 

prove that the lines of curvature are given by the equation 

dp (1 - 2Ap^ +/)*)-4 ±dq{\'- 2Aq^ + j*)* = 0, 
where ^ = (a« - 24» - c'')/{a^ + c'). 
Shew that the striating curves {p) and (q) are the generating lines. 

6. Prove that along certain generating lines of a scroll the specific curvature 
is zero at every point except where it meets the line of striction. Explain the 
apparent discontinuity. 

6. A scroll is generated by a straight line moving so as to intersect the 
circle s = 0, j:* + y* = a' and the two straight lines x^O^^-c and y = 0, s»-c; 
prove that, if it be deformed by bending about its generating lines until they 
are all parallel to the same plane, their projections on that plane will envelope 
an epicycloid. 

Shew that the generating lines will touch a cylinder on the epicycloid as 
base at points of a curve of constant inclination to the base. 

7. If a be the radius of a fiexible and inextensible sphere, p^ q the longitude 
and latitude of a point upon it, ada, Sp, dq the increments of a, j?, q when. any 
part of the sphere is bent infinitesimally, prove that 

d^q d dip 

-^+ia = 0. ^(8ec2^J)-BeCsr^ = 0, 

and ^ (sec qdq) + cos j ^^ •" ^ 5 

shew that the general real value of ip is /(^ + tw) +/(p - tw), where 
tt B log (sec^ + tan^). 

Deduce the particular solution 

ip = cos sp {A tana (^TT - J^) + ^ cot« (Jtt - }j)), 
Becqiq-'-iinepiA tsJi* Hw - Iq) - B col* (Iv - }y)}, 

da = umsq [A (« + sin q) tan'(i7r - Jj) + -ff (« - sin j) cot«(Iir - Iq)]. 



CHAPTER XXV. 



FTJNOaiONAL AND DIFPBBBNTIAL EQUATIONS OF FAMILIES 

OF SUBFACBS. ENVELOPES. 

842. Before discussing the general question, we will consider a 
simple case, with which the student is already familiar. 

He has seen, Art. 209, that if a straight line move so as always 
to intersect three given lines, which do not themselves intersect, the 
straight line will generate a definite surface. But consider a 
straight line which has only the two constraints, that it must 
intersect two given straight lines which do not themselves intersect, 
the straight line no longer generates a surface when it assumes all 
its possible positions, but the freedom which the omission of one of 
the constraining lines has given to it will enable it to fill all space ; 
any arbitrary additional constraint which still allows it some 
freedom of motion will cause it to sweep out a definite surface as 
it assumes all its possible positions. And all such surfaces have a 
common character due to the two constraints common to them all, 
although they differ among themselves in consequence of the 
arbitrary nature of the third constraint. 

843. Thus, if y = 0, z = c and z = Oy x^a be the equations of 
the two fixed lines, those of the moving line will be a; = a -f ow?, 
= c + iSy, intersecting each of the former, and, by a proper choice 
of a and $, passing through any point in space ; let us introduce 
any other arbitrary constraint, such as that it shall always intersect 
a curve whose equations are F{Xy y, 2) = 0, G (Xy y, «) = ; since 
there are values of x^ y and z which satisfy these equations and 
those of the moving line, we can eliminate these three quantities 
and obtain a relation between a and ^, viz. y (a, /3) = 0, or 
)3 = 0.(a), where/ or 4> denote arbitrary functions, and the moving 
line will then generate any one of the family of surfaces 
denoted by 

f{{x-a)lzy («-c)/y} = or («-c)/y = {(a;- a)/2;}. 

844. If we take away one of the two given constraints, we 
must, in order to oblige the line to generate a surface, subject it to 
two arbitrary constraints, and the family of surfaces generated will 
be more extensive, including the former as a particular species. 

Thus, if the only given restriction be that the line shall always 
ntcrsect the given line whose equations are is? = 0, a; = a, the equa- 
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tions of the generatbg line will he x^a+az^ y^^z+y, and if it be 
constrained to intersect each of two arbitrary curves we shall obtain 
two arbitrary relations between a, and 7 by two eliminations, 
whence /9=/(a), 7 = 0(a), and the equation of the family of 
surfaces, which the straight line might generate, would be 

which includes the former if — c/* be written for 0. 

845. If the functions be eliminated in the ordinary way by 
differentiation we obtain for the first case 

(a: - a) (a - 0) 2? + yzq = a (« - c) , 

and for the second 

J* {x — a)V + 2q{x^ a) [z — /? {x •- a)} 8 + [z -- p {x — a)Yt = 0. 

These are the partial differential equations of these families of 
surfaces, from which the functional equations can be reproduced. 

846. Oeneratton of a definite surface by the motion of a curve. 
Consider now the case of a curve of a particular species ; such 

a curve is represented by means of equations, the manner in which 
the current coordinates enter the equations defining the species, 
and the constants determining the position and dimensions of the 
curve; if one of these constants be made to vary it is called a 
parameter^ and as this parameter changes continuously the curve 
changes its position or magnitude or both, and generates a definite 
surface represented by the equation resulting from the elimination 
of the parameter from the equations of the curve. 

The same thing is obvious if there were n such variable 
parameters, connected by n — 1 fixed and independent conditions, 
then— 1 cquatlona representing these conditions, with the equa- 
tions of the curve, giving n + 1 Independent equations, from which 
the n parameters could be eliminated and the equation of a definite 
surface obtained, which would be the locus of the curve. 

847. Families of surfaces generated by curves^ on which one or 
more arbitrary conditions are imposed. 

If one or more of the conditions, which would constrain a curvo 
to generate a definite surface, were removed, there would be no 
point in space through which, by a proper determination of the 
parameters, the curve could not be constrained to pass ; but If, in 
place of each removed condition, we were to substitute an arbitrary 
condition, surfaces would be generated by the curve, as It assumed 
all its possible states, which would be definite for each arbitrary 
condition, and they would be represented by an equation involving 
arbitrary functions, and form a family of surfaces having a common 
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character; and by the elimination of the arbitrary functions we 
should obtain a partial diflFerential equation, which would be satisfied 
at every point of each individual of the family, 

848. Functional equation of surfaces generated by curves subject 
to one arbitrary condition. 

Let the equations of the variable curve contain n parameters, 
subject to n — 2 independent conditions; these, with the two 
equations of the curve, supply n equations, from which n — 1 of the 
parameters can be eliminated, and two final equations, u =s a, t; = ^3 
found, u and v being determinate functions of or, y, ;?; these 
equations represent the variable curve, and in order that a surface 
may be generated an arbitrary relation between a and /3 must be 
imposed, let this be fi^f{a). Hence, the equation of any surface 
so generated must be of the form t;=/(M), where f{u) is an arbi- 
trary function of u. 

849. We may notice that, whatever arbitrary condition is imposed which 

compels the generating curve to describe a surface as it passes through all its 

states by the variation of the parameters, we may always replace this condition 

•by means of an arbitrary t\xrre which the generating curve must intersect. 

For whatever surface is described we can trace upon it a curve which will 
intersect all the curves by which the surface was generated; therefore if the 
surface be removed with the exception of this curve, it can be again reproduced 
by constructing the generating curves which intersect this curve. 

850. Partial differential equation of surfaces generated by curves^ 
subject to one arbitrary condition. 

Since each surface of the family is generated by curves for each 
of which u and v are constant, the tangent plane at any point 
{x, y, z) must contain an element of the generating curve through 
that point, whose projections on the axes are dx^ dy^ dz^ which 
satisfy the equations 

ujix + u^dy + u^dz = 0, v^dx + v^dy + v^dz = 0, 

where t^,, u^^ u^^ &c. are the partial differential coefficients of u^ v 
with respect to ar, y, and z ; hence dz\ dy i dz^P\ Q : By where 
PssM^Vj-wv,, &c., and, if z=f{xy y) be the equation of the 
surface, pax + qdy=^dz*y :. Pp-h Qq = B, which is the partial 
differential equation of the family of surfaces. 

851. Conversely, if we have given the partial differential 
equations of a surface, 

Pr{x)+Qr(y) + BF'{z):=^0, or Pp + Qq = B, (1) 

it is evident that every element of any of the curves deteimined at 
any point by dxjP^ dyj Q = dzjB (1) will lie in the tangent plane 
to the surface at that point ; hence, if we travel along that curve, 
we shall at no point leave the surface, that is, the curve lies wholly 
on the surface ; and since the solution of the equations (1) involves 
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two arbitrary constants, or is of the form m = a, u = /8 ; one of the 
curves represented by these equations may be made to pass through 
every pomt of the surface, and, by what has been shewn before, 
will lie entirely on the surface, which will therefore be generated by 
such curves, and this requires that /8=/(^a) ; therefore, v=/(i*) is 
the form of the equation of the surface. 

This mode of statinfi^ the nature of the solution of the partial 
differential equation was suggested by Moulton. 

852. Functional and differential equations of cylindrical surfaces. 
Let (/, w, n) be the direction of the generating lines. The equations^ of 

any generating line may be put in the form ly - mx = «, Iz-nx-^^ in which 
a, /3 are the parameters connected by the arbitrary relation i3 =/(«)• The 
functional equation is 

Iz-nx^f {ly - mx). 

The differential equation may be found by the usual method of eliminating 
the function, or immediately from the mode of generation we have 

dx/l^dy/m = dz/nf therefore ^■\-mq = n, • 

representing that the normals to the surface are all perpendicular to the same 
direction. 

853. Functional and differential equations of conical surfaces. 
Let (a, b, c) be the vertex, then the equations of a generating line may be 

written y - 6 = a (x - a), z - c = /3 (x - a), and /3 =/(«) » hence the functional 

, z-c .fy-h\ 
equation is =f[- — )• 

Since dx : dy i dt-x-a : y-h : z-c, the differential equation is 

{x-a)p^{y-h)q^Z'C, 
representing that the tangent planes all pass through the vertex. 

854. Functional and differential equations of conoidal surfaces havinff a 
given axis and given directing plane. 

Def. a conoidal surface, or conoid, is a surface generated by a straight 
line moving so as to intersect a given straight line, the axis, and to remain 
parallel to a given plane, the directing plane. If the axis be perpendicular to 
the directing plane the surface is called a right conoid. 

Let ttsO, vbO be the equations of the given axis, to^O that of the 
directing plane. The plane containing the axis and a generating line, and 
a plane parallel to the directing plane, give the equations of the generating 
line in the form v = fiu, to -a; the general functional equation will therefore 
be t? = Hf{to), That of the right conoid, whose axis is that of e, is y = ^f{^)t 
if the axes be rectangular. 

With the notation of Art. 850 the differential equation is 

UVi - VU^f UVf - CM,, «Vj - vu^ 

iTj , Wa I toz =0. 

P * 9 f -1 

For the right conoid it is xpiyq = 0. 

..t^yCJt:^ The student should shew that the tangent plane at any point contains the 

^t^u^txCr^ generating line. ^^^^^^ 

855. Functional and differential equations of surfaces of revolution round 
a given axis. 

These may be considered as generated by the motion of a circle, whose 
centre lies on a fixed straight line, to which its plane is perpendicular, and 
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whose circumference meets a curve in the same plane as the axis, called a 
meridian. 

Let (a, bf c) be a point on the axis, whose direction is (l, m^ n). The equations 
of the generating circle may be written 

{x - ay + (y - by + (8 - c)' = r\ Zr + my + nz =p. 

The form of the meridian, which is arbitrary, gives a relation between an 
abscissa p^la-mb-ne and an ordinate V{*'* -{p - «» -mb^ wc)'}, so that r* is 
an arbitrary function of p, and the. required functional equation is 

(x - a)« + (y - by + (8 - ey^f(lx + my + nz). 

The differential equation is 

{m{z - c) - n (y -b)} p + [n {x ' a)- l{z- c)] g = I {y -b) - m{x - a). 

The student should find the differential equation of surfaces of revolution -^^U>C/t~ 
considered as surfaces all the normals to which intersect a fixed straight line. u^/tLJ^Mr^ 

856. Families of surfaces generated hy curves having more than 
one arbitrary condition. 

Consider now the general case in which, after determining the 
species of curves bj which a surface is generated, that is, after all 
the fixed given conditions have been introduced, there remain more 
than two parameters; these are to be connected by arbitrary 
conditions, such that, if we name any one of the parameters, each 
of the remaining parameters will be an arbitrary function of that one. 

The equations of the curve will then be of the form 

F[^^ y^ h «j 4> (a)) '^ («)> -.} = 0, 

<^ [^i y> «^j «» * (a)> '^ (a)) —1 = 0. 

The general functional equation would be found if we could 
eliminate a between these equations; but this is obviously not 
generally possible, since the functions ^, '^, ... are arbitrary for 
the family, determinate only for a particular surface. 

But in certain cases it happens that one of the final equations 
involves only one' of the parameters so that it appears under the 
form z£ = a, where n is a known function of x^ y^ z. In this case 
the general equation of the family of surfaces can be obtained, viz. 

857. Partial differential equations of surfaces generated hy 
curves subject to more than one arbitrary condition. 

Take the case in which one of the final equations resulting from 
the elimination of parameters is u = a, involving only one of the 
parameters, the general equation of the family of surfaces being 

F[x^ y, «, 4> M, -^ (t/), X (m), ...} = 0, 

in which there are m arbitrary functions. 

Difi^erentiate with respect to x and y as independent variables, 

F [x) ^F{z)p^^F [u) [u, + U3P) = 0, 

AAA 
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where F (a?), F [y\ F (a) involve the m functions, and F (w) their 
differential coefficients as well, which may therefore be elinainated 
all at once, and an equation of the first order will be obtained, 
viz. -Hj = 0, involving onlv the m functions. In the same way an 
equation of the second order i/, = may be obtained, involving the 
m Amotions only, and so on. 

From m equations H^^Oj ...jE^^sO, and the original equation, 
the m functions can be eliminated and a final differential equation 
obtained of the order nz, the number of the arbitrary functions. 

If from the original equation and the tw - 1 equations 
H^ = Oj ...J?^^, = 0, we eliminate all but one of the m arbitrary 
functions, we shall have m different differential equations, of the 
(«i — 1)*^ order, each involving an arbitrary function, and these will 
be m first integrals of the final equation of the m}^ order. 

858* It should be observed that if we were required to eliminate m 
arbitrary functions of different known functions of x, y, z, we should have 
generally to proceed to a higher order than the number of arbitrary functions. 

We should thus have two equations of the first order inrolving 4>> ^t ••- 
and ^', ^^', ..., three of the second order involving </>", i/f", ... as well, and so 
on to the <lh order, the number of equations would be 

l + 2+...(» + l) = ^(»+l)(» + 2), 

and the number of functions to be eliminated would be («-|-l)m; therefore 
i (s + 2) must be greater than m, or s = 2m - 1 . 

859. To shew that the order of the differential equation of 
families of surfaces generated hy curves subjected to more than one 
arbitrary condition is the number of arbitrary conditions, 

A general method of eliminating the parameters of a curve 
which generates a surface, so as to obtain the partial differential 
equation of the family of surfaces, depends upon the consideration 
that the whole of the curve in each position lies on the surface. 

Let the eauations of the generating curve in any position be 
reduced, by tne elimination of one of the current coordinates, to 
the two 

^(a?, y, «, a, /8, 7, ...)=0, . 

in which a, )8, 7, ... are n parameters connected by n- I arbitrary 
relations. 

These equations still hold if we write for ar, y, z the coordinates 
x + dx^ y-\-dy^ z + dz of an adjacent point on the same curve; 
hence dx^ dy^ dz satisfy the equations 

F^dx + Fjiy + F^ [pdx + qdy) = 0, 

and fidx'\-f^dy = Oy 

dF 
where F^ is written for -7— , &c. , 

•'• /«i>-/i?= ^(^) yj *> «) ^) 7-)j (2) 
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and this equation being true at every point of the curve considered, 

/, {rdx + 8dy) -/, [adx + tdy) -^pdf^ - qdf^ 
= G^dx + O^dy + O^ [pdz + qdy) ; 
••• //^-2/;/,5 +/,»« = £ (a:, y, 5?, p, q, a, ^, 7.-.). (3) 

If therfe be only three parameters we can now eliminate them 
from the equations (1), (2) and (3), and the result will be the 
partial differential equation of the family of surfaces. 

If there be four parameters we can treat (3) as we treated (2) 
and obtain another equation^ and as before, by elimination, we shall 
have the partial differential equation of the third order, which 
belongs to the family. 

Differential Equations of Ruled Surfaces. 

860. Tn all cases of ruled surfaces the partial differential 
equations of families satisfying given conditions may be found as 
follows. 

Let F (a:, y, 5?) = be the equation of any ruled surface, and let 
the equations of any generating line be 

(f-ar)/X=(i7-y)//A = (f-«)/v = r. 

The equation F[x + \r, y + /Ltr, 2? + 1^') = must then be identi- 
cally true, being tnae for all values of*r; therefore, with the 
notation of Art. 462, 

F (a:, y, z) = 0, DF^ 0, . ..ITF^ 0, 

if the equation be of the rfi^ degree. 

From these equations, if the conditions to which the generating 
line is subject be expressed in terms of X, /i, v, a series of 
differential equations may be obtained by eliminating \, /«, v, any 
one of which must be true at every point of the surface, and may 
be considered as a differential equation of the surface. 

It should be noticed that the symbol D denotes the rate of 
change of the function to which it is applied in passing along the 
generating line through the point (a:, y, «), so that if JTF^O at 
every point of the generating line D^'^^F must also vanish. 

861. If the equation of the surface be given in the form «=/(«, y), the 
equation 8 + »'r=/(z + Xr, y + /4r) will be true for all values of r, and we 
obtain the equations 

v = p\-\-q/Hf = r\* + 28\fi f tfi\ 



Id dV* 
and generally = I \-r- + /t — J s, 



where tn may have all integral positive values except unity. 

862. Family of surfaces generated hy a straight line movitig parallel td a 
given plane. 

The direction of the plane being (/, m, n), the straight line must move 
so as to satisfy the condition ^X + m^ + nv = 0, and the partial differential 



364 



BULED SUBFACES. 



equation may be found by eliminating X, /i, v from this equation, DF= and 
D*F= 0, or from v =^>X + qft and r\* + 2«\/i + tfji* = 0, giving in the last form 

(m + nqYr - 2 (m + nq) {I + wp) » + (/ + npyt-0, 

863. Family of Bur/aces generated hy a straight line tohick inter serfs a 
given axis. 

Let the axis be given by ^-a^lp, ti - & = mp, l-c = np, and the generator 
by ^ - ar = Xr, n-y = ^''> 'i-z^vr, then, since they intersect, 

Xr - //> 4 X - a = 0, &c., 

and X {n (y - 6) - m (s - c)} + /A {/ (s - c) - n (a: - fl)} + w (m (x - rt) - / (y - h)} = 0, 

or ZX + Jlf/i + i\V = 0; also DF=^U\^ Vfi^ Wy^O, 

whence X/P = /i/Q = y/i2, where P^MW-NV, &c.; 

therefore, since D^JP'sO, the differential equation is 

P'ti + Q'v + JR«w + 2Qi?M' + 2iJPr' i2PQw'^0. 

Or, when s is expressed explicitly, by Art. 861, 

tf =p\ + jyu, and rX' i- 2«X/u. ^ ^/i* = 0, and, as before, ZX f Mfi + JVi^ = ; 

/. (Z + i\»X+(i«"+A^<7);i = 0, 

whence (iW+ JV'j)' r - 2 (3/+ Nq) {L + iV/;) « + (i + iV»» ^ = 0. 



Jbrscs. 



CO 



864. The condition of a torse is that at every point the inter- 
section with the tangept plane contains two coincident lines, so that 
2>f= and D*F= give two equal values of \ : /a : v ; therefore, 
if X, /Lt, V were current coordinates of a point, DF= would be a 
tangent plane to the cone D^F=Oy that is, with the notation of 
Art. 461, DUIU^^DVjV^DWjW^^p, and, eliminating \ /*, v 
and p, the general partial differential equation of a torse is the 
bordered Hessian 



U, F, TF, 
or, if z =y (a:, y), rt — s* = 0. 






V, u 



w, 



V 

V 

w 



= 0, 



865. General Baled Surfaces, 

If there be no restriction on the motion of a straight line, 
except that it must generate a surface, th6 differential equation, 
which will be of the third order, will be found by eliminating \, /a, v 
from the equations DF= 0, 1)*F= 0, and D''F= 0. 

When the equation of the surface is supposed to be in the 
form z=f{x^ y), the corresponding equation is found by eliminating 
the ratio \ : fi from the quadratic 7-X* -f 2«X/i + (fi* = 0, and the cubic 
. d d\' ^ 
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866. When the equation of a particular surface is given, it can 
be shewn whether the surface belongs to a certain family of surfaces, 
by comparing its equation with either the functional or the 
differential equation of the family. The method of doing this may 
be seen by examining which of the conicoids are, for example, 
a conoid, a surface of revolution, or a torse. 

Thus, if we ask when a conicoid is a conoid. Taking the axis 
of z for the axis of a conoid, and a plane containing the axis 
of X for the directing plane, the functional equation of the conoid 
family is y = xf {my -{■ nz)^ which is an equation of the second 
degree if/(w) is of the form (aw + 13)1 {yu + o), and the equation is 

y [y [my •{- nz) -\- S] - a {a {my 4- r?«) + )S} = 0, (I) 

and, taking the usual form for the conicoid, 

a = 0, J = my, c = 0, 2a = 717, 2b' = - «a, 2c — — ma] 

.-. W = 2aV, hence aa" + &i'' + cc" - a Jc - 2a JV = (2) 

is satisfied when these axes are chosen, and, the left side being an 
invariant, this is a condition which must hold for any axes. 
The equation (1) becomes 

[by + 2a z) [ay + b'x) -{■ 2d [ax + Fy) = 0, 

thus the only conicoid is a hyperbolic paraboloid. 

If the conicoid be a right conoid 7n = 0, /. c' = and & = 0; 
hence for all positions of the axes the invariant a + i 4- c as well as 
aa^ + bV^ 4- cc^ — abc - 2db'c will vanish. 

Since the equation in this case is 

2dyz + 2Vzx + 2a x + 2b" y = 0, 

the conib(^id is a hyperbolic paraboloid of which the principal 
sections are equal paranoias. 

Envelopes and Families of Envelopes, 

867. The problem of finding the envelope of a series of surfaces 
will separate into two distinct classes, viz. those in which the 
general equation of the series involves one or two arbitrary 
parameters. The following are simple illustrations of the marked 
distinction between the two cases. 

When a sphere of constant radius moves with its centre always 
in a given straight line, in every position which it assumes it is 
touched by the cylinder whose radius is that of the sphere, and axis 
the line described by the centre; and the contact is not in an 
isolated point, but all along a circle, which circle is the ultimate 
intersection of two consecutive positions of the sphere. 

This is an example of a fixed surface which envelopes a variable 
surface in every position which it can assume in consequence 
of the changes of one parameter. 
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When the sphere moves with Its centre confined to a fixed 
plane instead of a straight line, it is touched in every position 
which it can assume by each of two planes parallel to the fixed 
plane and at a distance from it eoual to the radius of the sphere, 
the contact being in this case in isolated points, which are the 
ultimate intersections of an infinite number of consecutive spheres. 

This is an example of a fixed surface enveloping a system of 
surfaces which can alter their form or position in consequence of 
the changes of two variable parameters. 

868. Envelope of surfaces whose equations have one variable 
parameter. 

Let 5„ Sp 8 be three surfaces corresponding to three consecutive 
values of a smgle parameter, and let (7, be the curve of intersection 
of S, and 8^, C, that of 8^ and 8^. Since C„ C, both lie on S„ and 
ultimately coincide when the three values of the parameters are 
ultimately equal, any surface which passes through the curves 
Cj, (7, will touch 8^ all along the curve (7,, 

Hence the locus of the cuiTes which are the ultimate inter- 
sections of consecutive surfaces of the system is a surface which 
touches each individual along a curve, and is the envelope of the 
system. 

Any curve (7 is called the characteristic of the envelope. 

869. Envelope of a sysUm of surfaces whose form and position 
depend upon two independent parameters. 

Let 8 be any surtace of the system corresponding to the values 
a, h of the parameters, in this case there is no definite sequence of 
surfaces which enables us to speak of the next consecutive surface, 
but there will be an infinite number of surfaces for which the 
parameters difier from a and h by quantities which may be taken 
as small as we please; let 8\ be a surface corresponding to the 
values a + Sa, h-\-hb of the parameters where hb = XSa, 8\ and 8 
will intersect in a curve (7x, which is the curve of ultimate inter- 
section when ha becomes indefinitely small, and, since the parameters 
are independent, X may have any value and there will be an infinite 
number of such curves as C\ which will cover the whole surface 8, 
These curves, it will be seen, intersect in a finite number of points, 
at each of which the tangent plane to 8 contains the tangent lines 
to all the curves. 

870. Equation of the envelope of a system of surf aces whose form 
and position depend upon one parameter. 

Let F[zj //, «?, a) = be the equation of any surface 8 of 
the system, corresponding to the value a of the parameter, the 
equation of a surface 8' corresponding to a consecutive value a-k-ha 
of the parameter is F(Xy y, si) cl + ha) = 0. 
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At every point of the curve of intersection of S and 8' 

F{x, y, z, a-\'Sa)' F{x, y, 5) = ; 

if now Sa becomes indefinitely small, this equation will be replaced 
by F' (a) = ; thus F{x, v, «, a) = 0, and F (a) = are the 
equations of the curve of ultimate intersection of 8 with the next 
consecutive surface of the system. 

By the elimination pf a from these equations we obtain an 
equation <f>{Xj y, «) = 0, which is the locus of all the curves of 
ultimate intersection and which envelopes all the surfaces, touching 
each all along the curve, which is called the characteristic of the 
envdope. 

871. The property proved in Art. 868 that the envelope of a 
series of surfaces having one parameter touches each individual 
of the series at every point of the characteristic can be shewn by 
means of the equations in the last article. 

F(xj yy Zy a) = is the equation of any one of the series of 
surfaces, and also of the envelope, a being constant in the first 
case, and in the second a function of x, y, and z^ derived from 
F(a)^0. 

At any point (:r, y, z) of the characteristic, the direction-cosines 
of a tangent line are in the ratio dx: dy : dz. 

For the particular surface, since a is constant, 

F{x)dx + F(t/)dy-\'F{z)dz = Oy 
and for the envelope at the same point 

F{x)dx-\'F(y)dt/-\-F{z)dz + F'{a)da = 0] 

hence, since F' (a) = 0, the tangent lines coincide. 

872. Equation of the edge of the envelope* 

Two consecutive characteristics will generally intersect in a 
finite number of points, and the locus of these points of ultimate 
intersection is called the edge of the envelope. 

The equations of two consecutive characteristics are jF=0, 
i^'(a) = 0, and F+ F' {a)da=-0, F [a) +F" {a)da=.0; hence, 
where they ultimately intersect, F= 0, F [a) = 0, F" (a) = ; and 
the locus of such points will be found by eliminating a, which will 
give the two equations of the edge of the envelope. 

Thus, in the case of a developable surface, derived from the 
motion of a plane whose equation involves one parameter, the 
characteristic is a straight line and the edge is the edge of 
regression. 

The following problem serves to illustrate the principal points 
connected with sunaces having one parameter. 
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873. Envelope of spheres hucingfor diamtiral planes one system of eireuiar 
sections <f an ellipsoid. 

Let ox' -i- 6^* 4- cs* B 1 be the equation of tlie ellipsoid, 

X V(6 - o) + 2 ^/{c -h) = a (1 ) that of a circular section of the given systemi 

i. ' ' X ^{h - a) - z ^/{c -h) = p, of the opposite system, 

is the equation of a sphere containing the two circles, where, if the centre 
lie in (1;, /3 (c - a) = a (c + a) ; and the equation becomes 

(c-fl){6(«* + y« + «*)-l}-.2a{cV(ft-fl)« + fl V(c-6)«} + a«(c + a) = 0. 

The characteristic of the enyelope of these spheres is 

e V(ft -a)x-¥a *J{c - 6) 2 = « (c + o), 

and the enyelope either of the two forms 

(c»-a«){6(a:« + y« + z«)-l} = {cV(6-fl)« + «\/(c-^)«}* 

Turning the axes of ar, z throttgh an angle tan*' - W r , the envelope may 

be shewn to be a prolate spheroid, whose axis passes through the two umbilics 
which are the foci. 

The characteristics will be real only when 

a*{c^a)ac^ or <(c-a){(c + a)ft-flc}. 

The last real characteristic is at the umbilic. 

The edge of the envelope becomes the two circular points at infinity, which 
lie in the plane ex'^[h-a)^az »J(e - 6) a 0. 

874. Equation of the envelope of a series of surfaces depending 
on two arbitrary parameters. 

Let the equation of a surface of the system be 

F^F{a:,y,z,a,b)^Q, 

that of any neighbouring surface 

F[z^y, z, a + Za, b + hb) ^F-^ F' [a) Sa + jP'(&) SJ+ ... = 0. 

The curve in which they ultimately intersect is given by the 
equations F= and F' [a) da + F' (b) db = 0, and, since a and b are 
independent, and therefore da : db may have any value, there are 
an infinite number of such curves which Intersect in a definite 
number of points given by the equations F^ 0, F' (a) = 0, F' (J) =0. 
The equation required is found by eliminating a and b from these 
three equations. 

875. That the locus of ultimate intersections of the series of 
surfaces is an envelope, that is, touches each individual of the series, 
as shewn in Art. 869, appears also from the equations F=^ 0, 
F'[a)^0,F'{b)=^Q(\). • 

For the relations between dx, dy and dz in the locus, at the point 
(x, y, z)^ one of the points of ultimate intersection may be found 
from jP= 0, by considering a and b as functions of a:, y, «, given by 
^ (a) = and F' [b) = 0, and the result is 

F[x)dx-vF'{y)dy-\'F[z)dz^% 
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in which a and h are to be expressed in terms of x, y and z. Bat 
this is the same equation for any surface of the series which passes 
through [zy y, z) since a and h are constailt. Hence, all the 
tangent lines at the points of ultimate intersection are common to 
the locus and the sunaces of the series, that is, they have a common 
tangent plane. 

The points of contact may be real or imaginary. 

876. Enwlope of a uries of spheres, having for diameters a series of 
parallel chords of an eUipsoid. 

Take the diametral plane of the ellipsoid bisecting the chords for the plane 
of xt/t the principal axes 2a, 26, of the section for the axes of x and y, and the 
axis of 2 perpendicular to this plane. Let (a, /?, 0) be the centre of one of the 
spheres, the radius r is given by a* /a* + fi*/b* + r^/€^ =1, if 2c be the diameter 
of the ellipsoid parallel to the chords ; the equation of the sphere is therefore 

(« - a)« + (y - /3)« + 8« + cV/a« + c«/3«/6« = c« ; 

for the envelope, « = o (1 + <^/a*), y =y3 (1 + c^/l^), whence the equation of the 
envelope may be found, and reduced to a:*/(a' + c*)+yV(6' + c*) + ««/«* = 1> ^^ 
ellipsoid whose focal ellipse is the section of the original ellipsoid by the 2 I J 
diametral plane bisecting the chords. 

It may be shewn that this ellipsoid has a double contact with the given 
ellipsoid at points where a normal to the envelope coincides with one of the given 
system of chords ; ' also, that the contact of the spheres with the envelope will 
be real only when the centre of the sphere lies within the ellipse 

(a« + c«) «Va* + (6« + c») y*/6* = 1. 

877. Envelope of a series of surfaces whose equations involve n 
parameters^ connected hy n^\ or 71 — 2 equations. 

This is the general statement of the problem in which the series 
of surfaces depend upon one or ttoo independent parameters. It 
should be observed that there could be no locus of ultimate inter* 
sections if more than two were involved, for in that case, by 
making small variations in each of the parameters^ we should 
obtain more than three equations for determining the points in 
which a given surface ultimately intersects the neighbouring 
surfaces, from which equations the current coordinates could be 
eliminated, and a relation be found between the parameters, which 
would be contrary to the supposition of independence. 

The problem might be solved by eliminating all but one or two 
parameters, and then proceeding as in Arts. 870 and 874; but we may 
consider that, when the equations of the series of surfaces in the two 
cases are F{xj y, «, a) = and F{x^ y, «, a, b) « 0, the equation of 
the envelope being ^ (x, y, 2;) » 0, ^ (x, y, z) is the maximum or 
minimum value of F{x^ y, z, ...), obtained by variation of a or of 
a and b. 

The envelope of the surfaces whose general equation is 

FsF{x^y,z,a^,a^...aJ^O, 
in which a^) a,) ••• are connected by n-^l or n — 2 equations, 

BBS 
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^1 = ^> ^11 = ^i ^^ J ^^1 ^^ ^ (^jV) ^) - ^1 '^bere ^ (a:, y, «) i8 the 
maximum or minimum value of ^due to variations of a^, a ,... . 

The ordinary method of proceedinfi^ by undetermined multipliers 
is explained in all treatises on the Differential Calculus. 

Tne following problem exemplifies the manner of work. 

878. JEfiv$iop€ of a $erie$ of planes paaaing ihrough the mnire qf an eUipioid 
and intersectiftff it in sections of constant area. 

Let the equation of one of the planes be /jt + tny 4 fts ^ 0, the parameters 
/, m, n being connected by the equations 

i3 7 r + m' + n«=:l and l^aU n^l^ ^ n^"" ^ d* ) 

differentiate and nse undetennined multipliers X, /tt, 

then Xx^fil +a'/ =0, 

\y + fim + h*m = 0, 

Xx + ^n \ (?n = ; 

multiply by J, m, n^ and add, then ^ + d' - 0, and Xx 4- / (a' - <r) =» 0, &c. ; 

+ ? J. s 

9/ Q is the equation of the envelope, being a cone whose focal lines are the 
^ asymptotes of the focal hyperbola of the ellipsoid. 

Differential Equations of Envelopes. 

879. When a series of surfaces depends upon the variation of 
two parameters, one of which is an arbitrary function of the other, 
there will bo a family of envelopes, each individual of which is 
determined by a special form of the arbitrary function ; this family 
will have a common differential equation. 

The only additional consideration is that the differential equation 
obtained is true for any one of the surfaces as well as for each 
envelope, since the elimination takes place between equations of the 
same form, whether the parameters are considered constant or as 
functions of ar, y, z derived from F [a] = 0. 

It is unnecessary to state the case when there are n parameters 
connected by w — 1 arbitrary relations. 

880. Differential equation of the family of envelopes of surfaces 
depending upon two parameters connected by an arbitrary relation. 

Let the equation of one of the surfaces be 

z^F[x,y, a, ^(a)}, (I) 

then, since F (a) = 0, both for the envelope and for the surface, 

. p^F'ix), q^F'(2,), (2) 

and since these equations involve the parameters but not their 
differential coefficients they can be eliminated from (1) and (2), and 
the differential equation formed. 
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881. Differential equation of the family of envelopes of surfaces 
depending upon three parameters^ two of ^ohich are arbitrary fvmctions 
of the third. 

Let the equation of the surfaces be 

« = -F{^, y, a, ^(a), ifr(a)}, (1) 

both for the envelope and the particular surface, since F' (a) = 0, 

we have p^F' (a;), qr=^F' (y), (2) 

and if r, s^ t be the differential coefficients for the envelope, 
r\ s\ i for the surface, 

^ , ^dp doL # /' «. ^J ^^ 

doL dx^ " da dy^ 

, , ^dp da dq da ^ 

da dy da dx^ 

,. (r-r')(«-o = (»-»'/; (3) 

and since r , s'j t' involve the parameters and not their differential 
coefficients, they can be eliminated from the equations (1), (2), and 
(3), and an equation obtained of the form 

r/-«* + iir-2&+ Tt + BT-S' = 0. 

882. Differential equation of a family of tubular surfaces, 

Def. a tubular surface is the envelope of a series of spheres of equal radii, 
vhose centres describe a given curve. 

Any sphere of the series is given by the equation 

where P^<t>(a) and 7 - 1^ (a), and « - « + p (« - 7) « 0, y - )3 + j' (« - 7) » 0, both 
in the sphere and envelope, .•. (1 +/>' + q*) (« - 7)* = «*. 
For the sphere 1 +/)" 4 r' (« - 7) = 0, 

;j5 + «'(s-7) = 0, 
l+^+<'(«-7) = 0, 

and for the envelope (r - r*) (< - <0 = (*-«')* » 

.-. {(c-7)r4.(l+i»*)}{(»-7)< + l+(?'}-{(«-7)«+;'?}'-05 

... («-7)»(r^-,«) + («-7){r(l+j?«)-2«;>y + ^(l+p«)} + l+p« + j» = 0, 

which, by Art. 718, implies that c is one of the principal radii of curvature, 

883. When a family of surfaces depends on two parameters^ one 
of which is an arbitrary function of the other ^ to find the form of the 
function in order that the envelope may (i) contain a given directing 
curve^ (ii) touch a given surface. 

Let u = be the equation of one of the family of surfaces. 

i. If t? = 0, w = be the equations of the given curve, and 
^v ^f^ ^8> ^r- ^^ *^® partial differential coefficients of w, v... with 
respect to x^y^s] since the curve must be a tangent to each of the 
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enveloped surfaces, the same values oi dx\ dy \ dz satisiy the three 
equations derived from u = 0, t; » o, and w^0\ 

= 0, 

and eliminating^ x^ y^ z from these four equations, a final relation 
between the two parameters is found. 

ii. If v = be the equation of the given suiface, since the two 
surfaces touch one another, thev must have a common normal, and, 
besides the two equations, we have w./v, = w,/t7, = M-/t;„ whence 
X, y, « can be eliminated, and the parameter connectecf. 
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LXI. 

(1) Shew that the differential equation of all surfaces which are generated 
by a circle, whose plane is parallel to the plane of yz, and which piisses through 
the axis of ar, is (y* + «*) < + 2 (« - yq) {1 + q*\ = 0. 

(2) The functional equation of surfaces generated by a straight line inter- 
secting the axis of t, and meeting the plane of. dry in the circle a^-\-y*sza\ 
is V(* + y*) - o = '/{y/^)» Find also the differential equation. 

(3) In a right conoid of the third degree, in which onl^ one generating 
line passes through any point of the axis, shew that the section made by any 
plane through the axis will consist of the axis and two generating lines. 

>^ (4) Shew that the following equation represents a oonoidal surface 
t"(2«-x-.y)«4-2r(a-a!)(«-y)'-2a«(«-ir)(«-y) = 0. 

(6) Spheres are described upon the chords of the circle «* 4 y* « 2ajr, z = 
which pass through the origin, as diameters, shew that their envelope has for 
its equation («* + y* + «• - ax)* « a* («• + y*). 

(6) The envelope of the plane lx-¥fny + nia a, If m, n being connected by 
the equations ?+ fw*+ n' = 1, a/ + fim 4- vn » 0, is a right circular cylinder, whose 
equation is (a:* + y* + «* - a*) (K* + ^* + »*) = (\x -^fiy-^ vs)'. 

(7) A series of similar ellipsoids are described, having a series of sections 
of a paraboloid, perpendicular to the axis, as principal sections; prove that 
their envelope will be a paraboloid, similar to the former. 

(8) Shew that the envelope of planes cutting off a constant volume from 
the cone aar" -f &y* + cs* s is a byperboloid of which the cone is the asymptotei 



LXIL 

(1) A surface is generated by a straight line always passing through the 
two fixed lines y^mx, z = e and y = ~mz, z^~o; prove that the equation of 
the surface generated la of the form 

tncx -yz fmzx - cy\ 

also that its differential equation is 

{ey-mzx) U^■m{mex-yz) r+»»*(c'-2») jr=0. 
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(2) Find the general functional equation of a family of sur/aoes auoh that 
the tangent plane at any point (x, y, s) of one of them intercepts on the axii 
of « a length *"*V«*. 

Determine the arhitrary function so that the intercepts on the axes of x 
and y may he in the ratio x : y. 

(3) Find the functional equation of a family of surfaces ffenerated hy a 
straight line of constant length c sliding hetween the coordinate planes of 
ytf zXf and remaining parallel to the plane of xy. 

Shew that the differential equation is (rp + yj)* {p* + q*) « ^VV- 

(4) Find the family of surfaces which cut ortliogonally a series of spheres 
which pass through a giyen point, and have their centres in a given straight 
line. 

(5) Surfaces are huilt up of sphero-conics on ellipsoids similar to 

x*/a-\-y*/b-^zt/c = l ; 
prove that the differential equation of the family is 

{b - c) ap/x '\^{c^a) bq/y = (a - 6) e/z, 

(6) If an enveloping cone of an ellipsoid he a cone of revolution, the plane 
of contact will touch a hyperholic cylinder. 

(7) The equation of a surface is {x - a) (y - a) (z - aH a" = ,* shew that 
If a oe a variahle parameter the equation of the envelope of such surfaces 

is x'^ 4 y'^ f 2'^ s 0| and that of the projection of the characteristic on the plane 

o{ xy i» ary = a {jj 4 y + (xy)^}, 

(8) If a cone he described with any point of a central conicoid as vertex 
and the conjugate central section as base, this cone will envelope a similar, 
concentric, and similarly situated conicoid. 

(9) Find the envelopes of the surfaces 
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a, /3, ty in each case satisfying the condition o* + ^ + y = 1, 



Lxm. 

(1) The differential equation of surfaces generated hy the intersection of two 
spheres, one through each of the circles, y' + «' = a*, a: = 0, and «• + s« = c«, y = 0, 
is 2ar ( « + pz)/(r* - a«) + 2y (y + qz)/{r*- c*) = 1 ; ^ where r* = a^ + y" + s". 

Find tne general cubic surface satisfying this equation. 

(2) Shew that every right conoid of the n^ degree will be cut by any 
])lane perpendicular to the axis in a number of straight lines not exceeding 
n-1. 

(3) The generating lines of a ruled surface pass through a given straight 
line (ar - a)// » (y - b)/m -{st~ c)/n ; shew that the general functional equation 
is c a ar/(u) 4 y0 (w), where t* = {n (y - 6) - mt« - c)}/[n (ar - a) - /(z - e)\. 

(4) Shew that the differential equation of a family of surfaces which inter- 
sect the tangent ])lanes in curves, the two branches of which through the point 
of contact are at right angles, is 

with the notation of Art. 461. 
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(5) Shew that the only conoid possessing the property of (4) is a right 
conoid, and that its equation may be reduced to the lorm y^x tan (s/c). 

(6) A straight line moves so as always to intersect a fixed circle and a 
straight line through the centre per])eodicular to its plane, find the functional 
and differential equations of the family of surfaces thus generated. 

If the equations of the circle be ^r* f ^' = e' and 2 = 0, shew that the functional 
equation will be safe- V(2'-i-y*)}/(y/;B), and that the equation of the oscu- 
lating plane of the geodesic which touches the circle at the point {of, jf^ 0) will 
be zs! \ yyf - ^ ^ c^ {y' I zf), 

(7) Prove that the edge of regression of the torse, whose generating lines 
intersect the two curves, whose equations are ry* - ^ax, 2 = 0, and a^ « 4ay, z=^c, 
is given by the equations ex* = 3ayz and cy* = %iax (c - s). 

(8) Along a normal at a point P of an ellipsoid is measured PQ of a length 
inversely proportional to the perpendicular from the centre on the tangent 
plane at P; prove that the locus of Q is another ellipsoid, and that the 
envelope of all such ellipsoids is the surface of centres of the original ellipsoid. 



LXIV. 

(1) Surfaces are generated by an ellipse moving so that its plane is always 
parallel to a fixed plane and its axes unchanged in direction ; shew that the 

differential equation of such surfaces is q*r - 2pq8 -^pH + a'^b'^ {a*p* + b*q*)* = 0, 
the semi-axes being a, b, and the fixed plane that of xy. 

Find also the two first integrals of tnis equation by the method of Art 8d7. 

(2) A thin ellipsoidal shell is bounded by similar and similarly situated 
concentric ellipsoids, and planes are drawn through the centre parallel to the 
tangent planes at points where the thickness of the shell is constant. Find the 
cone which is the envelope of all these planes. 

(3) Find the envelope of a series of spheres described on parallel chords 
of a hyperbolic paraboloid as diameters. 

(4) Apply the differential equation of LXIII. (4), to determine at what 
points of tne surface 

at* + 6y' + c?* + 2a'yz + 26'22? + 2(1^5?^ + 20"* + 26V + 2c"s + J « 

the generating lines are at right angles to each other. 

(5) Shew that the only surface of revolution, in which the two branches 
of the curve of intersection with the tangent plane are at right angles to 
each other at every point, is the surface generated by the revolution of a 
catenary about its directrix. 

(6) A cone is described with its vertex at a fixed point, and one axis 
parallel to an axis of a given central conicoid, and the cone cuts the conicoid 
in plane curves ; shew that these planes envelope a parabolic cylinder whose 
directrix-plane passes through the fixed point. 

(7) A torse touclies a sphere along a sphero-conic, prove that the projection 
of the edge of regression on a principal plane of the cone determining the 
sphero-conic is the evolute of a conic. 

(8) Find the differential equation of the projection on the plane of xy of 
each family of lines of curvature of the surface which is the envelope of 
spheres which pass through the origin, and whose centres lie on a parabola 
a:'' + 4ay = 0, 2 = 0. 

(9) All cubic torses are cones, including cylinders* 



CHAPTER XXVL 



GENERAL THEOBY OF POLABS AND TANGENTS. DEGBEB OF 

BECIPROCAL OF A SUBFACB. 

884. The method adopted in the examination of the properties 
of Polars of Surfaces, represented by rational algebraical equations, 
is that employed by Joachimsthal * by Cayley m a discussion con- 
cerning tangents to curves in Crelle^s Joumal,'\ and by Sahnon 
in the Quarterly Journal of Mathematics ^X iu which he gives an 
account of the whole theory of the contact of right lines with 
surfaces. In this method the position of a point in a straight line 
is determined by the ratio of its distances from two other points 
in the same line. Nearly all that is good in this chapter is due 
to Salmon. 

885. The position of any point in a straight line determined vnth 
reference to two other given points in the line. 

Let P, P' be two points (.r, y, «, w) and (a:', y', «', w\ and R 
any other point in the line joining them, whose algebraical distances 
from P and P', estimated in the directions which correspond to a 

Eosition between P and P', are in the ratio \' : X, so that R would 
e the centre of gravity of masses in the ratio X : X' placed at 
P and P'. . 

The coordinates oi R are (X^ + XV)/(X + X'), ..., the position of 
R being in PP' produced, when the ratio X' : X is negative and 
numerically greater than unity, and in P'P produced if that ratio 
be negative and less than unity. 

The coordinates of R are of the same form whether quadriplanar 
or tetrahedral coordinates be used, or when xjw^ yjwy zjw are 
Cartesian coordinates, w being written for unity, so as to make 
any Cartesian equation homogeneous. 

886. When a straight line is dravm through any two points^ to 
find the points of intersection with a given surface. 

Let Fe.F(x, y, «, k?)=0 be the equation of a givten surface of 
the n^ degree when expressed in a rational homogeneous form, and 
let P, P' be two points (a?, y, «, w?), (a?', y', «', lo'), R any point in 
the line drawn through P, P' determined by the ratio X' ; X as in 
the preceding article. 
■■ 

♦ CreUt^s Jowm, Vol. xxxiii. f "Vol. xxxiv. J Vol. i. p. 829. 
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The points of intersection with the surface are given by the 
71 values of the ratio which satisfy the equations 

jP (\a; + XV, \y + X'y' , X« + Vis', \v) + X' w?') = 0. ( 1 ) 

If we expand the function by the ordinary methodS| writing 
for the operations 

7)— '-^4. ' -^ a- * —JL * ^ 
dx dy dz dw 

_ _^, df d d d 

the equation (1) may be written in either of the symbolical forms 
\*eV/x DF— or X'^e^/^' ^*F' = 0, each expansion terminating after 
the (n + 1)*^ term, since -D""*'^uP=0 ; and it should be observed, from 
the identity of the two forms, that r I -D'"^ = (n — r) ! jD'. 

887. FoltB and Polars. The surfaces which are represented by 
the equations 

or by the equivalent equations 

are called the 1st, 2nd, ..., (n— 1)*^ Polars of the surface ^^=0 
with respect to the point (x\ y\ z\ vd\ which is called the FoU. 

The particular polars 2)"-'jP'= and FT'F^ 0, or BF' = and 
n^F' ^0^ which are of the first and second degrees respectively, 
are called the^^^Jar plane and polar conicoid of the surface. 

Cor. If /(^, y, 2;) = 0, the equation of a surface expressed in 
Cartesian coordinates, be arranged in homogeneous functions 

Wq + tt J + w, + . . . H- w^ « 0, 

this will become in the homogeneous form 

and the equation of the r"^ polar will be D^F=^Oy whence the 
equation of the r*^ polar of the origin is, since D — wdfdw^ 

n[n- l)...(n— r+1) Mo+ (^"^ )•••(** "■*')^i+'"+^(^" l)*"2.1tt„.r=^' 
The polar plane is nu^ + u^ = 0, and the polar conicoid 

^n (n — 1) Uq + (n — 1) tt, -h w, = 0. 

888. Oeometrtcal properties of polars. 

Let B^ be one of tne points of intersection of PP* with a 
surface -F= 0, and let p, p^ be the distances of P and B^ from P', 
then X',,^ '\-p-Pt^ • Pjn w*U be the corresponding value of X' : X, 
the general values of wnich are given by the equation 
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therefore D"F' = is the locus of a point P, such that 

hence, the (« - ?•)"» polar with respect to P' is the locus of a point 
Psuch that 2 {(p--pr') (p-'- p,-')-(p-' -Pr-')} = 0. 
Ihe polar plane is the locus ot a point for which 

. ^{9"-?:')^% or w/)-' = />r' + pr'+-+pM^ 
which gives the harmonic property of the polar of a conicoid with 
respect to a point, as in Art. 280. 

889. Connection hetween diametral and polar surfaces. 

When the pole is at an infinite distance, since Pj, p,... are infinite 
while p—py &c. remain finite, /. plp^^plp^=...z=:i^ ultimately, and 
the conditions for the polar plane and polar conicoid become respec- 
tively 2(p-pJ = and 2(p-p,)(p- p,) = 0, or 2(Pfl) = and 
2 (PR^.PR^ = ; these surfaces are the polar diametral plane and 
polar diametral conicoid for a system of parallel chords. 

Properties of Polars. 

890. Every polar of a surface^ with respect to a given pole, is a 
polar, with respect to the same pole, of every polar of a higher degree 
than lis own. 

For, D^^'F^iy^iyF]. 

891. Every line, drawn through a pole to a point in the curve 
of intersection of the first polar with the surface^ meets tlie surface in 
two coincident points. 

For the equation (X"+ X'^'X'D 4 i\"-Vi>' +...) F= will have 
two values of k' equal to zero, if F= and DF= simultaneously. 

892. If a surface have a multiple point of the m^^ decree, that 
point will be a multiple point of the (?« — 1}^** degree on the first 
polar, with respect to any point not on the surface. 

Let P' be the pole, -ft the multiple point, P any point on P'P, 
the ratio X:\', given by the equation (X^ + V^VjO +...) jF=0, 
will have m equal values determining iZ, therefore 

has m - 1 values also determining R, where PP* meets the fir^t 
polar, shewing that ii is a multiple point of the {m- iy^ degree 
on the first polar of every point. 

This appears also from the geometrical property given in 
Art. 888, which may be written, if p^ be the distance of the multiple 
point from the pole, 

{p-'-prr (p"'- p««-')-{»' (p"- ppr +.<p-' - p„..-')-+...} = o. 

Similarly the i^^ polar has a multiple point at B of the [m — rY^ 
degree. 

ccc 
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893. If a tangent cone at a double jwint of a surface become two 
non-coincident planes^ the first polar of any pole will touch the line 
in which the planes intersect. 

Let P' be the pole, and iZ, R* the two consecutive points on 
the surface in the line of intersection of the two planes. The 
straight line P'iZP meets the surface in two points coincident 

in jB, hence the equation X^e ^' F^O^ which gives the ratio 
X' : \ determining the position of iZ, has two equal roots, and 

the same value satisfies X""*e ' DF=0^ therefore i2 is a point 
in the first polar; similarly, R' is also a point in the first polar, 
that is, the line of intersection is a tangent to the first polar. 

894. Jf a tangent cone at a double point become two coincident 
planes J the first polar will have a tangent plane coincident with thenu 

For a line from P' will intersect the surface in two coincident 
points for any direction indefinitely near to P'RP, hence the first 
polar will have a point in the plane coincident with these points, 
not only at the multiple point, but at the adjacent point also, the 
plane will therefore be a tangent plane to the first polar. 

895. If r generating lines of a conical tangent coincide^ r— 1 
generating lines of the conical tangent of the first polar will also 
coincide. 

For, let P* be the pole, and RQ the multiple generating Hue, 
and take Q indefinitely near R\ a line through P\ passing near Q 
and moving up to it, will meet the surface in r points, which will 
ultimately coincide, and, as before, r— 1 points on the first polar 
will coincide in Q\ hence RQ will be a multiple generating line 
of the (r - 1)'^ degree of the conical tangent of the first polar. 

896. // a surface have a multiple line of the m^^ degree^ the first 
polar will contain the same line as a multiple line of the [m — 1)*^ 
degree.. 

For, if P' be the pole, R any point on the multiple line, P'R 
will have m equal values for the surface and m — 1 for the first 
polar. 

897. The propositions relating to multiple points may be shewn 
readily by employing, as a fundamental tetrahedron, one in which 
the multiple point is one angular point and the pole another. 

Thus, using tetrahedral coordinates, let the pole be -4 (1,0,0,0), 
and the multiple point D (0, 0, 0, 1), the equation of the surface may 
then be written -F=0«ie?'""* + <^^+,w?"*'" *+...+ <^«, <^„ representing 
a homogeneous function of ar, y^ z of the m^^ degree ; also <^^ = 
is the equation of the conical tangent at the multiple point. 
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Since in this case D « dfdx^ the equation of the first polar Is 

and d^^^fdx^O is the conical tangent, which shews that the multiple 
point of the surface is a multiple point of the (m- 1)*^ degfree on 
the first polar. 

If the conical tangent reduce to two non-coincident planes, 
fln = 2 and 4^^^'^Xi '^ = ^ and j^ = being the equations of the 
tangent planes, then, by the equation (1), in which m » 2, 

dx dx ^ dx 

will be the equation of the tangent plane of the first polar, and 
this is satisfied by '^ = 0, ;^ = 0, that is, the line of intersection of 
the tangent planes is a tangent to the first polar. 

If the conical tangent become two coincident planes, ^^ss^' 
and d<f>^jdx=s2'^d'^ldx^0^ that is, '^sQ will be the equation 
of the tangent plane to the first polar. 

898. When a point on the surface is taken for the pole^ the polar 
plane is a tangent plane^ at the pole^ to the surface^ and to all the 
polara. 

For D'F' =s is the equation of the polar plane of the surface 
F^ 0, and is also that of the tangent plane at F\ if P' be a point 
on the surface. 

Again, since 



( 



n r 



-'5l'+^'|' + ^'|-*-'^')'^'="("-^)-('+^)^'' 



P' is a point on the r*^ polar jD'""'*^'«0, and its polar plane, 
which is the same as that of the' surface, Art. 890, is a tangent 
plane at P' to it as well as to the surface. 

899. The locus ofpoles^ whose polar planes pass through a given 
pointy is the first polar with respect to that point. 

Let (/, ^, A, k) be the given point $, which is a point in the 
polar plane of F' {x\ y\ «', w'), if (fdldx' +g djdy' ^...)F' ^0, 
but the equation of the first polar of Q is (fdldx-{-gdldy + .,,)Fs^Oj 
hence P' lies in the first polar of Q, which is therefore the locus 
of P'. 

900. Every plane is a polar plane corresponding to (w - 1)* poles. 
Take three arbitrary points P^, P„ P, in the plane, the first 

polars of these points are of the (n-l)^ degree. The first polar 
of Pj is the locus of all points which are poles of planes through P,^ 
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and therefore contains all poles of the given plane; the three 
surfaces which are first polars of P„ P^, P, each contain the poles 
of the given plane, and therefore, since evcrj common pole is the 
pole ot the plane containing P,, P^, P3, there are (n — 1)' such poles. 

901. The first polars of all points in a straight line have a 
common curve of intersection. 

The (w- 1)* poles of any plane through two of the points lie 
on the cui've of intersection of the polars of the two points, and this 
curve must therefore be the locus of the poles of all such planes ; 
any point in the line of intersection of the planes must therefore 
have its first polar passing through the curve of intersection of the 
first polars of the two points take^. 

Such a curve is a Polar Curve corresponding to the line. 

Cor. 1 If two lines intersect, their polar curves lie on the first 
polar of the point of intersection. 

Cor. 2. If any number of planes pass through a point, their 
poles lie on the first polar of the point. 

Cor. 3. A tangent line to the surface touches its polar curve 
at the point of contact with the surfiQice. 

Relation of Straight Lines to Surfaces. 

902. To find the condition that a straight line may touch a 
surface at a given point. 

Let P' (x\ y\ z\ w) be the given point, P(^, y, «?, w) any point 
in a line through P', then n values of the ratio X : V, given by the 
equation (Vh- \'""'\Z>' + iy"-VZ>'* +...) ^' = 0, determine the 
position of the points in which P*P intersects the surface ; and if 
P'P be a tangent to the surface, two values of the ratio vanish; 
hence P' = and D'F'^^Q^ which are necessary conditions for 
tangency at P', and they shew that generally the locus of P'P Is 
the polar plane of P'. 

D'F^Q is not a sufficient condition if the differential coefficients 
are all zero, for in that case P'P meets the surface in two coincident 
points for all positions of P, or P' is a multiple point ; if D'^F' do 
not also vanish identically, the point P' will be a double point ; 
and if the coordinates of P satisfy the equation i>"f = 0, P'P^ 
which then intersects the surface in three points at P', will be a 
tangent to the surface, and the polar conicoid will be the locus 
of all the tangent lines, that is, it will be the conical tangent at P\ 

The argument is easily continued in the case of triple... 7*-ple 
singular points. 

903. Inflexional tangents at an ordinary point 

At an ordinary point the tangent P'P will meet the surface 
in three coincident points if D'F' = and jD"'i^' = 0, the inflexional 
tangents are therefore the lines of intersection of the polar plane 
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ftnd polar conicoid, which are two straight lines, real or imaginary, 
since the polar plane is a tangent plane to the conicoid as well ad 
to the surface, Art. 898. 

904. If the surface be of a higher degree than the second, and 
if ly^F* «= be identically satisfied at P' for all values of ^, y, «, w^ 
we can obtain three straight lines which meet the surface in four 
coincident points, viz. the intersection of the surface If^F' ^^ 
with the tangent plane i>'i^' = 0. And so on to the general case. 

905. If the equation D'F' ^0 be satisfied identically, or the 
point P* be a multiple point, the tangent lines which meet the 
surface in four coincident points will be given by equations 
D'^F'^0 and D'^F'^Oj and these are two conical surfaces if they 
be not also identically satisfied, the first being the conical tangent 
to the double point and the second determining the six particular 
generating lines of the tangent cone which satisfy the required 
condition. 

If the singular pt)int have a conical tangent of the r^ degree, 
the number of tangent lines meeting the curve in r -{- 2 coincident 
points will be r(r+l). 

906. The polar conicoid of a parabolic point on a surface is 
a cone. 

The inflexional tangents at a parabolic point cpincide, therefore 
the surfaces D'F'^0 and i>'*-F" = intersect in two coincident 
lines, and the only conicoid which can be cut by a plane In two 
coincident lines is a cone ; hence D"F*s=iOy the polar conicoid, is 
a cone. 

Or, since one principal radius of curvature is infinite, the 
equation of the surface may be written 

z—ay' — z [bx + cy + dz) 4- tig +...= 0, 

the origin being the parabolic point. 

The polar conicoid with respect to the origin is 

(n - 1) « — « {Jbx + cy + dz) — atf szQ or zv= ay'j 

which represents a cone, of which z^^O and t; = are tangent 
planes, and y = the plane of contact. 

907. To find the locus of the parabolic points on a surface, 
iSince D'^F'^^O^ the polar conicoid with respect to a point 

[x\ y\ z\ w)y is a cone, if A be the determinant obtained by elimi- 
nating a*, y^ Zj w from the four equations 

dx ^ dy ^ dz ^ dxo 

F' = and A = will be the equations of the required locus*. 
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The degree of the surface A = 0, called by Salmon the Hessian 
of the surface^ is the same as that of the term 

d^F' (PF' d^ d*r 
dx" • dff" • dz" • dw" ' 

and is therefore 4 (n — 2). 

The degree of the curve containing the parabolic points of the 
surface is An (n — 2), 

908. To find the equation of the conical surface which envelopes 
a given surface^ and has its vertex at a given point. 

Let F' (Xj y\ z\ w) be the given point, F{x^ y, «, w) any point 

in any tangent line drawn from F\ The equation \*e^'^^ F=0 

must give equal values of X : V, hence the equations X"6 ' F= 

and X"~^6 ^ DF^ must have a common root. The eliminant 
of these equations equated to zero is the equation of the locus of P, 
and is the equation of the envelope. 

If the surface be of the second degree, 

V2^+U'DJP+J\'«i)«i?'=0 and X2)P+ V2)»i'=0 
mIU have their roots equal, or the equation of the envelope will be 

2FD*F=(I)Ff or 4jPjP' = (2)2^/. 

909. To find the number of tangents which can he drawn from a 
given point not on the surface to meet it in three consecutive points. 

Let a line from P' meet the surface in three points coinciding 

in P, the equation TCe ' F=0 must have three values of X' : X=0, 
/. P=0, i>i^ = 0, and J9'P=0 give, by the intei-sectioh of the surfaces 
which they represent, the number of positions of P'F satisfying 
the conditions; the required number of tangents is therefore 
it(n—l) (w — 2); a point of contact of this kind corresponds to a 
cuspidal edge of the conical envelope. 

If the given point P' bo on the surface, through each of the 
three coincident points on an inflexional tangent can be drawn a 
line satisfying the conditions ; hence the number of the tangent lines 
meeting the surface in three points distinct from F' will be 

n (n - 1) (n - 2j - 6 = (n - 3) («' + 2). 

910. To find the number of tangent lines which can he drawn 
to a surface at a given point so as to touch at another point as well. 

Let F' be the given point, B the second point of contact. For 

contact at F' two values of X:X' in \"*e ^ P' = are zero; 
hence P'=0 and jD'P'=0; the equation which gives the remaining 
values of X:X' is w = iX'"-''i>'*P'+...+ X*''P=0, two of these 
values are equal, viz. those which determine the position of Bj 
.'. duld\ = and dujdk'^O have a common root, ,the eliminant 
V of these equations will be of the same degree as P"'*(j9'*P')""*, 
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.*. v=0 represents a surface meeting the tangent plane in (w4-2)(«-3) 
straight lines^ and this will be the number of double tangents touching 
at two different points, one of which is given. The equation v = 
represents a surface which intersects the tangent plane at P' in 
the tangent lines having double contact. 

911. The number of the double tangents might be obtained by taking P 
as the second point of contact, so that for contact at P*, F' = 0, DF' = 0, and 
for contact at P, jP= 0, BF- 0; the position of P would then be given by the 
intersection of the two surfaces P=0, DF-Q with the plane iyF* = 0, which 
would give n(n- 1) positions of P, but, since all three equations are satisfied 
by the coordinates of P, 2>'P= being a tangent plane to both surfaces P= 
and DF= 0, its curve of intersection with each has two branches which touch 
the inflexional tangents, so that there are six of the n(n-l) points which 
coincide with P and are to be rejected, and the remainder is (n 4- 2) (n - 3), 
as before. 

912. If P' be a multiple point of the r*^ degree, in order that 
P'P may be a proper tangent at P' and some point B in P'P, 
r + 1 values of \ : X' must be zero, and the remaining values, two 
of which must be equal, will be given by 

u E \"'-'-'D"^'F'l(r + 1) ! +...+ \*"-'F^ 0, 

and the eliminant v of dujdX^Q and dujdX^O will be of the 
degree of (i>"^»J?")»--'P'»-'^ that is (w + r+ l)(7i-r-2), thus the 
number of double tangents will be the number of tangents which 
are the intersection of t? = with the tangent cone D'^F'^O^ that 

is r{n (71 - 1) - (r + 1) {r + 2)}. 

913. By the method of Art. 911, 2)vp' = is the conical tangent of both 
P= and 2>P= 0, and the curve of intersection with each of these touches the 
tangents of closest contact, r(r-(-l) in number, hence among the rn{n'-l) 
points of intersection of the three surfaces r (r ■»- 1) (r + 2) coincide with Jr , and 
the number of double tangents is, as before, r {n (» - 1) - (r + 1) (r + 2)). 

914. To find the locus of tangents which can he drawn from a 
multiple point of a surface to the surface. 

Let P be the multiple point of the r*^ degree, so that F' = 0, 
i>'p" = 0, ...Z>'''*jP' = 0, the equation which gives the remaining 
points of intersection of a line P'P with the surface is 

and if this equation have equal roots,* P'P is a generating line of 
t? = 0, where v is the eliminant of du/dX'^O and du/d\, = 0, whose 
degree is that of (D'-i^')--*^— > or (n-f r) (w-r-1). 

915. To find the number of double tangent lines which can be 
drawn from a fixed point not on the surface. 

Take P' for the fixed point, P for one point of contact ; then two 

positions of E coincide in P, hence, from the equation X^e^^^ ^F^O, 
F^ and J9jF» 0, and, for the second point of contact, two roots 
of M = iV"'Z)'i^+...+ V"-'j?^'=:0 are equal, the degree of v the 
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eliminant of dujcLX^^O and duldX'^O is that of [D^Ff^ or 
(n — 2)(« — 3), and the number of solutions of v — 0, i^=0 and 
DF^ is double the number required, since each double tangent 
corresponds to two solutions, hence the number required is 

i«(n-l)(«-2)(n-3); ^ 

this is the number of double sides of the conical envelope whose 
vertex is P\ 

On the degree of a reciprocal surface, 

916. The theory of reciprocal surfaces, as far as it has been 
completed, has been elaborated by Salmon and Cayley ; but the 
whole subject of the reduction of the class of a surface or the degree 
of its reciprocal is so complicated that we shall only ^ive explana- 
tions of the effect which some of the simpler singularities of a 
surface have upon the degree of its i;eciprocaI, with the object of 
introducing the student to the subject. 

917. On Hie class of a surface. 

The class of a surface represented by an algebraical equation 
of the n^ degree is the number of proper tangent planes to the 
surface which pass through an arbitrary straight line. Let Aj B 
be any two points in an arbitrary straight line, P the point of 
contact of a tangent plane passing through ABy then AP^ BP are 
tangents to the surface at P, each containing two coincident points 
at P. But the converse is not true that APB will be a tangent 
plane when -4P, BP each contain two coincident points, for if P 
be a multiple point or a point in a multiple line on the surface, 
every line through P will pass through two or more points coinci- 
dent in P, and in order that AP should be a proper tangent 
the number of points coincident in P must be one more than the 
degree of the multiple point or line. 

When straight lines drawn through A meet the surface in two 
coincident points, these points lie in the curve of intersection of the 
surface and ^'s first polar, similarly for straight lines drawn through 
P, hence the number of positions of P such that AP and BP both 
pass through two coincident points on the surface, is the number 
of points of intersection of the surfaces of degree n and the two first 
polars each of degree n — 1, and the degree of the reciprocal surface 
is 72 (n — 1 )' when ABP is a proper tangent plane for every 
position of P. 

If the surface have singularities such as tnultiple points and 
multiple lines, the effect of these singularities in reducing the degree 
72 (n — ] )' has to be estimated. 

918. It should be observed that by Art. 903 the first polars of 
every point in the line AB have a common curve of degree (n — 1 )*, 
called the polar curve, whose intersections with the suHiace are the 
n [n — 1)" points given above. 
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919. To estimate the effect on the class when the surface has a 
double point. 

Since, Art. 892, where there is an ordinary double point on the 
surface, the first polars of any point pass through the double point, 
therefore the polar curve of any given straight line passes through 
that point. Hence the lines drawn from the double point in the 
plane containing it and the given line, although they meet the 
surface in two coincident points, are not generally tangent lines. 

Therefore, since the polar curve meets the surface in two points 
at the double point, two of the planes passing through the given 
line are not tangent planes. 

The number of proper tangent planes is therefore less by two 
than the number found above. 

920. To estimate the effect on the class when the tangent cone at 
a double point becomes two planes. 

i. When the two planes are not coincident, the first polars 
touch their line of intersection, Art. 893 ; hence, besides the two 
points coincident in the double point, there is added one more 
point, namely on the line of intersection of the two planes, which is 
common to the three surfaces. On this account the apparent 
number of tangents is diminished by three. 

ii. When the two planes are coincident, the first polars touch 
one of the planes, hence each plane contains three coincident points 
in each of tne three surfaces, and the reduction in this case is six. 

921. The surface of the third degree, whose equation is 

has foar double points one at each angle of the fundamental tetrahedron. 
Hence, the class of the surface is 3.2' diminished by 2 for each double point| 
and is therefore 3 . 2' - 2 . 4 e 4. 

Reciprocating the surface with respect to the auxiliary conicoid 

a* + y' + «• + tt>' « 0, 

let (Ct Vt li tt^) be a point on the reciprocal surface, £x + t}y -f ^2 + tuw » is a 
tangent plane to the surface at some point (o^, y', s^, w*) ; 

.-. (uf-*/£ = hy'^/n^cz'-/l^du/-*/w, 

and fx' + iiy' + ^2' + wW = 0; 

which, when rationalized, is of the fourth degree. 

922. The surface xyz ° to* has double points at A, B, C of the fundamental 
tetrahedron, and at each the tangent cone is two non-coincident planes, for eachT 
double point there is therefore a reduction of 3, and the degree of the 
reciprocal surface is 3.2*- 3.3 = 3. The reciprocal surface has an equation 
of tiie same form as that of the given surface. 

923. If the equation of the wave surface be put into the homogeneous form 

(a*«"+ yy"+ c^') {*•+ y'+ «*) - 1«' (*'+ ^) «•+ *' (c'+ «•) yV «* (»*+ **) «•} wV a*b*<^u^ = o, 

it is easily shewn that there are four double points in each of the principal 

DDD 
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planes, real or imaginary, and four in the plane at infinity, tie. the foor points 
of intersection of that plane, and the two cones aV + ^^^ + cVsO and 

The degree of the reciprocal is therefore 4.3'-4.4.2 = 4. 
In Art. 532 it is shewn that if £e -f my + ns sp he a tangent plane to the 
wave surface, (I, m, n) being the direction of the perpendicular /»| 

hence, taking the origin for the reciprocating point, if pr = tiaf f^W^ec^ and 
{x, y, z) be the point corresponding to the tangent plane 

a' V/(f^ - a«) + h'y/(t' - 6«) + c^^/ir* - c*) = 0, 

therefore the reciprocal surface is of the fourth degree as stated. 

924. To estimate the eject of a double straight line on the class 
of a surface. 

The first polars for any two points in an arbitrary straight line 
contain the line singly which is double on the surface, and, by 
Art. 451, the number of points which correspond to the line which 
is common to the three surfaces is 5n — 8. But for each of the 
points of the multiple line at which the two tangent planes coincide 
there will be an additional point common to the three surfaces, and 
the number of such points must be deducted. 

Let CD of the fundamental tetrahedron be a double line, the 
equation of the surface will be of the form Pa^ + 2Qztf + Bt^ ==^0^ 
where P, Qj and JS are of the (n — 2)^ degree ; the tangent planes 
will be coincident if PB — Q' s Q^ which represents a surface whose 
degree is 2 (n — 2), which is the number of the points in which it 
meets the double line. 

Hence, for a double line the class is lowered by In — 12. 

925. To estimate the eject of a multiple straight line of the 
f^ degree of muUiplidty, 

The polars contain the line, each in the (r — I)^ degree of 
multiplicity, Art. 896, and the number of points which correspond 
to the common multiple lines is. Art. 451, 

(r-l)*n + 2r(r-l)(n-l)-2r(r-^l)'=(r-l){(3r-l)n-2r^}. 

Taking, as before, CD for the multiple line, the equation of the 
surface may be written in the form 

F^ [x, y) = Paf + Qx'^'y +...+ T/ = 0, 

in which the coefficients are of the (n — r)^ degree. 

The equation of the tangent planes at any point (0, 0, z\ v/) 
in CD is F/(a:, y) = ^^0?'+ ^aT'y +...= 0, where P% Q^, ... are 
the values of P, Q, ... when 0, 0, z'y vf are substituted for x^ y, «, w. 

Now the points in CD at which there are two coincident tangent 
planes may be obtained by eliminating ^, y from the equations 

dFl (ar, y)ldx^O and dF^' (a?, y)ldy^ 0, 

and the eliminant is of the (r — 1)**^ degree in the coefficients of 
each equation ; therefore the degree of the resulting equation in 



BPFECrr OF A MULTIPLE CURTE, 387 

1^^ vf is 2 (r - 1] (n - r), and, since the polars touch the line at 
each of these points, this is the nomber of additional points which 
lie on the multiple line. 

Hence the total number of points corresponding to the multiple 
line, each of which is a point which gives an improper tangent 
plane, is 

(r-l){(3r-l)n-2r' + 2(n-r)} = (r-l){(3r+l)n-2r(r + l)j; 

this is therefore the number bj which the degree n(ri-l)' is 
reduced in the reciprocal surface. 

926. If a sprface of the n^ degree contain a multiple line of the (n - 1)^ 
degree Trhich must be a straight line, the degree of the reciprocal will be 

n(n-l)«-(«-2){(3»-2)n-2(«-l)n) = ii, 

so that the reciprocal Burface will be of the same degree as the original surface. 

927. If a surface of the n^ degree contain two multiple lines which do not 
intersect, which are respectively of the degrees n-r and r, the number of 
points which give improper tangents will be 

(n-r-l)[{3(n-r) + l)«-2(n-r)(n-r+l)] + (r-l){(3r + l)n-2r(r + l)} 

= n»(n-r-l)+(r-l){n«-(3r + l)» + 2r(r+l)} + (r-l){(3r + l)»-2r(r+l)} 

= n'(ii-2), 

and the degree of the reciprocal will be as before the same as that of the 
original surface. 

928. To estimate the effect af a curve of the r^ degree of multi" 
plicity on a given exurface^ the curve being the complete intersection 
of two surfaces of the K^ and l^^ degrees. 

The number of points which correspond to the multiple curve 
is, by Art. 452, 

*Z{w(r-I)' + 2(n-l)r(r-l)-(i + Z)r(r-l)'}. 

Let K^ and Z == be the equations of the two surfaces, that 
of the given surface will be 

where the coefficients P, Q, ... are of degree sufficient to make each 
term of the n^ degree. 

At any point in the multiple curve for which P^P\ Q=^Qfy &c. 
the approximate form of the surface in the neighbourhood of that 
point will be given by the r values of the ratio K : X, obtained 
from the equation 

and two tangent planes will be coincident for all points in the 
curve for which the eliminant of dF'fdK^O and dF^fdL'^O 
vanishes ; this eliminant is of the degree 

(n-Ar)(r-l) + (n-Zr)(r-l) = (r-l){2n-(*+?)r}. 
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The class of the surface is therefore reduced in conseqnence of 
the multiple cunre bj the number 

A:Z(r-l){n(r-l)+2r(n-l)-(* + Z)r(r-l)}+W(r-l){27i-(i+0^} 

= «(r-l){(3r+l)n-2r-(i + 0r*}, 
which agrees with Art. 925, when A: = 1 and Z s i . 



LXV. 

(1) The polars of any order, the same for all surfaces of the n^ degree, 
which pass through ^ (n) - 1 given arbitrary points, have a common curve 
of intersection, <P(n) being the number of conditions which a surface of the 
n^ degree may be constructed to satisfy. 

(2) The r^ polars of all surfaces of the n^^ degree passing through 4>{n)-2 
. arbitrary points nave (n - r)' common points. 

(3) Uf V are the first polars of two points P, Q with respect to a surfaOe 
of the ntb degree ; prove that the first polars of P with respect to V and of Q 
with respect to CTare the same surface. 

(4) If TJ^ V be respectively the p^ polar of P and the ^ polar of Q with 
respect to any surface, prove that the pth polar of P with respect to V will be 
the jth polar of Q with respect to XJ, 

(5) When the />th polar of P with respect to a surface of the fC^ degree 
has a double point Q, prove that the {n-p - 1}^^ polar of Q with respect to 
the same surface has a double point at P. 

(6) If a cubic surface have a double straight line, the number of cuspidal 
edges on the proper enveloping cone will be diminished by 3. 

(7) If the polar conicoid of //4? + m/y + n/« + r/tr = 0, whose pole is P, 
resolve into two planes, there will be four positions of P given by equations 
similar to -a://«y/w = «/n = u?/r. 

The corresponaing conicoid is the two planes £ » and yjm + s/n t wfr s 0, 
and the plane polar is ^x/l-y/m - %/n - w/r = 0. 

(8) Prove that the inflexional tangents at any point on a surface ar« 
generators of the polar conicoid of that point. 



LXVI. 

(1) The points on a surface of the nS^ degree, for which the perpendiculars 
upon the tangent planes from a given point are equal, lie on a surface whose 
degree is 2 (n - 1 ). 

(2) The envelope of the first polars of all points on the surface 

a;"*/ a"* -+ y'^/V^ + «"*/c* = 1, 
with respect to the surface 

is (a dU/dx)^i + (6 dU/dy)^i + (c dU/dz)S=\ » Pi^i, 
where P = - w„.i - 2tt„.2 "• • •" '*'*o« 
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(3) The condition that the first polar of (d?', ^', s', to'), ^ith respect to the 
surface //.r + fn/y + n/s f r/u^sO, may be a sphere is, when tetrahedral 
coordinates are employed, 

a^mn + a'Vr = Vln + y*tnr ■ eHm + c* Vir = /b. 

The pole is giyen by the ratios 

«' : y* : «' : w' = c'^/m + ft'*/n + a'^/r - p/mnr :...:.... 

Also, the locus of such poles, corresponding to all surfaces of this form, 
is the cunre 

a^yz + a'^xto = h*xx + h'*yto = c*ary + c'hw, 

(4) When a cone circumscribes a surface of the n^ depee, prove that the 
numl^er of points of inflexion in a plane section of the cone is 4n (n - 1) (n - 2). 

(5) Prove that if a straight line be wholly on a surface of the n^ degree, it 
will touch the parabolic curve of that surface in n - 2 points. 

(6) The equation of a surface is azx* •¥ 2hwxy •¥ czy^ ^ 0, shew that the 
equation of the reciprocal surface with respect to the auxiliary conicoid 
x^ i- y* -f z^ ■\- tc* = is w (a^2 > cx^) ^ 2hxyz = 0, and explain the reduction of 
the degree. 

(7) Prove that the degree of the locus of points on a surface of the it^' 
decree, at which lines can be drawn to meet the surface in four coincident 
points, is lln~24. 

(8) Prove that the degree of the locus of points, at which tangents meet 
a surface of the n^ degree in three coincident points, the tangents touching 
the surface at some other point as well, is (n - 4) (3n' -h 5» - 24). 
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CHAPTER XXVU- 



VOLUMES, AREAS OP SURFACES, 4o. 
LINE SURFACE AND VOLUME-HsTTEORALS. 

929. To find the differential copffkienta of the solid contained 
hetioeen a surface, given in, rectangular coordinates^ the coordinate 
planes^ and planes parallel to two of them drawn through any point 
of the surface. 

Let X, y, z and x + Aa?, y + Ay, « + A« be the coordinates of 
two points Pand Q upon the surface. 




/y 



Draw planes through P and Q parallel to the planes of yz^ zxj 
and let V be the volume CBPSOM cut oflf by these planes from 
the given solid. If A^F be the increment of F, when x is changed 
to a7+A.(7, while y remains constant, and a similar interpretation 
be given to the operation A^, the volume iVif=A^F; also the 
volume FQNMj which is the inctement of A^F when y changes 
to y + ^y, ^^y{^x^)) '^bich is easily seen to be the same as 
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Let z^y e be. the least and greatest values of z within the 
portion of the surface FQ^ then PQNM lies between z^Lx^y 
and z^^x^tf ; 

•'• . or ^ r lies between «, and «,. 

Ay Aa? i a 

Proceeding to the limit, in which z^^z^^ Zy we obtain 

or -^i — ^ = 2?. 



dydx dxdy 

We may observe that, since the volume PrM is ultimately equal 
to the area BMxAx^ the partial differential coefficient dVjdx 
represents the area RM^ and similarly dVjdy the area 8M. 

930. The dififerential coefficient of the volume of a wedge of the solid 
contained between the planes of zx, xy, a plane through the axis of %, and 
a plane parallel U^yOz may be obtained as follows. 

Let V be the volume included between the planes zOx^ ^Oy^ the surface, 
the phme whose equation is y = tx, and a plane parallel Xo y(h through any 
point (x, y, s), then A|F is the increment of K when t changes to ^ + A^» 
X remaining constant, and is the volume which stands on a base whose area 
is \x£it.x\ As(A(F) is the increment of At F when x changes to x + AXi and 
is the volume which stands on a base whose area is 

i (a; + Aar)' A< - i«*A< = (a? + \£ix) LxLt ; 
hencei as before, — ^ — —-? is between 8, (« + }Aa:) and s, {x + iA«)i and, pro- 

ceedlng to the limit, -r-^ - m» 

931. To find the differential coefficient of the portion of a mirface 
given in rectangular coordinates^ cut offhy two coordinate planes^ and 
planes parallel to them drawn through any point of the surface* 

Let P, Q be the points (a?, y, z) and (^2? + Aa?, y + Ay, z + A^), 
8 the surface FBCSj cut off by the planes through P. A^8 is 
the surface JPr^ which is the increment of 8 when x is changed 
to ^ + A^. 

A (Ajp5) IS the surface PQy which is the increment of A^8 when 
y is changed to y+ Ay^ and is evidently the same as A^ {Ay8). 

Let 7., 7, be the greatest and least inclinations of the tangent 
plane to tue plane of xy for any point within the surface PQ* 

Therefore PQ is intermediate between Ax Ay sec7j and 
Ax Ay sec 7,. 

Hence , or , ^ is intermediate between sec 7, 

Ay Ax * 

and 8ec7„ which are, in the limit, each equal to 8007. 
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932. If 8 be the surface contained between the plane zOx, and a plane 
whose equation vtytx, we can shew, by proceeding as in Art. 930, that 

«;V[{"©"}-*(S)"]- 

933. To find the differential coefficients of the volume of a surface 
referred to polar coordinates. 

Let r, a, (f) be the polar coordinates of a point P in the surfacCf 
being measured from Ozj and <f> from the plane zOx^ and let V 
be the volume of the wedge of a cone contained between the planes 
zOx and zOPj and the given surface, the axis of the cone being 
Ozj and 6 the semi-vertical angle. 

OPBrS is the increase of the volume when 6 increases by A0^ 
remaining constant, therefore OPBrS ^^^V. 

OPS QT is the increBSG of A, F when ^ becomes ^ + A^9 and 
therefore » A^ (A| V)y and similarly » A| (A^F). 




If OP^ OS^ OQ^ OT intersect a sphere, whose centre is and 
radius OP, in P, «, y, t the volumes of OPSQT and OP«j« will be 
ultimately equal, and Ps^r^O^ P^=r sin ^.A^, therefore A^{A|F) 
is ultimately equal to ^r' sin ^ A^ A0 ; 
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934. To find tlie differential coefficient of a surface referred to 
polar coordinates. 

Let ry 0y <l> be the polar coordinates of P, and let S be the 
surface CFBy 

A^8 Is the Increment Pr when changes to d+ A0y 

Zi^ {^98) is the Increment PQ when ^ changes to ^ + ^^. 

Let yfr^y ^Ir^ be the least and greatest inclinations of tangent 
planes at points taken on the surface PSQTj to tangent planes 
at the corresponding points of the surface Psqt in the construction 
of the last article, then the ratio of the surfaces PSQT and Psqt 
lies between 1 : cos^,, and 1 : cos>^,, each of which becomes 
ultimately r : p^ where p is the perpendicular from on the 
tangent plane at P; .*. ^^ (^1^) : r^ sin A<f>A0 : : r : p, ultimately ; 
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d*8 r . « 

,111 (dr\* 1 fdr\* ._, ,„„ 

a°d -. = ;s + p U j + ,v,tf.-^ [d^) . Art. 502 ; 

935. To find the volume of a closed surface^ the boundaries of 
which are portions of known surfaces^ given by equations in Cartesian 
coordinates. 

Let {xy ijy z) be a point P within the closed surface, and let 
Aa?, A^, As be the lengths of the edges of a small parallelepiped, 
whose faces are parallel to the coordinate planes, the volume of 
this elementary parallelepiped will be Ax^yAz^ if the axes be 
rectangular. 

TVe Imagine the volume to be made up of an infinite number 
of such elements, each of which is supposed indefinitely small, and 
In order to obtain the volume we have to , sum these elements, and 
we must be guided by the form of the surfaces in our choice 
of the order in which we propose to effect the summation. We 
can give general directions only, leaving to the student's ingenuity 
the task of adapting them to particular cases. 

If we commence by summing the elements, for which x, y have 
constant values, we shall obtain the parallelepiped [z^ - z^ AajAy, 
since the incomplete elements near the boundaries ot the surface 
vanish compared with the parallelepiped upon AxAy, when Aa; and 
Ay are indefinitely diminished ; z^- z^ can be expressed in terms 
of X and y by means of the equations of the bounding surfaces. 
This supposes the closed surface to be pierced by the ordinate 
through (a;, y, 0) in only two points ; if It were pierced 2n times, 
the first summation would give Sj" («„ - ^^.J dxdy ; we shall not 
further consider such cases. 

BBS 
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If we next sum the parallelepipeds for all values of y^ keeping 
X constant, we shall obtain the sum of all the elements which lie 
between two planes at distances x and x-k- Clx firom the plane 
of yz. The first and last of the parallelepipeds must vanish; 
therefore the summation must generally be made between values 
of y obtained from the equation 0, — ^^ s 0, x being constant ; let 
y„ y, be those values of y, supposing only two to exist ; the whole 
sum will then be obtained bv summing these sheets of elements 
between values of x obtained from the equation y^^y^^ 0. 

In the case of a closed surface, which is pierced by no straight 
line in more than two points, the process for finding the volume Vj 
is expressed as follows : 

V^f'dx {[" dy (p d^ =pda: P' {/. (x, y) -/. {x, y)} dy 

= r dx {<!> [x, y^ - 4> (x, y^] = ^ (ar,) - ^ (ajj. 

936. llie student will have to determine in every particular case the best 
order in which to make the summation of the elements ; in some cases it will 
be advisable to take elementary slices of the surface, instead of the elementary 
parallelepipeds, as when the area of a plane section is known. 

Thus, in the case of an ellipsoid, the area of a section RPQ is irQN.RN^ 
and a slice of the thickness dz » Trabc"* (c* - 2*) dz, whence the volume is 

--J I (c* - s") cfe = iwabc. 




937. He must also judge whether it is advisable to use other coordinates 
than those in which the equation of the' surface is given. 
Thus, the equation of an anchor-ring being 

if we make «* + y* = r*, and so «' « a* - (r - c)*, we can sum the elements which 
have their projections on the circular ring 29rr(^r, and the volume is 






■1: 



Airrdr V{a' - (r - c)»} = i 4sr (r' + c) clK V(a« - O « 2irc . 7ra\ 
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938. To find the volume contained between the surface whose equation is 
(x-i-f/)*si 4az, the tangent plane at a given point, and the planes of zx and yz. 

Let the given point be (/, g, h), the equation of the tangent plane is 
^^y- *J{a/h) (s + A) ; the volume required is fffdxdydZf the limits being from 
z = ^/{h/a) (j; + y) - A to (j: + y)*/ia, then from y «= to y » 2 '^{ah) - ar, since 
the tangent plane meets the surface where (a + y)* - 4 '/(ah) (ar + y) + iah = 0, 
lastly from a; » to a: » 2 V(aA). The volume required is 



Ik 



J- {ar + y - 2 '\/{ah)Y dydx 



J 12a 



[x-2^[ah)Ydx^lah\ 



This result may be verified thus. Let A OB be the surface, A CB the tangent 
plane along the line AB^ ADB a plane parallel to xOy, adb any section of 
the surface parallel to xOy, 




Then area adh i area ADB : : ad^ : AL^ :: OdiOB; 



therefore volume AOBD 



■/: 



2ah.^dz^ah*', 
A 



also volume ACBD = J2aA.2A = faA'j 
hence the volume required is iah\ 

939. To find the volume of the elliptic paraboloid y*/b •{■ s?/e ^ 2dr, cut off by 
the plane Ix + my + nz = ;?. 

Perform the integration in the order a;, y, z, 




to yi = y,t that is s,, z, are the roots of the equation 

z^b/e'-2b{p-nz)/UbW/l\ (1) 
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but (y,fyjy = (y,-yi)"-4y,yi = 4(2-«i)(«2-«)V<? by (1), 
therefore the volume 

«}L r (ry«-M«)*Ja, where 27 = «2-«j, « = «- J (2,4 2,) 






. /. ,6* 3.1 TT 

coB*0d0, putting « = 7 8in^, = f -| 7 • 4^2 • 2 



c- - . c 



and 7« » i (2a - «.)" = c'«V^' + 2«p/^ + ^^ w»V^' J 
therefore the volume is i^r ^{bc) {2pl + 6m» + cn^/lK 

The student may verify this result by the summation of elementary slices 
bounded by planes parallel to the given plane. 

940. To find the volume contained letween surfaces given by 

volar coordinates. . 

The volume of an elementary parallelepiped is 

r^ sm0drd0d<l>. 

If we integrate this expression from r = r, to r = r„ r^, r, being 
the radii of the bounding surfaces coiTcsponding to ^, ^, we obtain 
a frustrum of a pyramid, the angular breadths of whose faces are 
d0 d<b intercepted between the two surfaces or the two sheets 
of 'the same surface; its volume is J %meddd(f> (^-7-^"), the radii 
being given in terms of 6 and 0. 

If now we integrate, considering <f> and ^ 4 a^ constant, from 
0es0 to = y 01, 0^ being given in terms of <t> by the boundaries 
of the volume' considered, we obtain the portion included between 
the planes inclined to z Ox at angles ^ and <^ + cf<^. 

The whole volume is found by integrating from 4^ = <^i to 1^ = ^,^ 
the extreme planes between which the volume is included. 

The volume is therefore f | ' i (^/"O sin^cf^rf^. 



■•'/-/ 
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9U. To find the volums of a »ph^r$ cut off by three planes through the centre. 

Let the radius of the sphere be a, O its centre, and let ABC be the 
spherical triangle cut off. Take 0(7 for the axis of s, and a plane perpendicular 
to AOB for that of zx\ and let a be the inclination of OCto the plane AOB, 
- p that of the planes AOC and zx, then the equation of the plane AOB will 
be cos^stano cot^y and the limits of integration will be 

r = 16 r = a, 

'0^0 to ^BC0t''(C0ta CO80), 

0«-/3 to <> = C-/3; 
the Tolume = Ja' jfBinOd$d<p 

•^-/3 r _ cos g cos » 1 ^^ 

-/3 I V(l - C08*a 8in*0) J 

o Ja' [ C - sin'* {cos a sin ( C- /3)} - sin'* (cos a sin/S)] 

since cos ^ = cos a sin ( (7 - )3) and oos ^ e cos a sin /3. 

We hare given this as an example of the determination of the limits in the 
case of polar coordinates, but the result is obtained immediately from the area 
of the spherical triangle, the volume required being the sum of an infinite 
number of pyramids whose vertices are in the centre, the volume of any one 
of which is iadS, and the whole volume = Ja x area of the spherical triangle. 

942. To find the volume of a wedge of a tphere cut off hy a right circular 
cylinder f a diameter of whose base is a radius of the sphere. 

Let the equation of the sphere be p^-^^^a\ and that of the cylinder 
/> B a cos 0, and let a be the inclination of the planes of the wedge. 

Ca raoo»<p fa 

The volume is | J 2p ^ia*'p^dpd<p»\ f (a* - a" sin^) (^0 

Jo Jo Jo 

B§a'{a-}/(3 sin - sin 30} d^} (^0 fromO to a. 

•= fa' {« - f (1 - cos a) + jl (I - cos 3a)}. 

The surface = 1 1\/^/»'^ L ) +/''(^) \ ^P^^t between the same limits, 

= a* /(I - sin ,^) cf</> = a* (a - 1 + cos o). 

943. To find the volume of a solid whose hounding surfaces are 
given by tetrahedral coordinates. 

Let f, 17, f be coordinates referred to rectangular axes of a 
point whose tetrahedral coordinates are ar, y, «, w. 
Since .r, y, z are linear functions of f , 17, f, 

imdvd^= GJSJdxdydz, 

and if V be the volume of the tetrahedron of reference, 

HJd^drtdK^ 7; 

but the liraits for the tetrahedron are, since a:-\-y-\-z-\-w^'[^ 

z=.0 to to — or 2 = 1— ;r— y, 

y = to y = 1 - cr, and or = to ^ = 1, 

and with these limits JJJd*tdydz=^^} therefore 67= C. 
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Hence, if F{xj y, z^w)=sO be the eqaation of any closed surface, 
the volume will be 6VJJJdxd}/dz, the limits of the integration being 
obtained from F{x^y^z^ l-^x-^y — z)^0. This method is due 
to Slesser.* 

944. To find the element of a surface employing curvilinear 
coordinates. 

It has been explained in Chapter xxiY. how, when each of the 
coordinates ^, y^ z of any point in the surface is regarded as a 
function of p and q^ the surface may be striated by two series 
of curves corresponding to different constant values of p and q 
respectively ; and it has been shewn that if PMQN be an elementary 
quadrilateral of which the sides PM^ NQ are elements of curves 
traced on the surface for which q and q + dq respectively are 
constant, PN^ MQ those for which p and p + dp are constant, the 
lengths of the elements PJ/, PN will be respectively dp aJE and 
dqlJG\ also that, if to be the angle iVPJ/, cosca^FI ^/{EG)^ so 
that the area of an element dS of the surface S is 

dpdq ^{EG - F') = dpdq {A' + 2?* + C')K 

945. Tojind the surface of an ellipsoid expressed by elliptte coordinatei. 
Let the equation ot the ellipsoid be x* /a-^y'/b + c'/cs 1, and let /hv he 

the elliptic coordinates of the point (:r, y, z), so that 

a:V(a + ^) + yV(6 + ;*) + sV(c + ;i) = l and *"/(« + '') + y'/(ft + + »V (« + »')= 1- 

Now, with the notation of Art. 287, 
-/37a:'=:a(a + ;i)(a + «'), - 7oy* = 6 (6 + yti) (6 + 1*), and - a/38»= c (c + /u) (c + 1^) ; (1) 
.•. -7a rfy/rf/i = 6(6 + J/), -ap d^^/dfk-oie-^v), 

- 7« dy^ jdv = 6 (6 + /[£), - a/3 dz*/d» =» c (c + /*); 

.-. 4:aPyyzA = bc(fi- v). 

Now, if p be the perpendicular on the tangent plane at {x, y, z)^ p* ^ abc / fi¥, 
Art. 291, and the cosine of its inclination to the axis of 2 is 

/. V(^' + -S* + C «) = -4a / xp = abc (fi - v) /Up^/xyzpy 
but, by (1), - a»/3*7VyVi>' = fl***c« (a 4 /i) (6 + fi) (c + /x) (a + i') {b + 1^) (c + ir)/^; 

/. dS=idfidi^(ji-y) V(H/V{- {« + /0'(^ + A*)(c + A*)(« + OC^ + ") (<? + ")}» 
whence the surface can be expressed in the form of a double integral. 

If 3/=v>/V{-(« + /^)(^ + /^)(<^ + ^)) and iV=V*'/V{(a + i')(6 + i')(c + »), the 
area of the surface cut off by two confocal hypurboloids of one sheet for which 
jj. = /t, and fA2i a^^ ^^^'^ ^^ ^^'^ sheets for which if = v^ and v = p, can be put 
in the form 

f/io fva f/u^ fv2 

i fiMdfi X I Ndu'i \ Mdfi X I yNdy, 

J Hi Jvi J Ml Jvi 



Quar, Jour, of 3Iath.y Tol. II. 
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946. If the elliptic coordinates be the primary semi-axes d^ a" of the 
confocai hyperboloids, as in Art. 286| the equation of the ellipsoid being 
a:'/a» + y*/(a"-/J*) + z*/(fl"-7*)=l, we must write a* for o, al^-a^ for /^i, and 
a"*. a' for v^ and the double integral which represents the surface becomes 



//: 



(a-'-a-')V{(a«-a-«)(a'-a-*)} 



947. To find the volume bounded by surfaces defined by curvi^ 
linear coordinates* 

Let the position of a point be given by the intersection of three 
surfaces whose equations are F[x^ y, «) =^, ^[x^ y, ^)=2j ^d^ 
Il[x^yyZ)=^r (1) ; when p is constant, the variation of q and r 
gives rise to two series of curves striating the surface F[x, y, z) =^, 
an element of this surface is therefore [A^ + B* -^ G^)^drdq^ where 

A=^-r -r: — -J^ ^- 1 &c,, A. B. bein^ the minors of the Jacobian 
dqdr dr dq^ 

of equations «=/(;?, J, r)=0,y=9(^,y,r) = 0, z^h[p^q^r)^0, (2) 

derived from (1). 

The equation of the tangent plane at the element considered is 

-4 (f - .«) + 5 (i; — y) + C (?— z) = 0, the perpendicular upon which 

from a point whose curvilinear coordinates are p + dp^ q^ r is 

{AdxIdp + Bdyjdp-h Gdzldp)dpl^{A* + B'+C'), 

hence the volume of the elementary parallelepiped, whose opposite 
faces correspond to p and p + dp constant, is 

■ [A dxjdp + B dyfdp -f G dzjdp) dpdqdr^ 

and the volume is JJJJdpdqdr or jjjJ*'^ dpdqdr taken between 
limits corresponding to the boundaries, where J^ J* are the 
Jacoblans of the two systems (2) and (I) respectively. 

Line^ Surface^ and Volume-Integral. 

948. We give here two theorems relating to line, surface, and 
volume-integrals, which are of great importance in certain problems 
in Electricity, Hydrodynamics, and Conduction of Heat, and which 
serve as illustrations of the subjects of this chapter. 

949. Definitions of line-integral and surface-integral, 

i. If R be any quantity having direction, called a vector 
quantity, and e be the angle between its direction and that of the 
tangent to a curve at any point [x^ y, z) estimated in a definite 
direction, the integral jR coserfi is called the line-integral of R 
along the line «, supposed measured from a fixed pomt. This 

integral may be written' If w-j- +t;^ + t(?-T j (f/?, w, v, w being 

the components of JZ in the direction of the axes of .7, y, and z. 
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11. If t) be the angle between the direction of B and a normal 
to a surface at any point (»r, y, «), the integral JJB cost) dS is 
called the surface-integral^ the summation being taken over the 
whole of a surface S. The integral may be written 

SJ[UUVm'^Wn)dS, 

Z7, F, W being components of R parallel to the axes of '.r, y, Zj 
and l^ m, n the direction-cosines of the normal to the surface at 
(j7, y, z) estimated in a definite direction. 

950. To shew that a line-integral taken round a given closed 
curve can he represented as a surface-integral over a surface hounded 
hy the given curve, 

Suppose the closed curve L to be filled up by any surface S^ 
and suppose 8 to be divided into an infinite number of small 
elements, one of which is a bounded by the line X. If we take 
the sum of the line-integrals for two of these lines which have 
a common part /i, both estimated in the same direction, the two 
portions of the sums taken over fi will be taken in opposite direc- 
tions, and being of the same magnitude will vanish ; those lines A, 
which abut upon L are the only portions which will not be traversed 
twice ; hence the sum of all the line-integrals for the elements \ 
will be that of the line L. 

The proposition will, therefore, be proved if we shew that it is 
true for any elementary line X and corresponding surface <r. 

Let (a?, y, z) be any point on <r, ana (»c + f , y 4 ^7, « + (T) *ny 
point on X ; the line^integral for X, w, v, w being given at (x^ y, »}, 

Since X is a closed curve, /if = 0, /frff = 0, and, if we suppose 
the summation taken in the direction from x to y, 

hence the line-integral for X is ■ f -^ -y- j n +*.. 

The line-integral of L is, therefore, equal to the surface-integral 
SS[Ul-\-Vm-\-Wn)dS, when 0^=^- J, &c. 

951. The surface-integral of a directed quantity or vector, taken 
over a closed surface^ may he expressed as a volumc'integral of a 
certain function. 

We observe that if the theorem can be proved for an elementary 
portion of the volume enclosed within the surface, within which 
the directed quantity is supposed to be continuous, the general 
theorem will follow, as well as its modification, when the enclosed 
volume is intersected by surfaces across which the directed quantity 
changes dbcontinuously. 



y o". 
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For, if i/p u, bo two elementary volumes enclosed by the 
surfaces cr^, o-, to which a portion of (t is common, the normal 
components along <j\ which belong respectively to cr^ and cr , be}ng 
in opposite directions and of the same magnitude, will disappear 
in the summation. 

If, therefore, we sum for all elements within a volume F, 
throughout which the value of the vector changes continuously, 
the only sets of the resolved vectors which are not destroyed will be 
those which belong to the points of those elements which abut on the 
enclosing surface S. 

K the vector change discontinuously in passing surfaces 2 , S,, &c., 
the theorem will hold for the portions K,, F,,.. into which they 
divide F, and the volume-integral over F would be equal to the 
surface-integral over iS, together with the surface-integrals over 
2p 2, ; the differences of the vectors on opposite sides of these 
surfaces replacing the vectors in the first integral. 

Let an elementary volume t; be inclosed by the surface <r, 
(a?, y, z) being any point within t;, and let (^ + f j y + 17, « + ?) be 
any point upon cr, and u, v, to the components of the vector at 
(«r, y, z) parallel to the axes. 

The surface-integral for o is 

and //«<r = 0, //f ?i<r = //f d-q <??= w, &c., 

hence the surface-integral for <''=(t" + ;7"+-3~)«' ultimately; 
therefore, if u^, u,' be the values of u on opposite sides of 2„ 

+ , 

which represents the theorem in its most general form. 

952. Some elegant applications of the theorem which expresses 
the surface-integral as a volume-integral have been made by Webb.* 

He supposes the interior of a closed surface to be filled up with 
surfaces constructed according to some definite law such that the 
bounding surface is one of the set. 

For the components of the vector he chooses the direction- 
cosines 2, 97t, n of the normal at a point P of one of the interior 
surfaces measured outwards, so that at the bounding surface 



• Mu$, of Maik.f ToL IX., p. 170. 
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7w-f mv -f nw = l, and if pj, />, be the priDcipal radii of curvature 
of the interior surface of which P is a point, 

du dv dw ^ l 1 
dx dy dz " p, p, ' 

Hence, if ihere be an interior as well as an exterior surface, the 
difference of these surfaces =///(Pi"* + />,'') c?a:c?yrf«; and in order 
to calculate the surface from this expression, />i"** + />,'* must be 
expressed in terras of .r, y, z by eliminating the parameter which 
defanes the particular surface passing through [x^ y, z\ using for 
this purpose the equation of that surface. 

953. An example is given of a sphere filled with spheres all 
touching at a given point ; also the surface of an ellipsoid is found 
in the form of a triple integral by filling it with similar concentric 
ellipsoids; and it is observed that if the ellipsoid be filled with 
confocal ellipsoids the interior surface will be twice the area of the 
focal ellipse which is the limit of a very flat ellipsoid. 



LXVII. 

(1) Find the portion of the cylinder x* f v' - 2r« = 0, intercepted between 
the planes ax -i- 6y 4- cs « and a'z\hy \eiz^ 0. 

(2) Prove that the volume of the surface xy + ys f u? - a* = 0/ cut off by 
the plane x ^y^z^e -y/S, is \if (c + 2a) (c - a)". 

^ \ (3) Shew that the surfaces y'+ s" = 4ax, and x - s » a, include a volume Sn-a'. 

(4) Prove that the volume included between the surfaces r-a^ s » 0, ^ = 0, 
2 = ifir cos^i is \ma^^ r and being polar coordinates in the plane xy. 

(5) Shew that the volume enclosed by the surfaces x* + y' = as, x* f y' = ax, 
and 8 = is ^^ttc?, and draw a figure representing the progress of summation. 

(6) Prove that the volume included between a cylinder y'= 2cx-x', a para- 
boloid ax" 4 6y' = 22, and the plane of xy, is \irc* (5a~^ k h'^)» 

(7) Two cones have a common vertex in the centre of an ellipsoid, and 
their bases are curves in which the surface is intersected by planes parallel to 
the same principal plane, prove that the volume of the ellipsoid contained 
between the cones varies as the distance between the planes. 

(8) If ^S be an element of the surface of an ellipsoid at any point, and A 
the area of a section by a plane drawn through the centre parallel to the 
tangent plane at that point, prove that the limit of 2 {AS/A)a4, the summation 
beinc: taken over the whole surface. 

Find aS in terms of a, /3, if x ■ a cos a, y e & sin a cos^, and ttsc lina slo^. 
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LXVIIL 

(1) Shew that the whole volume of the surface whose equation is 
(a:* + y* + «V»cj?y« is equal to c»/360. 

(2) ProTe that the volume cut off by the planes y^ik from the surface 
oV + 6V « 2 (ox f hz) y« is 49r*»/ Sab. 

(3) A cavity is just large enough to allow of the complete revolution of 
a circular disc of radius e, whose centre describes a circle of the same radium e, 
while the plane of the disc is constantly parallel to a fixed plane, and perpen- 
dicular to that of the circle in which the centre moves. Shew that the volume 
of the cavity is }c» (3jr + 8). 

(4) State limits which can be used to find the volume of a closed conicoid 
whose equation is a** + by* + ca* + 2a'yz + 2b*zx + 2e'xy » 1. Shew that the volume 

is }3r (abc + 2a'l/c' - aa''' - bb'* - e<^yi. 

(o) Find the form of the surface whose equation is 

(«Va» + //6» + ««/c«)» = ir*/a« + y'/6^-sVc«, • 
and shew that the volume is ii'abe/^'^2, 

(6) P is a point in a fixed circle, radius a, whose centre is C; in a plane 
passing through the radius CP, and perpendicular to the plane of the circle, 
a circle is described whose centre is P and radius equal to the distance from P 
to a fixed diameter of the given circle. Shew that the volume of the surface 
generated by the variable circles is n^o^. 

(7) Prove that the area of the portion of the surface s =»/(aJ? + by) cut off 
by the planes a? - 0, y = 0, and oar + 6y = c is (o6)-» // ^ Jf V{1 + («' + ^) If' lOT)' 

(8) If iS be a closed surface, dS an element about P, at a distance r from 
a fixed point 0, <p the angle which the normal drawn inwards makes with OP, 
shew that the volume contained by the surface » }//r cos <i>dS, the summation 
being extended over the whole surface. 

being the centre of an ellipsoid, apply the formula to find its volume, 
interpreting geometrically the steps of the mtegration. 



LXIX. 

(1) Prove that the volume out off from the cone 

ua^ •¥ Vj^ -^ w^ ■\- 2fyz + 2gzx + 2hxy = 

by the ellipsoid «"/«'+ y*/6» + s"/c« = 1 is ^dbe (1 - ^), the curves of intersection 
of the cone and ellipsoid being ellipsesi and k given by the equation 

9^ . kf ^ fg 1 



gh-uf kj-vg fg-wk *"' 

(2) Investigate the form of the surface whose equation is 

{(«• -f 2*;4 - aY + y« = a« {tan'i («/«)}V4^» j 
and shew that its volume between values of tan** (z/x) from to 2b- is f ir*a*. 
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(3) Shew that ff^dS/o extended over the surface of an ellipsoid is equal 
to } (3 -I- a'/ 6' + a*/c^ x yoltime of the ellipsoid. 

(4) If each element of a closed surface be multiplied by /mt'* cos ^, where 
r is the distance of the element froni a point O, and ^ is the angle between 
the direction of r and the normal to the surface measured outwards, shew that 
the sum of all such products is or 47rfi, according as O is without or within 
the surface. 

(5) Illustrate the method given in Art 952 by finding the surface of an 
anchor rins; from the Tolume-integral, obtained by supposing a series of anchor 
rings to fill the given ring, all the rings having the same circular axis. 

(6) Shew that the value of the integral ///e2(a>fy+2)/>l(aM*^+«^ dxdydz taken 
over the volume of the ellipsoid a^/a* + y*/6" -f s*/c* = 1 is {vabc (c* + 3e"*j. 

(7) If r be the distance from a point O of any element dS of a spherical 
surface, determine the form of the function /(r) when ///(r)<^iS', the summation 
being effected over the whole surface of the sphere, is constant for all positions 
of O within the sphere. 

(8) The shortest distances between generating lines of the same system 
drawn at the extremities of diameters of the principal elliptic section of the 
hyperboloid, whose equation is x''/a*-fy*/b*-^/c*^l, lie on the surfaces 

whose equations are - , ^ = ± — — r^ . Prove that the volume included between 

ahe fa* - ft* 



these surfaces and the hyperboloid is - ( — ^ 4 8 log-r) . 

o \ a*b of 



INDEX. 



Allen, generaton of scrolls, 205 
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Besant, Meunier's theorem, 282 
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Four through a point of an ellipsoid, 
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Binormal, 251, 259 
Bonnet, deformation of surfaces, 343 
Boothian coordinates, 62, 120, 220 
Bour, his fundamental equations, 840 

Deformation of surfaces, 343 

Cauchy, roots of discriminating cubic, 170 
Defines principal normal, 261 

Caylev, developable surface force, 59 * 
Elliptic coordinates, 131 
Intersection of surfaces, 185 
Double curve on scroll, 206 
Cubic sarfBCGRj 221 
Singularities of curves and torses, 271 
Dupin's theorem, 289 
Lines of curvature through ombilic, 

299, 800 
Chief curves, 334 
Relative geodesic curvatures, 836 
Deformation of spherical suifaces,. 

850, 351 
Degree of reciprocal surface, 884 

Centres, locus of equation of second degree, 
166-169 
Surface of, 286 

Chasles, confocal conicoids, 129, 132, 133, 
136, 187 
Definition of confocal conicoids, 149 
Cones and sphero-oonics, 158, 159 
Conjugate diameters of cones, 155 
First integral of geodesic equation, 316 
Method of tracing line of curvatuie, 
318 

Circular cone enveloping conicold, 140, 153 

Class, reduction of, 384-388 

Cluster, of surfaces, terms defined, 184 
Of conicoids, 237-243 



Con^ defined, 76 

Equation when base and vertex given, 

76,77 
Enveloping conicoid, 117, 135, 188, 

140, 158, 157, 212, 218 
"^^'hen locus of general equation, 164 
Properties of, 158, 159 
Vertical angle of osculating, of curve, 

264 
Geodesies on, 313 
Functional and differential equations 

of, 560 
Conditions, that the general equation of 

the second degree may represent 

two planes^ 39 
That a straight line may touch a 

conicoid, 164 
That the locus of the general equation 

may be a cone, 164 
That a plane may touch a conicoid, 

165 
Of equal roots of discriminating cubic, 

171 
How many an n-tic surface can satbf y, 

183 
Of singular point, 198 
Of singular tangent plane, 208 
Of sunace being a torse, 291, 864 
To be satisfied for an umbilic, 292 
Conoidal surfaces defined, 360 

Functional and difl^erential equations, 

860 
Confocal conicoids^ 129-140 

Of central comcoids, general equation, 

178 
Conical envelope of conicoid, 117, 137, 140 
Tetrahedral and tangential coor- 
dinates. 211, 212 
Conicoids, dennition of, 89 
Cyclic sections, 109—111 
Generation by variable circle, 110 
Conical and cylindrical envelopes, 

117,118 
Six normals from a given point, 119 
Confocal, definition of, 129, 149 
Propeities by modular and umbilical 

methods, 152 , 
Inscribed in fundamental tetrahedron, 

245 
Number of, through eight points and 

touching a given plane or a giveik 

straight line, 230, 240 
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Ck>zijagate diameten, ooniooidi and oonei, 
120-124, 166 
Tangents, 281 
Gozreapondenoe of points on two oonicoids, 
U2 
Of points and planes in two systems, 
227 
Cubic, caryes and their inteneotions, 189 

Surfaoes, 221-223 
Curratnre of tortuous curyes, 261, 264, 
262, 282 
Of surfaoes, 278-284 
Badii and centre, for ooniooid, 296, 296 
Specific, 289, 291, 332, 833, 343 
The same for conicoids, 296. 300 
lines of, if geodesic, are also plane, 

307 
Geodesic, 310, 836 
Curves, how represented, 7, 185-187, 260 
Cubic and quartic, 189, 190 
Intersection of two conicoids when it 
breaks up, 241, 242 
Cyclic, section of conicoid, 109-111 

Planes of cone, 155 
Curvilinear coordinates, 331-341, 398, 399 

Deformation, conditions of applicability of 
two surfaces, 342, 345 

Lines of bending, 340 

Of scrolls, 347 

Of surfaces of revolution, 849 

Surface of minimum area, 353 
Developable surface — see Torse 
Discriminant of a quadric, 163 
Discriminating cubic, 170 

Equal roots of, 171 

Surfaces, according to nature of roots 
of, 173 
Double points on surfaoes, 195, 196, 377, 
378, 385 

Points on scrolls, 206 

Points on curves, 255, 256 

Sixer of cubic surface, 323 

Tangent hnes,number passing through 
a point, 38-2, 383 
Dual interpretation of equations, 61 
Dupin, indicatrix, 280 

Orthogonal surfaces, 288, 289 

Conjugiite tangents, 281 

Elliptic coordinates, definition of, 130, 131 
Element of curve on ellipeoid, 326 
Element of surface and volume, 398, 
899 

Envelopes, general theory of, 366-372 

Euler, his theorems. 280 

Evolutes of curves, 252 

Families of surfaces^ 357-372 
Focal conies, of comcoid, 139, 179, 233 
^ lines 01 cones, 154, 158 
Four-point coordinates, 62-57, 59—62 
Equation ox point of contact of a tan- 
gent plane and centre of a oonicoid, 
212 

Gauss, measure of curvature, 289 
Geodesic cooi'dinutes, 308 



Gauss, Property of equal geodesic lines 
through a point, 308 
His theorem, geodesic triangle, 812 
Curvilinear coordinates, 330, etc. 
Geodesic defined, 306 

Differential equations, cone and cylin- 
der, 306, 313 
Circle and polar coordinates, 808, 312, 

339 
pP constant, 814, 316, 320 
Tortion of, 309, 338 
Curvature of a curve, 310, 312, 336, 

339 
UmbiUcal, on ellipsoid, 316, 317, 323, 
326 
Gilbertj tangents to oon&cals, 137 
Graves translation of Chasles on cones 
and sphero-conics, 154 

Harmonic pencil of planes, 36, 37 

Helix, property of, 250, 268 

HeUcoid, 218 

Heliooidal surface, deformation of, 361 

Hessian of a surface, 382 

nomographic pencils of plane, genoation 

of hyperboloid by, 96 
Horograph, definition and property of, 
289, 311 

Indicatriz, 280 

Inflexional tangents of surfaces, 197, 214 
Number passing through a point, 382 

Integral curvature of arc of curve, 254 
Curvature of finite surface, 289 
Line, surface, and volume, 399 

Intersection, complete, of two surfaces, 
184 
Partial, of two surfaces, 186 
Of surface with tangent plane, 198, 200 

Invariants of ternary quadric, 70, 71 

Of general equation, second degree, 

164 
Derived from discriminating cubic, 171 
Of a system of two conicoids, 237 

Involution, points in, on any generating 
line of a GcroU, 205 

Ivory, his theorem, 142 

Jaoobi, focal lines of cone enveloping 
oonicoid are generators of ooniocal 
hyperboloid, 159 
Jacobians, in expression for volume, 399 
Jellett, deformation of surfaces, 343 
Joachimsthal, pB constant over geodesic 
on centml oonicoid, 314—316 
Position of a'point in a straight line, 
375 
Joyce, Joachimsthal*8 theorem pj) con- 
stant, 314 

Liouville, elliptic coordinates, 130 

Element of arc in curvilinear ooor> 

dinates, 333 
Radius of geodesic curvature, 337, 341 
Deformation of surfaces, 343 

Mac CuUagh, confocal conicoids, 129, 130, 
133, 134 
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Mac Cullagh, modalar generation of coni- 
coids and cones, 146, 164 
Focal lines of enveloping cone, 155 

Maxwell, deformation of snrfaoesi 848, 
345, 346 

Mennier, hii theorem, 282 

Minding, deformation of surfaces, 848 

Monge, polar line and torse, 251, 267 

Moulton, integral change of direction, 311 
Partial differential equation, 360 

Multiple points. See Double points 



Normals, six from a point to a ooniooid, 119 

To confocalB through the vertex of 

the cone enveloping a coniooid are 

its principal axes, 1B4, 157 

To a surface, its equations, 194 

Kumber of, from a given point to a 

surface, 194 
Cone at a multiple point, 196 
Along generator of scroll, 206 
Principal, to curves, 251, 261, 268 
At consecutive points, 283, 284 

Orthogonal surfaces, Dupin^s theorem, 288 
Orthotomic coordinates, 337-340 
Osculating plane of a curve, 251, 258, 261, 
285 

Sphere, 252, 267 

Gone, 264, 265 

Fainviuj asymptotic surfaces, 215, 217 
Parabolic points, defined, 281 

Polar conicoids of, are conies, 881 
Pendlebury, singular form of indHcatriz, 

288 
Plucker, intersection of surfaces, 185 
Polar plane of conicoid defined, 125 

Plane of conicoid given by the general 

equation, 165 
Torse and polar line of curve, 251, 

266, 267 
Conicoid, 376 
Properties of, 377-388 
Projection of a line of curvature of an 
ellipsoid upon the plane of a circu- 
lar section, 322 
Puisor, normals to central conicoids, 119 



Quadriplanar coordinatef^ 44 
Quartic curves and their mtersections, 
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Radius of curvature. Bee Curvature 
Reciprocal cones, 156 

Polars, theory of, 227-235 
Surface, degree of, 384-387 
Rectifying torse and hue, 253, 266-268 
Revolution, cone of, enveloping conicoid, 
140, 153 
Surface of, condition that a conicoid 

may be one. 171. 178 
Reciprocals ot surfaces of, 232, 234 
Surfaces of, deformed, 849-352 
Surfaces of, equations of their fami- 
lies, 360 
Roberts, M.^ geodesic lines, 806 

Geodesic tangents to line of curvature, 
316 



Routh on sphero-conics, 160 

Inyariants of discriminating cubic, 171 
Radius of curvature of edge of re- 
gression of polar torse, 267 

Saint Tenant, curves, 263 
Salmon, umbilical generation of conicoid, 
146 

Partial intersection of surfaces, 186 

Invariant equation for system of two 
conicoids, 237 

Singularities of curves and torses, 271 

Theorem about centres of curvature, 
296 

Contact of lines and surfaces, 375 

Degree of reciprocal surface, 384 
Schlafli, double sixer, 223 
Scott, enveloping cone of> ooniooid, 135 
Screw, radius of, 266 . 
Scroll, defined, 201 

Line of striction of, 204, 206, 207 

Tangent planes along generator, 205, 
206 

Deformation of, 347-349 
Serret, lines of curvature on a surface, 300 
Shortest distance between two lines, 27, 28 

Of consecutive principal normals, 268 

Of normals at consecutive points of a 
surface, 283, 284 
Singularities of curves and torses, 271-274 
Slope, line of, 269 
Specific curvature, 289. 291, 838, 339 

Unchanged bj deformation, 343 
Sphere," poles of similitude, 60 

Equation in tetrahedral coordinates, 
46, 244, 245 
I Tangential equation'of, 246 

Of curvature, 252, 267 
Spherical ellipse and hyperbola, 159, 160 
Sphero-conics, 159—161 
Stationary^planes'andfpoints, 271-278 
Striction. See Scroll 
Surface, area of, 891, 398, 397 

IQement of, curvilinear coordinates, 
898 

Of ellipsoid, 398 

Integral, 899-401 



Tangent plane to surface at ordinary 
point, 194, 197, 211 
Cone, Ivertex on external point, 117, 

211, 212, 882 
Conefat multiple point,' 196, 197, 377, 
378 
Tangential equation of surfaces, 59 

Of enveloping cone touching a sur- 
face along! a given plane, 212 

Of a 8phere,l24G 
Tetrahedral coordinates, 45 

Equation'of a sphere, 46, 244, 245 
Volume of a solid, 397 
Tetrahedron,!! volume of, when angular 
points'are given, 38 
Conicoid inscribed in, 245 
Thomson and Tait, tortuous curves, 7 
Practical construction of torse, 202 ", 
Integral^and average curvature, 2S4 
Change of direction of motion, 310 
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Tore. Bee Anchor ring 

Defined and degree of, 69, 182 

Enveloping, direction of generators, 
282 

Singularities of, 271-273 

Condition of surface being. 291, 364 
Tortuosity, of a curve, 253, 25 i, 262 

Of a geodesic line, 309 
Triple tangent planes to cubic surface, 
221-223 

Umbilic on conicoid defined, 110 
Conditions for, on a surface, 292 
Number of, on an n-tic surface, 293 



Umbilics, lin^ of cnrvature through, 299 
Umbilical geodesies on ellipsoids, 
323-326 

Volume of a tetrahedron, 38 
Of a closed surface, 390-399 
Integral, 399-402 

Wave surface, construction for, 116 

Equation and singularities of, 219, 
220 
Webb, on surface and volume-integial, 
401, 402 



THE END. 
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